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Zusammenfassung

Zusammenfassung

Simulation von viskoelastischen Fliissigkeiten mit brownschen
Konfigurationsfeldern

Nicht-Newtonsche viskoelastische Fliissigkeiten sind in verschiedenen industriel-
len und medizinischen Anwendungen weit verbreitet. So konnen beispielsweise
Losungen, die DNA-Molekiile enthalten, oder Blut als viskoelastische Fliissigkei-
ten eingestuft werden. Eine noch umfangreicherer Klasse von viskoelastischen
Fliissigkeiten sind die Polymerfluide. Schon die geringe Hinzugabe von Makro-
molekiilen (Polymerketten) in Fliissigkeiten fiihrt zu erheblichen quantitativen
und rheologischen Unterschieden im Vergleich zu newtonschen Fliissigkeiten.
Zu den bemerkenswertesten FlieSphdnomenen von Polymerfluiden gehort zum
Beispiel der Weissenberg-Effekt, der das Hinaufklettern einer Fliissigkeit an einem
rotierenden Stab beschreibt, und die Reduktion des Stromungswiderstandes (drag
reduction) durch Polymere [11].

Zur Modellierung viskoelastischer Fliissigkeiten gibt es mehrere Ansédtze. So
gehort beispielsweise das bekannte Oldroyd-B-Modell zur Klasse der konstitutiven
Modelle [62]. Alternativ dazu stellen Mehrskalenansitze genauere Modelle bereit,
die die Dynamik der Polymere auf der Mikroskala mit Werkzeugen aus der
kinetischen Theorie beschreiben [12, 17]. Zu diesen Modellen gehoéren die bead-
spring-rod-Modelle, in denen Polymerketten mit Hilfe von kleinen Kiigelchen
dargestellt werden, die durch frei bewegliche Federn oder Stabchen miteinander
verbunden sind [63]. Im bead-rod-Kettenmodell bleibt die gesamte Kettenldnge
in Bezug auf mogliche Verformungen konstant, wiahrend die Kettenldnge im
bead-spring-Modell durch die Ausdehnung und Stauchung der Federn variieren
kann. Im Hinblick auf die konstante Linge einer Polymerkette kann das bead-
rod-Kettenmodell als genaueres Modell fiir die Beschreibung von Polymerketten
eingestuft werden.

Simulationen von bead-spring-rod-Modellen mit homogenen Hintergrundstro-
mungen wurden bereits mehrfach durchgefiihrt [50, 75]. Diese Art von Stromungen
werden durch einen rdumlich konstanten Geschwindigkeitsgradienten charakteri-
siert. Beispiele hierfiir sind Scherstromung (shear flow) oder die Dehnungsstromung
(extensional flow). Die Vorgabe einer homogenen Hintergrundstromung ist jedoch
eine starke Vereinfachung und verhindert die Simulation von instationdren Stro-
mungen. Durch die Kopplung der Mikroskalenmodelle (bead-spring oder bead-rod)
mit den Navier-Stokes-Gleichungen wird die Betrachtung realistischer Stromungs-
szenarien moglich. Die Polymerketten sind dadurch in der Lage, das zugrunde
liegende Stromungsfeld zeitlich und rdaumlich zu beeinflussen. Die numerische
Simulation solcher gekoppelten Modelle in komplex strukturierten Gebieten ist
sehr herausfordernd, da zum Beispiel hohe Spannungsgefille in kleinen Bereichen
teine Diskretisierungsgitter benétigen, um diese rdumlich aufzuldsen. Derartige
Simulation wurden nur fiir niedrigdimensionale bead-spring-Modelle oder konsti-
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tutive Modelle durchgefiihrt [40, 70, 83]. Die Kopplung des hoherdimensionalen
bead-rod-Kettenmodells mit den Navier-Stokes-Gleichungen ist dariiber hinaus
sogar noch rechenintensiver, da bead-spring-Modelle niedrigdimensionale Appro-
ximationen von bead-rod-Kettenmodellen sind. Soweit uns bekannt ist, wurden
bisher keine derartigen Simulationen in der Literatur veroffentlicht.

In dieser Arbeit simulieren wir Stromungen nicht-newtonscher Polymerfluide,
die durch das mikroskopische bead-spring-Modell oder bead-rod-Kettenmodell
beschrieben werden, welches zusétzlich mit den Navier-Stokes-Gleichungen
gekoppelt wurde. Dadurch schliefien wir die oben genannte Forschungsliicke.
Es werden fortgeschrittene Stromungsszenarien betrachtet, die die zugrunde
liegende Geometrie beriicksichtigen, wie z.B. die Stromung um einen Zylinder
und die Stromung durch eine flache Kontraktion. In diesen Szenarien analysieren
wir in mehreren Untersuchungen, wie sich die Lange der bead-rod-Ketten auf
die makroskopische Geschwindigkeit der Stromung und den resultierenden
Stromungswiderstand auswirkt. Zusédtzlich werden quantitative Vergleiche mit
Simulationen des gekoppelten bead-spring-Modells gemacht.

Im Prinzip gibt es zwei Moglichkeiten fiir die Simulation von Mehrskalenmo-
dellen. Der Monte—Carlo-Ansatz, bei dem viele Realisierungen einer stochastischen
Differentialgleichung auf der Mikroskala berechnet werden oder alternativ das
Losen einer dazu assoziierten Fokker—Planck-Gleichung [5, 9, 32]. Fiir bead-rod-
Ketten, wie sie in dieser Arbeit betrachtet werden, ist der Monte—-Carlo-Ansatz
der einzig praktikable, da die Dimension der Fokker-Planck-Gleichung mit der
Anzahl an Kiigelchen skaliert (curse of dimensionality).

Fiir die Diskretisierung wird eine Kombination aus Finite-Element-Methode
(FEM) und brownscher Konfigurationsfeld-Methode [40] verwendet. Aufgrund
der zusitzlichen Nebenbedingungen an die Stdbchenldnge, die im bead-rod-
Kettenmodell auftreten, miissen zusatzliche Aspekte in der Diskretisierung
beriicksichtigt werden. Diese Art von expliziten Nebenbedingungen sind bei
bead-spring-Modellen nicht vorhanden. Mit der heutigen zur Verfiigung stehenden
Rechenleistung ist es nun moglich, erste Simulationen von Stromungen gekoppelter
bead-rod-Kettenmodelle durchzufiihren.

Die Arbeit ist folgendermafien aufgebaut: In Abschnitt 1 wird eine kurze
Einfiithrung zu Polymerfluiden gegeben, die Navier-Stokes-Gleichungen herge-
leitet, verschiedene Randbedingungen présentiert und bekannte konstitutive
Gleichungen fiir Polymerfluide diskutiert. Abschnitt 2 leitet die stochastischen
Differentialgleichungen fiir das bead-spring-Modell und bead-rod-Kettenmodell
mit den entsprechenden Ausdriicken fiir die Spannungstensoren her, die fiir die
Kopplung mit den Navier-Stokes-Gleichungen benétigt werden. Danach werden
in Abschnitt 3 alle Aspekte, die fiir Diskretisierung und Losung der gekoppel-
ten Modelle benétigt werden, besprochen. Abschnitt 4 diskutiert die wichtigen
Parallelisierungsansdtze der Implementierung und untersucht die daraus resultie-
rende parallele Skalierbarkeit des Codes. Abschnitt 5 prasentiert und diskutiert
die aus den Simulationen der oben genannten Strémungsszenarien gewonnenen
Erkenntnisse.

VI
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Non-Newtonian viscoelastic fluids are widely present in various industrial and
medical applications. For instance, solutions containing DNA molecules [41] or
blood can be classified as viscoelastic fluids. An even larger field are polymeric
fluids, where the presence of macro molecules (polymer chains) leads to significant
quantitative rheological distinctions when compared to Newtonian fluids. Notable
flow phenomena of polymeric fluids include the rod climbing effect, drag reduction,
and extrudate swell [11]. The drag reduction effect is widely exploited in industry,
e.g., transport of oil through pipelines or to increase the effectiveness of fire fighting
equipment [53, 68].

There are multiple approaches to model viscoelastic fluids. For instance, the
well-known Oldroyd-B model [62] belongs to the class of constitutive models.
Alternatively, multiscale models, using kinetic theory to describe the dynamics
on the micro scale, provide more accurate models [12, 17]. These models include
bead-spring-rod models, which represent polymer chains as beads interconnected
by springs or rods [63]. In the pure bead-rod case, the chain length remains
constant w.r.t. possible deformations, whereas the chain length in the bead-spring
case is allowed to vary. Concerning the constant length of a polymer chain, the
bead-rod chain model can be viewed as more accurate model for approximating
polymer chains.

Brownian dynamic simulations of bead-rod-spring models w.r.t. simple ho-
mogeneous flows (shear flow, extensional flow) were already analyzed multiple
times [50, 75]. However, assuming a prescribed constant flow field is a strong
simplification and prevents the simulation of instationary flows. The coupling of
the bead-rod-spring micro-scale models to the Navier-Stokes equations enables
the consideration of more realistic scenarios in which polymer chains can actually
affect the underlying flow field. The numerical simulation of such fluids in complex
domains is very challenging since high-stress profiles near the boundary require
fine discretization meshes. Simulation of coupled models is computationally
expensive and was done for low dimensional bead-spring chain models [40, 70, 83]
or constitutive models. Coupling the higher-dimensional bead-rod chain model to
Navier-Stokes is even more computationally expensive since bead-spring models
are simplified coarse-grained versions of bead-rod models. To the best of our
knowledge, no such simulations have been published to date in the literature.

In this thesis, we simulate non-Newtonian polymeric fluids described by the
microscopic bead-spring dumbbell and bead-rod chain model [12], also known
as Kramers chain [13], coupled with the Navier-Stokes equations and close the
above-mentioned research gap. We consider advanced scenarios with flows fully
resolving the underlying geometry such as the start-up shear flow, flow around a
cylinder and flow through a planar contraction. In these scenarios, we analyze how
the bead-rod chain length affects the macroscopic velocity and drag coefficient
in multiple studies by varying the number of beads and thus the chain lengths.
Additionally, quantitative comparison to bead-spring dumbbell simulations are
made.

VII



Abstract

In principle, there are two options for the simulations of multiscale models:
Monte—Carlo methods that compute many realizations of a small problem on the
micro scale or alternatively solving a corresponding Fokker-Planck equation, see
for instance [5, 9, 32]. For Kramers chains like treated in this thesis, a Monte—Carlo
method seems to be the only feasible approach, since otherwise one had to solve
a prohibitively high-dimensional Fokker-Planck equation, where the dimension
scales with the number of beads (curse of dimensionality).

We combine finite elements with the Brownian configuration field (BCF)
approach, a method that was first introduced by [40]. Due to the constant rod
length constraints appearing in the bead-rod chain model, additional numerical
challenges need to be carefully treated. This type of explicit constant length
constraint does not arise in bead-spring type models either. As computational
resources are now readily available, we are able to begin with the study of bead-rod
models coupled to Navier-Stokes equations.

The structure of the thesis is as follows. In Section 1, we give a brief intro-
duction into polymeric fluids, derive the Navier-Stokes equations with various
boundary conditions and discuss well-known constitutive equations. Section 2
derives the governing equations for the bead-spring dumbbell and bead-rod chain
model with its corresponding polymeric stress tensors, which are used for the
coupling to the Navier-Stokes equations. Section 3 covers all aspects, which are
needed for the discretization of the coupled models. In Section 4, we discuss the
crucial parallelization approaches of our implementation and its resulting parallel
performance. In Section 5, we present and discuss the insights obtained from
simulations of the above mentioned flow scenarios.

VIII



1 Introduction to dilute polymeric fluids

1 Introduction to dilute polymeric fluids

In order to get a sufficient understanding about polymers for the scope of this thesis,
we start by giving a brief introduction to polymers and polymeric fluids in the
next sections. At first, we give some background information on the structure and
characterization of polymeric fluids in Section 1.1. In Section 1.2, we demonstrate
some quantitative differences between common Newtonian fluids and polymeric
fluids. Crucial conservation equations that form the basis of fluid dynamics
are derived in Section 1.3. Section 1.4 discusses a selection of commonly used
constitutive equations. Relevant boundary conditions are introduced in Section 1.5.
Section 1.6 non-dimensionalizes the Navier-Stokes equations in the context of
polymeric fluids. Lastly, Section 1.7 gives a proof for the unique existence of weak
solutions for the stationary Stokes problem with periodic boundary conditions
and a constant flowrate condition.

1.1 Polymer background information

This section is based on [11, Ch. 2]. A polymer or macromolecule is a chain-like
concatenation of many simple chemical structural units of the same type. In
the case of a linear polymer, a structural unit is connected to two other units.
Otherwise, it is called branched. Depending on the number of different structural
units, one can differentiate between biological and synthetic polymers. Synthetic
polymers are typically constructed with a single type of structural unit. In a
chemical reaction called polymerization, monomers that resemble the structural
units are connected to form polymers. In Figure 1.1, the simplified polymerization
of polyethylene is visualized. By contrast, biological polymers, like polypeptide

H H H H
c==cC o+ ¢=¢, —>—C—(C— " —C—C—
’ n n ’ | |
H H H H

Figure 1.1. Simplified visualization of polyethylene polymerization. Ethylene monomers
are joined together to form polyethylene. See [11, p. 57], for a detailed description of the
individual chemical reaction steps.

chains that are used for building proteins, are build with around 20 different
structural units [11, p. 56]. Due to their sheer size, polymers have a large molecular
weight. Synthetic polymer molecules are in the range of 10* — 10°g/mol and the
(biological) Tobacco mosaic virus shows an even larger weight of 4 - 10”g/mol [11,
p- 57]. Flexible polymers have many admissible configurations in space due to
rotations around chemical bonds, i.e., they can be strechted or contracted. There
are also stiff polymers like the aforementioned tobacco mosaic virus, which can
only rotate as a whole.

In order to obtain polymeric fluids, a bulk of polymers is dissolved into a
solvent to form a solution. These polymeric fluids show significant quantitative
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rheological differences compared to Newtonian fluids. Polymeric fluids are a
special type of viscoelastic fluid, as they show properties from both, viscous and
elastic materials, depending on the observed time scale. The molecular weight
of dissolved polymers plays a significant role, as fluids with small molecules
behave differently compared to macromolecular fluids. An overview of different
viscoelastic effects is presented in Section 1.2. A solution s called dilute if individual
polymers are far enough apart, such that they have negligible influence on each
other and polymer-solvent interactions dominate [11, p. 77]. The dilutness of a
solution highly depends on its concentration and the molecular weight of the
dissolved polymers. In [11, p. 77], a dilute solution is defined as one in which
its viscosity increases linearly with concentration. For concentrated solutions,
polymer-polymer interactions cannot be neglected anymore and the viscosity no
longer depends linearly on the concentration.

1.2 Viscoelastic flow effects

The goal of this section is to highlight quantitative rheological differences for
Newtonian and polymeric fluids, when it comes to flow behavior. In [11, Ch. 3],
several flow phenomena are discussed and we present three of them. This should
underline that not every fluid behavior can be captured by a Newtonian fluid.

Weissenberg effect The rod-climbing or Weissenberg effect is an impressive
demonstration of a counterintuitive viscoelastic flow phenomena. In this experi-
ment, a rotating rod is inserted into a beaker containing a Newtonian fluid, like
glycerin, and into a second beaker, which contains a polymeric fluid. One possible
polymeric fluid could be polyacrylamide dissolved in glycerin. In Figure 1.2, the
beakers are visualized with the corresponding fluid surfaces. In the case of the
Newtonian fluid, the fluid moves away from the rod in radial direction due to
centrifugal forces. This results in a higher fluid distribution near the beaker wall
and a lower one in the center (cf. Figure 1.2a). Repeating the same procedure in
the polymeric fluid beaker, leads to a completely different result. Now, instead
of pushed away from the rod, the fluid unintuitively climbs up the rotating rod
(cf. Figure 1.2b) due to a positive normal force, which is a result of the polymer
entanglement near the rod.

Barus effect The Barus effect or extrudate swell effect occurs, when a polymeric
fluid is pushed out of a tube through a narrow circular exit. In the case of a
Newtonian fluid, the diameter of the resulting jet will be the same as the exits
diameter or even smaller (cf. Figure 1.3a). By contrast, the jet diameter of a
polymeric fluid can go up to three or four times of the tube diameter [11, p. 101].
This effect is visualized in Figure 1.3b.

A first explanation for this phenomenon could be the fading memory effect of
polymeric fluids, i.e., polymeric fluids try to reverse deformations on short time
scales. However, as experiments demonstrate, this effects still occurs if the length
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of the narrow exit is increased [11, p. 102]. See [11, p. 103], for a more detailed
explanation attempt. Note that the Barus effect is still an active area of research.

-— -—
— —
(a) Newtonian fluid (b) Polymeric fluid

Figure 1.2. Visualization of the rod-climbing or Weissenberg effect. A rotating rod is
inserted into beakers, containing different types of fluid.

N

(a) Newtonian fluid (b) Polymeric fluid

Figure 1.3. Visualization of the extrudate swell or Barus effect. Fluids of different type are
pushed through a tube with a contracted exit.

Turbulent drag reduction The turbulent drag reduction phenomenon is widely
exploited in the industry, where large amounts of fluids need to be efficiently
transported. Adding small amounts of long chain polymers into solvents, leads
to remarkable pressure drops at high flow rates. Common applications are the
transport of gasoline or oil through pipelines [53] or increasing the effectiveness
of fire fighting equipment [68]. In [18], the polymer poly-a-olefin is used as drag
reducer in crude oil to increase the transport effectiveness in pipelines.

1.3 Conservation equations for general fluids

In the following, we consider isothermal fluids with constant density, i.e., the fluid’s
temperature and density is constant in space and time. At first, we briefly derive
the equations for conservation of mass and momentum for a general isothermal
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fluid with constant density. These equations form the starting point in fluid
dynamics for the derivation of governing equations for more specific fluids, e.g.,
Newtonian or viscoelastic fluids. For the derivation of the conservation equations,
we follow [11, Ch. 1.1], where an arbitrary but fixed control volume V is considered,
cf. Figure 1.4.

Figure 1.4. Control volume V with surface S and normal vector n in a fluid.

Conservation of mass Let u denote the fluid velocity and p its density. The total
mass fv pdV in volume V can only change in time through mass fluxes across
surface S. The corresponding equation is then given by

4 pdV=—/pu'ndS. (1.1)
dt Jy S

Applying Gauss’s divergence theorem on the right hand side of (1.1) and using
that V is fixed, yields after rearrangement

/V(&tp +V-(pu)) dV = 0. (1.2)

Since the volume V was arbitrary, one can deduce from (1.2) the continuity equation
op=-V-(pu)=-u-Vp—-pV-u, (1.3)

which describes the conservation of mass. In our case, density p > 0 is just a
constant. With this additional information, (1.3) simplifies to the well known
incompressibility condition

V-u=0. (1.4)

Conservation of momentum There are multiple effects that influence the total
momentum fV pudV in V over time. The first effect is due to momentum transfer

over S through the moving fluid itself and is given by the rate — ﬁs pu(u-n)dS. The
second momentum transfer rate over S is motivated by internal molecular motion
and interaction within the fluid, which is expressed via fs o -n dS, where the stress
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tensor ¢ is assumed to be a symmetric matrix. The equations for conservation of
momentum are then given by

d

— pudV=—/pu(u-n)dS+/a-ndS. (1.5)
dt Jy s s

Applying the same argumentation as above, (1.5) can be further transformed to

/ Pe(pu) +V - (pu®u)-V-0)=0, (1.6)
1%

from which the equation for momentum conservation
p(iu+u-Vu)-V-0=0 (1.7)

is obtained by utilizing the constant density assumption and the consequential
incompressibility condition (1.4). In (1.6), (# ® u);; = u;u; denotes the outer
product. Note that external forces on the fluid, such as gravitational force, were
neglected here. The gravitational force can be included by adding the term pg to
the right hand side of (1.7), where g denotes the gravitational force vector. The
stress tensor o is typically expressed as

o=1-pl, (1.8)

where 7 is the non-isotropic deviatoric stress tensor that vanishes for fluids at rest
and —pl is the isotropic part with p denoting the pressure [10, p. 142]. Specific
choices for T depend on the underlying fluid model. Entry o}; can be interpreted
as the force per unit area, which acts in negative j-direction on a surface that is
perpendicular to i-direction.

For incompressible Newtonian fluids, we have the linear relation

7 =2uD(u) (1.9)

with u being a scalar constant called viscosity [10, p. 146]. Thus, for incompressible
Newtonian fluids, we have
o =2uD(u) -pl, (1.10)

where D(u) := 1 [Vu + (Vu)T| denotes the rate of strain tensor. Substituting (1.10)
into (1.7) gives
p (i +u-Vu)—2uV-D(u)+ Vp =0. (1.11)

Equation (1.11) together with the incompressibility condition (1.4) are the Navier—
Stokes equations for incompressible Newtonian fluids.

A constitutive equation is an equation that assigns a value to the deviatoric
stress tensor 7. Equation (1.9) is a first example of a constitutive equation. For
polymeric fluids, we assume

T =Ts+ Tp, (1.12)
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where 7; is the Newtonian solvent contribution and 7, is the polymeric contribution
to the stress tensor. Stress tensor 75 is given by

T == 2nsD(u) (1.13)

with 75 being the solvent viscosity. The final system, which is the starting point for
further modeling, is then given by

p(Aiu+u-Vu)—2nV-D(u)-V-1,+Vp =0, (1.14a)
Vou=0. (1.14b)

In the next section, we take a closer look at well established polymeric fluid models
that deliver constitutive equations for the polymeric stress tensor 7.

1.4 Constitutive polymeric fluid models

In this section, we present three historical polymeric fluid models of increasing
complexity and take a closer look at their properties. In Section 2, another class of
polymeric fluid models is considered, where kinetic theory is used for derivation.

1.4.1 Maxwell model

In the following section, we consider the Maxwell (spring-dashpot) material for
introducing viscoelastic materials. It is one of the simplest viscoelastic models,
which already shows complex non Newtonian characteristics such as the stress
relaxation (fading memory) property. Viscoelastic fluids are of non Newtonian
type, i.e., there is no linear relation between the deviatoric stress tensor 7 and the
rate of strain tensor D(u). These fluids show both, viscous and elastic material
characteristics, depending on the time-scale of applied stresses/strains.
The equation for deviatoric stress tensor 7 is given by

T+ %8”’ =2uD(u), (1.15)
where p is a viscosity and G a modulus [11, p. 276]. One major drawback of
this simple model is the lack of material frame-indifference due to the term o;r.
The property of material frame-indifference states that the behavior of a material
should be independent of the frame of reference. Consider the transformation

x(t) = Q(t) (x(t) — b(t)), (1.16a)
x(t) = Q(H)T%(t) + b(t), (1.16b)

where %(t) € R? and x(t) € R? are coordinate vectors that describe the identical
position in space w.r.t. different frames of reference with origins O(t) € R4
and O € R?, which are related by O(t) = O + b(t). The basis vectors &(t), i =
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1,...,d, w.r.t. the O-frame can be expressed with the basis vectorse;, i =1,...,d,
w.r.t. the O-frame via

d
ei(t) = Z Qij(t)e;, (1.17)
=1
where Q;i(t) are the entries of the orthogonal matrix Q(t) € R4 from (1.16).
A tensor valued quantity m(x, t) is called frame-indifferent if and only if (%, t) =
Q(t)m(x, t)Q(#)T holds true, which is not the case for the partial time derivative d;,
since

aifﬁij(?zr t) =0 [Qim(t)nmn(xr t)an(t)]
:Qim(t)nmn(xr t)an(t) + Qim(H)mn(x, t)an(t)
+Qim(t)0t (Ttnn(x, t)) an (t)
#Qim(t)0t (Ttnn(x, t)) an (t).

Above, we used the Einstein summation convention and the time derivatives of Q;;
are denoted by Qj;.

The model is sometimes called spring-dashpot model, as (1.15) is of the same
form as the force F vs. rate of deformation € relation in a mechanical spring-dashpot
model, which is derived in the following.

For this we followed [67]. The relation between force F and deformation €
is derived by considering a Newtonian dashpot and a Hookean spring that are
connected in series (cf. Figure 1.5). We denote by Fs and Fg the force of the spring

€s €d

Figure 1.5. Visualization of the spring-dashpot model. A spring is connected in series
with a dashpot.

and dashpot, respectively. Analogously, the corresponding deformations are
denoted by €5, €4. The relation between forces and deformations are given by

Fs = —Ge;, (1.18)
Fd = —yéd, (1.19)
where G denotes the spring constant, u viscosity, and €4 the rate of deformation.

Due to the connection in series of spring and dashpot, it holds for the total force F
and total deformation ¢,

F=F,=Fy, (1.20a)
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€ = €5+ €4. (1.20b)
From System (1.20), one can derive
F+AF = —ué, (1.21)

where A = % is a time constant. Note that (1.21) and (1.15) are of the same form
with a flipped sign on the right hand side due to the sign convention of stress
tensor in this thesis. Stress and strain are exchanged with force and deformation.
With (1.15) and the analog mechanical spring-dashpot model in mind, it is now
possible to discuss the characteristic behaviors of the viscoelastic Maxwell material
from a mechanical point of view.

Stress relaxation over time Consider an initially relaxed material (¢ = 0) that
is suddenly deformed and kept fixed to €9 > 0 at tp = 0. The initial force is then
given by Fo = —Geg. From (1.21) follows that the force (stress) decay over time is
given by

F(t) = Foexp (—%) = —Gepexp (—%) (1.22)

for fixed €. Internally, the spring pulls on the dashpot, which is the reason for the
force decay. From é(t) = 0 follows

€q(t) = eo ll —exp (—%)l , and e4(t) = epexp (—%) . (1.23)

Releasing the material after At results in a partial return to the original shape.
In this scenario, the dashpot is irreversible and only the spring can reverse its
deformation. The remaining force in the system at t; = to + At = At, before the
material is released, is
At

F(t1) = —Gegexp (_T) , (1.24)
which jumps back to zero after release due to the spring. The reversible spring
deformation and irreversible dashpot deformation at ¢; is

€s(t1) = egexp (—%1) < €y, (1.25)
€q(t1) = eo ll —exp (—%)l >0, (1.26)

i.e., the system cannot restore to its initial shape, which demonstrates the fading
memory property. A fully elastic material would restore to its initial shape. This
process is visualized in Figure 1.6.
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— |F @)

€0

)
—eq(t) |Fol |

€in m
F in kgm/s?

to 51 to t
tins tins
(a) Spring-dashpot deformations over time. (b) Spring-dashpot force over time.

——‘U) —y

€0
[ Fol

€in m
F in kgm/s?

to t1 to t1

tins tins

(c) Hookean spring deformation over time. (d) Hookean spring force over time.

Figure 1.6. Qualitative comparison of the deformations for a mechanical spring-dashpot
model and a Hookean spring under a sudden deformation. The qualitative behavior of
strains and stresses for a Maxwell material and Hookean material is the same.

Constant strain-rate over time Applying a constant deformation-rate (strain-
rate) € > 0 to an initially relaxed spring-dashpot system, yields the expression

F(t) = —ué |1 —exp (—%)l (1.27)

for the force (stress). Note that lim;_,« F(f) = —ué, i.e., in the limit, the Newtonian
dashpot force behavior is recovered. The identical behavior is obtained in the
Maxwell material case. In the case of a single dashpot model, the force would stay
constant over time. For a single Hookean spring model, the force would linearly
increase over time. This qualitative behavior is visualized in Figure 1.7.
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Figure 1.7. Qualitative comparison of the forces Fyq4(f), Fs(t), and F4(t) for a spring-dashpot,
spring, and a dashpot model over time under a constant deformation-rate. The qualitative
behavior of stress over time for a Maxwell material is identical to Fsq4 under constant
strain-rate. Newtonian fluid stress would correspond to Fq and Fs to a Hookean material.

1.4.2 Upper convected Maxwell model

The upper convected Maxwell model is a generalization of the previous Maxwell
material. It is obtained by substituting the time derivative d;7 in (1.15) with the
upper-convected time derivative

7= Ot +u-Vr—(Vu) 7 - 1Vu. (1.28)

This leads to the upper-convected Maxwell model (cf. [66, Ch. 5.3.2])

T+ AT = 2uD(u), (1.29)

where A is a relaxation time constant, which is a measure for how fast the “memory”
of the fluid fades.

In contrast to the Maxwell model, which is not frame-indifferent due to 07,
the upper convected Maxwell model is frame-indifferent as d;7 is replaced with
the frame-indifferent upper-convected time derivative (1.28). See [11, Ch. 7.2] for
details concerning frame-indifference.

1.4.3 Oldroyd-B model

Analog to the Maxwell model and upper-convected Maxwell model, the Oldroyd-B
model is a frame-indifferent version of the Jeffreys model. Jeffreys model is given
by

T+ /\13{[ = 27]0 (D(u) + A28tD(u)) , (1.30)

where A1, A, are time constants and 1) is the fluid viscosity (cf. (6.1-7) in [11]). The
mechanical analog to (1.30) is visualized in Figure 1.8. For the total force F and
deformation ¢, it holds

F=F =F, (1.31a)

10
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Fl = {,lél, (1.31b)
Fr = -Gex —néy, (1.31¢)
€=¢€1+¢€y, (1.31d)

where Fj is the force of the left dashpot, F, the force of the in parallel connected
dashpot and spring, G the spring constant, i, n) viscosities of the dashpots, and
€1, €2 are the deformations of first and second element in Figure 1.8. From
System (1.31), one can derive

B e (M.
F+E(1+;)F_ y(e+Ge), (1.32)

which is the mechanical analog to (1.30) with a flipped sign on the right hand
side due to the sign convention of the stress tensor in this thesis. Substituting

— T —

€1 €2
Figure 1.8. Visualization of the spring-dashpot model analog to Jeffreys model.

the partial time derivatives in (1.30) with upper-convected time derivatives (1.28)
yields the Oldroyd-B model [62]

T+ AT = 2ng (D(u) + Azlv)(u)) . (1.33)

Equation (1.33) can be transformed to

T, + ATy = 2,D(n), (1.34)

where we used (1.12), (1.13), 170 = 1p + 11s with 15 denoting the solvent viscosity
and 1, the polymeric viscosity, 115 := (A2/A1)10, and 17, := (1—A2/A1)10. The model
is only meaningful for A, < Ay.

As in the overview paper [65] described, the Oldroyd-B model has some limi-
tations. It considers only a single relaxation time A; for the modeling of polymeric
fluids. Additionally, it neglects the interaction between polymer molecules and
treats the molecules as linearly elastic. The Oldroyd-B model can be applied to
model Boger fluids [16], which are viscoelastic fluids with constant viscosity;, i.e.,
no shear thinning/thickening effects.

Concerning the existence of solutions for the coupled initial value prob-
lem (1.14) together with (1.34), there are many results with different assumption-
s/simplifications. In [35], global existence of strong solutions for small data is

11
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proven with some restrictions on the retardation time A; in 2D and 3D. In the 2D
case, [39] proved global existence of weak solutions under some smallness and
boundedness assumptions for the initial velocity and additional assumption on
the initial deformation gradient. See Section 3 in [65] for more references.

1.5 Boundary conditions

In order to describe experimental meaningful flow scenarios, we need to close
System (1.14) by prescribing boundary and initial conditions. In this thesis, the
standard initial condition for the fluid velocity u(x, t) is given by

u(x,0) =0. (1.35)

Equation (1.35) states that the fluid is initially at rest.

Concerning boundary conditions (BC), we use the flow around a cylinder
scenario to discuss the various BC choices. Figure 1.9 visualizes the flow domain (2
in two variants with possible boundary partitions. The first variant considers the
whole flow domain (2 and the second variant exploits the symmetry of (2 and
uses only the upper half of it. The BC should be chosen in such a way that a flow
from left to right around the cylinder is created.

Ip I ~
left D right
I P I P
Ip IN|! ‘ ) !
I | i
(a) Full domain. (b) Upper symmetric half.

Figure 1.9. Rectangular domain (2 with excluded cylinder in the middle.

Dirichlet boundary condition Walls and inflow parts of the boundary JQ of Q
are usually assigned a Dirichlet BC

u=gp onlp, (1.36)

where the fluid velocity is prescribed by gp : I'p — R?. Atwalls, the fluid velocity u
should be zero, which leads to the choice gp = 0 (homogeneous Dirichlet BC). On
the inflow part of the boundary dQ (left side of Figure 1.9a), a fully developed
flow profile is the common choice.

12
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Neumann boundary condition In order to model outlets (right side of Figure 1.9a),
where the fluid leaves the domain and an exact velocity profile is a priori unknown,
one applies Neumann BC

on=(1s+1, —pl)n =gy onl\, (1.37)

where the full stress tensor ¢ is prescribed in normal direction n on Iy by
gN:IN— RY. For an outlet, one sets gn = 0.

Symmetry boundary condition If the flow problem exhibits a symmetry, it is
possible to reduce the domain (2 by considering only one symmetric part of it. In
the case of the flow around a cylinder scenario, this would correspond to going
from Figure 1.9a to Figure 1.9b. This requires a symmetry BC on the symmetric
boundary I's, which is given by

u-n=0 onlsg, (1.38a)
t-(on)=0 onlg, (1.38b)

where n is the outer unit normal vector and ¢ are the tangential vectors, i.e., n-t = 0.

Periodic boundary condition To prevent the prescription of inflow and outflow
BC, one can choose periodic BC as visualized in Figure 1.9b. The flow is assumed

to be periodic between I Il)eft and I’ Ir)ight, which gives the conditions
u |Fll-)6ﬂ =u |F11;ight, (1 39&)
axu |I*11)eft = axu|1_,11;ight (1.39b)

for the fluid velocity u.

In order to enforce a flow across the periodic boundary, there are multiple
possibilities. The first would be a prescription of an additional pressure gradient.
Here, we assume that the main flow is in x-direction. The additional pressure
gradient is then achieved by substituting pressure p in (1.14a) with p = p, — ax,
where a > 0 is a constant and p, is the new periodic pressure unknown. The
substitution leads to an additional right hand side ae; in (1.14a), which enforces a
flow in x-direction (controlled by parameter a).

The second possibility is the prescription of a constant flowrate Q € R over

the periodic boundary I’ lr)ight. The corresponding condition is given by

/, u-n=Q. (1.40)
right
FP

This can be achieved by introducing a new spatially constant scalar unknown p € R
(Lagrangian multiplier) that may vary over time. Again, one substitutes the pres-
sure p in (1.14a) with p := p, — px, where p,, is the new pressure unknown. The
Lagrangian multiplier p enables now control over the flowrate condition (1.40). Sec-
tions 1.7 and 3.2 discuss in detail, how (1.40) is included into the weak formulation
of the stationary Stokes problem and System (1.14).

13
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1.6 Units and non-dimensionalization

In this section, the Navier-Stokes System (1.14) is non-dimensionalized. Table 1.1
lists the units and names of the quantities that are used in the following. Generic
unknown C is expressed via the relation C = .C*, where (. is the corresponding
characteristic unit and C* the dimensionless unknown. The characteristic time is

Symbol Unit Name

u m/s Velocity

p kg/(ms?) Pressure

Tp kg/(m s2) Polymeric stress

o kg/m3 Fluid density

Ms kg/(ms) Solvent viscosity

p kg/(ms) Polymeric viscosity

L. m Char. length

U, m/s Char. velocity

Tz S Char. time

Pe kg/(ms?) Char. pressure

(94 kg/(m s%) Char. polymeric stress
Re 1 Reynolds number

€ 1 Polymeric viscosity ratio

Table 1.1. Collection of symbols, units, and names

given by T := L./U. with L. and U, being the characteristic length and velocity,
respectively. The characteristic pressure is set to be p. := pU?2. For the characteristic
stress, we choose 1% := Uc(1p + 115)/Lc, where 1, and 7 are the polymeric and
solvent viscosity. The Reynolds number is given by

Re = PUCLC/(T]S + np) (1.41)
and the polymeric viscosity ratio is defined by
e = 1p/(np +115). (1.42)
Using above quantities for the non-dimensionalization of (1.14a) yields

p(@u+u-Vu)-2nV-Du)-V -1, +Vp =0

u? Uz u o4 pe
& —Soput + =u*-Vu| - 20—V -D*(u) - =V -7 + =Vp* =0
p
* * * % TZS * * * TC % * pC * %
s dut+u -Vu -2 V' -D*(u*) — Vit +—Vp" =0
t pU.Lc o) puz’ P uzt
1-¢€

* * * % * * * 1 * * %
S dput+ut-Vu-2 R \Y -D(u)—R—eV T, + VpT=0.

e

14
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The gradient and divergence w.r.t. the non-dimensional spatial variable x* are
denoted by V* and V*-. The non-dimensional version of System (1.14) is then given

by

* * * % 1_€ * * * 1 * * *_ ok
opu*+u*-Vu -2 ReV-D(u)—R—eV-TP+Vp—0, (1.43a)

V' u=0. (1.43b)

1.7 Well-posedness of the stationary Stokes problem with periodic
BC and constant flowrate condition

As the periodic boundary condition (1.39) with the constant flowrate condi-
tion (1.40) is quiet special, it is a priori not clear that the (Navier—)Stokes problem
is well-posed. In this subsection, we give a proof for the unique existence of weak
solutions for the stationary Stokes problem with periodic BC, constant flowrate
condition, and homogeneous BC (1.36).

The stationary Stokes problem

—2V-D(u)+Vp =0, (1.44a)
V-u=0, (1.44b)

is obtained by dropping the first two terms in (1.14a) together with the polymeric
stress tensor 7}, contribution. For simplicity, the physical constants are set to 1. We
consider a rectangular domain Q := (-L/2,L/2) X (0,1) ¢ R? with height 1 and
length L > 0 (cf. Figure 1.10). In order to incorporate a constant flowrate condition

I'p
left right
FP F}"

Ip

Figure 1.10. Visualization of the boundary conditions on the channel boundary dQ.

/_ w-n=Q (1.45)
right

P

into the Stokes problem, one has to modify the pressure in (1.44a) to p = p — px,
withp € P and p € R playing the role of an additional Lagrangian multiplier. The
weak formulation of the Stokes problem with a constant flowrate condition is then
given by:

15
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For given Q € Rand f € L*(Q)?, find (u,p, ) € U X P x R such that

{ a(u,v) +b((p, p),v) = [ f v, Yo eu, (1.46)
b((q,7),u) =-QLg, Y(q,q) €PXR,
where
U :={veH(Q)?|v=0, Ujpient = U pight}, (1.47a)
P
P = L§(Q) = {p e LX(Q)| [,p =0} (1.47b)
The bilinear formsa : U XU — Rand b : (P X R) X U — R are given by
a(u,v) = / D(u) : D(v), (1.48a)
Q
bi(q, ) == [ qVeu=q [ erm (1.48b)
Q Q

The constant flowrate condition can be unveiled from (1.46) in the following way:
Testing the second equation of System (1.46) with (g, 0) and (0, 7) yields the two
equations

—/qV.u:O Vg eP, (1.49a)
Q

q/ er-u=LQj VijeR. (1.49Db)
Q

Equation (1.49b) can be rewritten to

Q/el-u:q —/xV-u+L/' u-n :QL/. u-n=LQjJ. (1.50)
fo Ie) I,[r:ght FIr)lght

Since x € P = LS(Q) and due to (1.49a), the integral /Q xV - u in (1.50) can be
omitted.

In order to prove well-posedness of System (1.46), we need to check the
conditions of the following theorem. See [24, Theorem 2.34], for a more detailed
version with additional stability estimates.

Theorem 1.1. System (1.46) is well-posed if and only if the following three conditions are
satisfied:

Jda >0, inf sup _alu,0) > a, (1)
ueker By eper g |[#/|ul|llu

Vv € kerB, (Yu € kerB,a(u,v) =0) = (v =0), (ii)
b 7 q 7

Jdy >0, inf sup (4. 7). ) >, (iii)

(1,8)ePxR ey (g, §)lIpxrllullu

where the space ker B is given by

kerB:={u el |b((q,3),u)=0V(q,§) € PxR} cU. (1.51)

16
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Note that in Theorem 1.1 and for the rest of this section, we implicitly assume
that division by zero is excluded, when the infimum or supremum is taken over a
space.

First, we show that the bilinear form a is coercive on U with the help of the
following two lemmas. Lemma 1.2 is taken from [24, Lemma A.38]. The coercivity
property is used to prove the first two conditions of Theorem 1.1 later on.

Lemma 1.2 (Petree-Tartar). Let X, Y, Z, be three Banach spaces. Let A € L(X,Y) be
an injective operator and let T € L(X,Z) be a compact operator. If there is ¢ > 0 such
that c||x||x < ||Ax]|ly + ||Tx||z, then there is a > 0 such that

allxllx < lAx]ly. (1.52)

Lemma 1.3 (Coercivity of a on U). There is a constant C > 0 such that for all u € U,

the estimate
a(u,u) > Cllull?, (1.53)

holds true.
Proof. We combine Korn’s second inequality with Lemma 1.2. For u € U, Korn’s
second inequality (cf. [24, p. 156]) is

cllullgye < ID@)lr2pe + lull2qye- (1.54)

In Lemma 1.2, we set X = U, Y = L%(Q2)**?, and Z = L?(Q)>. The operators
are A : X — Y with Au == D(u), and T : X — Z is just the compact injection.
Let u € U with ||Aully = ||[D(u)|ly = 0, i.e., D(u) = 0. This implies that u can be
represented via

u(x)=v+c 10

‘ﬂx (1.55)

with v € R? and ¢ € R (rigid displacement). For the second derivatives of the
velocity components u;, i = 1,2, holds the identity

djdku; = %8j8kui + %8;(8]%' (1.56a)
= 20ydkau + ki + 30y ~ 3Aidhu; + 20,y ~ 3didui (156b)
= %8;{ (9jui + diuj) + %8]- (Okui + diug) — %& (Fkuj + djux) (1.56¢)
= D(u);; + ;D ()i — D) 20, (1.56d)

which implies the representation u(x) = v + Hx with v € R? and H € R>?,
From D(u) = 0, we can further deduce H + H T -0 e, His skew-symmetric,
which yields (1.55) in 2D. As ur, = 0, we deduce from (1.55), v = 0 and ¢ = 0,
i.e., u = 0in Q. Thus, the operator A is injective. Now, we can apply Lemma 1.2,
which gives us al|u||y < ||D(u)||y. This directly delivers the coerivity estimate

a(u,u) = |[D@)|| > a?||ullf. (1.57)
]

2
12 ( (@) )2><2
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In the next two lemmas, we prove the third condition of Theorem 1.1.

Lemma 1.4. Forall (q,3) € P X R, there exists an u(, 5y € U, such that

V. ug,s =49 and /Q e1- Uz =4

Additionally, the estimate
lugpllu < Cli(q, Dllpxr
holds true with a constant C > 0 independent of u, q, g.

Proof. First, we show that for all u € U, itholds V-u € P = L3(Q2). Applying
Gauss'’s divergence theorem on

/V-u=/ u-n=/ u-n+/,htu-n=0,
lef Tig
Q Ele) rlett Ip

tells us V- u € LJ. Since the mapping V- : Hj(Q)* — L3(Q) is surjective [24,
Lemma B.69] and Hj(Q2)*> C U, the mapping V- : U — L3(Q) is also surjective.
Thus, for given g € L3(Q), we find u,; € U, more precisely u,; € Hj(Q2)> C U, such
that V- u, = q. Applying Lemma A.39 + A.42 from [24], gives us the estimate
a|lugllu < llqllp for some & > 0 independent of g and u,.

In the next step, we take a look at the function # : R*> — R? with #i(x, y) =
(y(1-y),0)T € U. One can easily verify that #i satisfies the two properties V- = 0

and /Q el il = % # 0. We exploit these properties to construct the final u(, 7y € U

satistying V - u(, 7) = g and fQ e1 - U(y,5) = 4, which is given by
A . - _ 6
U(gq) =g +c(q, g with c(q,q) =+ (q - /Q er- ”q) : (1.58)

Note, that ||#]|iy = \/gand lc(q, )| < £ (171 + 21lg]lp), from which follows

lugpllu < llugllu + le(q, Dlllallu (1.59a)
< C(a,L)(llgllr + 1g1) (1.59b)
< C(a, D)II(q, Pllpxr- (1.59¢)

In the last step from (1.59b) to (1.59c), we used that the norm ||q||p +|§| is equivalent

to the norm ||(q, )|lpxmr = / ||q||%3 + |4|%. The corresponding equivalence constant

is included in C(a, L). For given (q,7) € P X R, we have constructed an u, 5 €
U that satisfies the above mentioned properties and stability estimate, which
concludes our proof. O

Lemma 1.5 (Inf-sup condition). For b : (P x R) x U — R with

b((g,3),u) ::—/DqV-u—q/Qel-u, (1.60)
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there is a y > 0 such that

b((q,9),u)

in — >v>0.
@.9ePxR ey (g, Pllpxrllullu

Proof. Let (0,0) # (g,7) € P X R be given. Then, we have

b((q/ EI)/ u) > b((q/ Q)/ u(—q,—q)) _ - /Q l]V . u(_q,_o—]) — Q/Q e - u(_q,_q)
wett Ml g -l lot—g,-pllu
PSP _ @Dl 1
Clugpllu  Nugpllu T Cla, L)

(1.61)

1(q, Pllpxr.

Note that in (1.61), we used the fact ||uq,—z)llu = |lu(,7)llu. Then, it follows

b 7 q 7
up ((q q)_ u) S 1
weu lullull(q, Pllpxe — C(a, L)

(1.62)

Since (g, ) € P x R was arbitrary, we can take the infimum of (1.62) over P X R,
which yields the inf-sup condition

. b((q,q),u)
inf — >
@.0ePxR yeyp 109, Pllpxrllllu

with y == C(a, L)™' > 0. O

Note that Lemma 1.3 can be improved by exploiting that a needs only to be
considered on ker B. This then leads to the following lemma.

Lemma 1.6. Forall u € ker B c U, it holds
1 2
a(u, u) = Sull, (1.63)

Proof. For this proof, we essentially have to show that Korn’s first inequality is
valid on the space ker B. This is done in three steps. First, we characterize the
functions of ker B. Second, we show that boundary integrals appearing during
Korn’s first inequality proof vanish for functions in ker B. This unlocks the last step,
in which we can directly apply the same steps of the proof as in the H (Q)“-case.

Let u € U such that b((g,4),u) = 0 for all (g,4) € P x R. Choosing (g, 7) =
(V-u,0), yields b((V-u,0),u) = ||V - u||i2 =0and thus V- u = 0. Setting (g, §) =
0, /Q e1-u)inb((g,4),u) = 0, implies fQ e1-u=0. Letu e UwithV-u =0and
fQ e1 - u = 0, then it holds

(.00 == [ qVeu=q [ eu=o (16)
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for all (g, ) € P x R. Therefore, we have
kerB:z{uEUlV-u:O,/el-u:O}. (1.65)
0

In the next step, we take a closer look at the integral f o Vu: (Vu)T for u € ker B.
Expressing it component-wise and applying partial integration twice yields

ZZ]: /Q(aiuj)(ajui) = - IZ]: /Q(ajgiuj)ui + ,Z]: /ag(aiuj)umj
-y /Q @)@+ /a (@ ~ Gy
i oy

= V-u)? diuuin; — (djuj)uin;| . 1.66
/Q( u) +;/ag[( Uj)uin; (]u])un] (1.66)

A priori, it is not clear that the two partial integration can be done for H!-
components, as second derivatives appear during the transformation process.
However, via a standard density argument, it can be proven that this whole
transformation still holds true for H!-components.

Now, we examine the boundary integrals in (1.66). For u € kerB, we
have ur, =0, Wl = U, prshts which also implies &zul rleft = &zul st andV-u =

0 & diuy = —druy in 2D. With these properties, we can deduce that the boundary
integrals from above vanish:

(diuj)uin; = — (diu1)u; +‘/. (diu1)u; (1.67a)
; </¢9Q J J Zl: F[l)eft 1 F[r’lght 1

= - (d1ur)u + / (dru) (1.67b)
['l!)eft Fll;lg t
= (82142)1/[1 - / N (82112)1/[1 =0. (1.67C)
rlljeft F;lg t

For the second boundary integral in (1.66), holds

—Z / (Qjuj)uin; = — / (V- u)(u-n)=0. (1.68)
77 /o0 90

For u € ker B, it then holds

/ Vu: (Vu)' =0, (1.69)
Q

which is obtained by combining (1.66), (1.67), and (1.68). This gives us immediately

a(u,u)z[)D(u):D(u)z i/Q(Vu+(VuT)):(Vu+(VuT)) (1.70)
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1 Introduction to dilute polymeric fluids

:E/Vu:Vu+1/Vu:(Vu)T (1.71)
2 Q 2 Q

1
= §||u||%[. (1.72)

]

Theorem 1.7 (Well-posedness of System (1.46)). For Q € R and f € L*(Q)? in
System (1.46), there is a unique solution (u,p,p) € U X P X R.

Proof. In Lemma 1.5, we proved already the third condition of Theorem 1.1. The
tirst and second condition can be deduced from Lemma 1.3 as proven in the
following.

Let u € ker B ¢ U. Then we have

ap 200 aww

> (1.73)
veker B ||u||u||ZJ||u ”u”%[

In (1.73), we used Lemma 1.3 for the last inequality. Taking the infimum of (1.73)
over ker B yields
inf sup M >C, (1.74)
uEkeerekerB ”u”U”v”U
which is the first condition of Theorem 1.1.

Let v € ker B and a(u,v) = 0 for all u € ker B. Then, it also holds a(v,v) =0,
which implies v = 0 due to the coercivity of a. With this, we have proven the
last remaining condition of Theorem 1.1, which ensures the unique existence of
solutions. n
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2 Kinetic theory models

2 Kinetic theory models

Kinetic theory models for polymers/macromolecules use mechanical models
to describe the evolution of polymer configurations under fluid flow. For this,
complex polymers with a huge number of degrees of freedom are approximated
by coarse grained molecular models that use beads, which are connected by rods
or springs. Figure 2.1 visualizes this coarse graining procedure. One possible

(a) Polymer. (b) Bead-rod chain. (c) Bead-spring dumbbell.

Figure 2.1. Approximation of a polymer with a bead-rod chain and a spring dumbbell.

approximation for a polymer is the freely jointed bead-rod chain, which is also
known as Kramers chain (cf. [13]), where a polymer is represented by beads, which
are connected by rods of constant length (cf. Figure 2.1b). The bead-rod chain
mimics a polymer in the sense that it can be deformed, oriented, stretched, and still
possess a constant length. Further details of this model are discussed in Section 2.2.
Examples of fluids with macroscopic rod like structure, cf.[12, p. 111], are isotactic
polypropylene, Poly(n-butyl isocyanate) [2], proteins in helical forms, DNA in helix
configuration, or the tobacco mosaic virus.

The simplest class of polymer kinetic theory models are the spring dumbbell
models, where a polymer is represented by two beads, which are connected by a
single spring (cf. Figure 2.1c). In Section 2.1, the dumbbell model is derived for
two types of springs: the Hookean spring and the finitely extendable nonlinear elastic
(FENE) spring. The spring-dumbbell mimics a polymer in the sense that it can be
stretched and oriented.

For the above mentioned class of bead-rod-spring models, it is possible to
derive stochastic differential equations (SDEs) that describe trajectories of polymers
in the fluid. Alternatively, the Fokker-Planck equation, which is the partial
differential equation associated with the SDEs, can be used to gain insights into the
temporal evolution of the probability density function in the polymer configuration
space. Both approaches can be utilized for the evaluation of a polymeric stress
tensor 7, that enables the coupling to the Navier-Stokes equations (1.14). In
the case of SDEs, the evaluation of 7, results in an ensemble average and the
Fokker-Planck approach leads to an integral over the polymer configuration space.
Figure 2.2 visualizes these different approaches.

In some cases, it is possible to derive closed form constitutive equations for the
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2 Kinetic theory models
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Figure 2.2. Visualization of connections to the polymeric stress tensor 7.

polymeric stress tensor 7,,. For the Hookean dumbbell model, it turns out that the
Oldroyd-B model (cf. Section 1.4.3) is formally the macroscopic equivalent of the
Hookean dumbbell model. There are rigorous proofs that show the equivalence
of closely related models [9]. Such constitutive equations avoid the additional
consideration of a SDE or Fokker-Planck equation for the evaluation of 7, such
that it is almost always more favorable to use a constitutive equation if available.
However, the derivation of constitutive equations for kinetic models is not straight
forward. For the FENE-dumbbell model, no equivalent constitutive equation is
known yet. Currently, there are only constitutive equations that are approximations
to the FENE-dumbbell model, e.g., the FENE-P model [14]. A starting point for
more details and references about kinetic theory models for polymers can be found
in [12]. More sophisticated models are the adaptive length scale (ALS) models [30,
38], which can be classified as a bead-spring (chain) model. There, the maximum
spring extensions dynamically adapts to current flow situations.

2.1 Bead-spring dumbbell model

In this section, we approximate a polymer with a bead-spring dumbbell as
visualized in Figure 2.1. Atfirst, the governing equations are derived in Section 2.1.1.
Afterwards, the equilibrium distribution function ¢q is derived, which is crucial
for sampling bead-spring dumbbells in equilibrium (cf. Section 2.1.2). Section 2.1.3
gives an outlook to the associated Fokker-Plank equation and Section 2.1.4 derives
the expression for the polymeric stress tensor 7, which is used for the coupling
to the Navier-Stokes equations (1.14). In the last Section 2.1.5, the equations of
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2 Kinetic theory models

motion are non-dimensionalized.

2.1.1 Equations of motion

In order to derive the equations of motion for the bead-spring dumbbell model,
we consider the following three forces on the beads:

» Hydrodynamic drag force FH,
e Brownian force FB,
* spring force F°.

The hydrodynamic drag force Ff! models the resulting drag on beads in the fluid
due to velocity differences. The expression of the isotropic drag force on bead i is
given by

Fll=—&(—w), i=1,2, (2.1)

where £ denotes the friction coefficient, #; the velocity of bead 7, and u; is the fluid
velocity surrounding the ith bead.

The Brownian force F® models random collisions between beads and solvent
molecules due to thermal fluctuations. It is described by a stochastic process with
zero mean and a second moment given by

(Fi(t)y =0, i=1,2, (2.2a)
(FP(H ® F]B(t + At)) = 2kg9&E6;;0(A)I, i,j=1,2. (2.2b)

In (2.2b), kg is the Boltzmann constant, 9 the fluid temperature, £ the friction
coefficient from the drag force (2.1), 6;; the Kronecker delta, 6(At) the Dirac delta
function, and I is the unit tensor. The expectation value is denoted by (-). The
appearance of £ in (2.2b) that connects drag and Brownian force is also known as
fluctuation—dissipation theorem [63, p. 84]. Here, it is assumed that the Brownian
forces are uncorrelated between two beads 7, j, and two instants of time ¢, t + At [63,
p. 83]. Note that FP can be formally written as

F3(t) = \/2k395dvc‘ft(t), 2.3)

where each component of W;(t) is a scalar Wiener process [63, p. 68f]. Later on,
we are interested in the formal integral f F?(t) dt, which can interpreted as the

well-defined stochastic It6 integral f V2kgdEAW(t).
The spring force FS models the spring that connects the two beads. It

is characterized by a spring potential U : R? — R and the resulting spring
force F? : R? — R* on bead i is given by

VU(r,-n), i=1,
FS(ry—11) ==V, U(r, — 11) = 24
2(r2—11) rU(ra —11) {—Vu(m e, =2, (2.4)
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2 Kinetic theory models

where V,, denotes the gradient w.r.t. ;. For the scope of this thesis, we consider
two spring potentials. The Hookean spring potential with spring constant H is
given by
1
umookean(py —py) = 7 H(r2 - n), (2.5)
and the FENE (finitely extendable nonlinear elastic) spring potential by

2
-1HQ?In (1 - [—’ggl ) ;= <Qo,

o, |1’2 - 1"1| 2 QO/

UFENE (4, — 1)) = (2.6)

with spring constant H and maximum spring length Qo [12, p. 21]. In contrast to
the Hookean spring, the FENE-spring length is bounded by Q.
From Newton's second law of motion, we get

m#; =Fl+FP+FP, i=1,2, 2.7)
and due to small bead masses, we neglect the inertia term, which yields
0=F'+F+F’, i=1,2 (2.8)

In [72], the effects of not neglecting inertia are discussed in detail and material
functions are derived for startup and steady shear flow. From (2.8), one can derive
the It6 stochastic differential equations (SDEs)

1 2k
dr = l”l - Evrlu(rz —ry)|dt + BSder (2.92)
dr, = luz - éVrZU(Tz - r1)l dt + 2k§‘9dw2, (2.9b)

which describe the evolution of a bead-spring dumbbell. Equation (2.9a) and (2.9b)
are coupled with each other by the spring potential U.

Note that one can interpret an SDE in the sense of It6 or Stratonovich. In this
thesis, we always have constant additive noise, where the two interpretations are

equivalent. As in [63] described, the Stratonovich integral /Ot o(t/, Xy) ©dWy is
related to the Itd integral fot o(t’, Xy) dWy via

t t t
/ G(t/, Xt) © th/ = / O(t’, Xt) thf + % / G(t’, Xt)&xﬁ(t’, Xt) dt’. (210)
0 0 0

The last integral in (2.10) vanishes for constant additive noise o € R, which yields
the equivalency of the Stratonovich and It6 integral.

Instead of considering the bead positions r; and r,, we switch to the (Q, r.)-
formulation, where Q := r, — r; denotes the connector vector and 7. := % (r1 + 1)
the center of mass (cf. Figure 2.3). The (Q, r.)-formulation turns out to be more
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2 Kinetic theory models

1 Q 2

IrC
r L

O

Figure 2.3. Visualization of a spring dumbbell with origin O, vector r. pointing from
O to the dumbbell center of mass, vector r; pointing from O to bead i, and connector
vector Q =1 — 1.

suitable for the discretization with Brownian configuration fields (cf. Section 3.1).
From the definition of Q and 7. follows

kgd

dQ = luz —up - %VU(Q)] dt +2,/=~dWo, (2.11a)

dr. = [”1 Z ”2] d + /’%derc. (2.11b)

In (2.11a) and (2.11b), the relation \/EWQ =W, - W; and \/EWFC = W; + W, were
used, where W and W, are two independent Wiener processes. Approximating
the velocity u; at r; by a first-order Taylor expansion at the center of mass r. yields

uixuc+Vuc(ri—r.), i=1,2, (2.12)
where u. denotes u(r.). Using (2.12) on up — u1 and u; + up, we obtain

uy —uy = Vu(re) (r2 — r1) = Vu(r)Q, (2.13a)
uy + upy = 2u,. (2.13b)

With (2.13) and a smallness assumption on the noise W, (analog to [17])

k69w, (1) < / ! [”1 il ”2] dt, (2.14)
< 0 2
we obtain the simplified system
dQ = |Vu.Q - %VU(Q) dt + Z@dWQ, (2.15a)
dr. = u.dt. (2.15b)
For Hookean bead-spring dumbbells, we have
vyteokean(9) = HQ = F ... (Q). (2.16)
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2 Kinetic theory models

For FENE bead-spring dumbbells, we have

Q
1-(Q/Qo)?

System (2.15) is closed by prescribing initial conditions r.(0), Q(0). A common
choice of initial conditions are configurations that are in thermal equilibrium. These
need to be sampled according to a specific equilibrium probability distribution
function. In Section 2.1.2, this distribution function is derived.

System (2.15) is currently formulated in the Lagrangian setting, i.e., we specify
a single initial configuration Qg and position . at to and track the evolution of Q
and its position r. over time, where r. follows the streamlines of # in the domain Q.
Instead of tracking the evolution of an individual dumbbell configuration along
a streamline w.r.t. flow field u, one could look at the dumbbell evolution at a
point x € ( over time, which leads to the Eulerian ansatz. The Eulerian formulation
of System (2.15) is given by

VU™NE(Q)=H = Foop(Q)- (2.17)

dQ = |-u-VQ + (Vu)Q - %FS(Q)l dt +24/ k‘%‘gdwg, (2.18)

where the Wiener process W is constant in space and only allowed to vary in time.
Note thatin (2.18), the dumbbell connector vector Q is now a time-dependent vector
field, ie., Q : Q X T — Dgg, where Q ¢ R¥ is the flow domain, T := (0, T) the time
interval, and Dgs the bead-spring dumbbell configuration space. The additional
term —u - VQ in (2.18) is due to the chain rule from computing the time derivative
of Q(r.(t),t). Note that for Hookean dumbbells, we have ]DglS := R? and for

FENE-dumbbells IDES = {Q e RY||Q] < Qo}. Additional boundary conditions
have to be specified at the inflow part of the domain Q.

2.1.2 Equilibrium distribution

The derivation of the equilibrium distribution function of bead-spring dumbbells
uses tools and ideas from statistical physics. Describing a fluid completely at
microscopic level is in practice impossible due to the sheer number of degrees
of freedom and the uncertainty of initial values. Statistical physics connects
the microscopic equations of motion with elements from the probability theory.
Typically results are then given in terms of means and distribution functions.
The following introduction is based on Chapter 1 in [61]. In statistical
physics, one considers isolated systems with s degrees of freedom, where s is
typically very large. In theory, such a system can be described with generalized
coordinates g € R® and generalized momenta p € R®, which are combined
into a phase-vector m = (q1,...,4s,p1,...,ps) €I = R2, where I' denotes the
phase-space. A microstate of such a system can then be characterized with a
phase-vector 7 € I'. If an initial value 7(0) is known, the trajectory m(t), t > 0, in
the phase-space I' is described by the Hamilton equations of motion, which are
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2 Kinetic theory models

given by
. _ dH . JH
pl - aql 7 ql - 8;91 7

In (2.19), H : R* — R denotes the Hamiltonian, which is identical to the total
energy E in a system if the following properties are satisfied:

i=1,...,s. (2.19)

(i) The system has to be isolated (no external forces) and conservative, i.e, internal
forces F can be expressed with a gradient of a scalar-valued potential.

(ii) There are only time-independent constraints that can be written down as
equation w.r.t. Cartesian coordinates in the system.

A trajectory m(t) = (q(t), p(t)), which satisfies (2.19) stays on a (2s — 1)-dimensional
hypersurface in I' that is characterized by

Se={(q,p)el'|H(q,p)=E}, (2.20)

where E is given by H(q(0), p(0)). This can be easily checked by computing

la(H . dH | @19

d S
T H@a0),p®) = ) o it hi| =0 (2.21)

=1

i.e.,, H(q,p) is a first integral, since H(q(t), p(t)) = H(q(0), p(0)) = E, t > 0.

Now, one is interested in observables F(q, p), which are physical quantities
that can be measured. The exact evolution of F over time cannot be computed due
to missing initial data 7(0). Since measuring F takes a finite time in reality, one is
interested in time averages

o 1 fo
Ffo = o /0 F(q(t), p(t))dt, (2.22)

which unfortunately still depend on initial data 7(0) for finite 9. One postulate of
statistical physics is that the limit

lim Flo = F (2.23)

t0—>oo

exists and is independent of the initial data 7(0), which is a special formulation
of the quasi-ergodic hypothesis [61, p. 17]. The aforementioned hypothesis states
that a trajectory m(t), t > 0, on the hypersurface Sg (cf. (2.20)) reaches every
point on Sg with arbitrary closeness over time. Thus it is possible to consider
a probability density p(q, p, to) on the hypersurface Sg, which characterizes the
probability of finding the trajectory m(t), t > 0, at (g, p) during the time interval
[0, to]. Probability density p(q, p, to) can then be used to rewrite (2.22) to

Flo = //S E F(q,p)p(q,p, to) dqdp. (2.24)

29



2 Kinetic theory models

The quasi-ergodic hypothesis postulates now that for t) — oo, the probability
density for macroscopic systems (systems with degrees of freedom s — o)
becomes independent of the initial value 7(0), i.e,

t%i—rgo ﬁ(q/ | tO) = 15(‘7/ p) (225)

Note that (2.25) is a crucial requirement for statistical physics and cannot be
mathematically proven. However, the quasi-ergodic hypothesis did not solve our
problem to compute time averages F’ that are independent of initial data, as (2.23)
requires an infinitely long observation time and the Hamilton equations (2.19)
cannot be solved explicitly in general.

Instead of considering the trajectory of a single microstate 7 over time, the
idea of statistical physics is now to consider statistical ensembles instead. Such an
ensemble is a collection of all microstates m; € I' that are a valid realization of a
macroscopic system with a given set of properties, i.e., constant volume, constant
number of particles, and constant temperature (canonical ensemble). Due to the
quasi-ergodic hypothesis, we know that the actual system is at some point in time
in one of these microstates of the statistical ensemble. Thus, the ensemble actually
represents the states of the whole time evolution of the system. This idea is the
motivation to use instant ensemble averages

//F F(q,p)p(q,p)dqdp (2.26)

instead of time averages (2.24) over a fixed trajectory. This shifts the problem of
solving the Hamilton equations (2.19) and finding the correct initial value 7(0) of a
microstate to finding the probability distribution p(q, p) in (2.26), which describes
the distribution of the microstates in I' w.r.t. the statistical ensemble prescribed
properties. In the case of a canonical ensemble, the properties are the prescribed
constant volume, constant number of particles, and constant temperature (thermal
equilibrium).

One major result of statistical physics is that for canonical ensembles, the
distribution function p(q, p) in (2.26) is given by

7-{ 7
p(q,p) ~ exp (— ,EZSP)),

(2.27)

where H is the Hamiltonian of the system, kg denotes the Boltzmann constant,
and 9 the temperature of the system. For the derivation of (2.27) see Chapter 1.4
in [61].

In this section, we are interested in computing the probability distribution (2.27)
w.r.t. one single bead-spring dumbbell. If the system consists of N non-interacting
bead-spring dumbbells and H;, i = 1,..., N, denotes the Hamiltonian w.r.t. the ith
bead-spring dumbbell, the Hamiltonian of the full system is given by H = 3N ;.
The probability distribution (2.27), can then be rewritten to p = Hf\i 1 pi, where
pi ~ exp (=H;/(kg?)) is the single-molecule distribution function we are looking
for.
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The derivation of the equilibrium distribution functionisbased on [12, Ch. 12.3]
and consists of multiple steps. At first, we derive the Hamiltonian H;(r., Q, p., P)
for the bead-spring dumbbell, where p. € R¢ and P € R? denote the generalized
momenta w.r.t. 7. € (2 and Q € Dgs with Dgs denoting the dumbbell configuration
space. In the following, we suppress the index i in H; and just write H. The
single-molecule-phase-space distribution function feq(rc, Q, pc, P) is given by

exp (—k%)

//f exp (—,{Bﬂs) drchdpch,
P

feq = 11Q] (2.28)

where 1 is the polymer number density in the domain Q ¢ R? with volume |Q| > 0,

‘H the Hamiltonian of a single bead-spring dumbbell, kg the Boltzmann constant,

O the temperature, and = (2 X Dgs X R xR the phase-space. Note that in (2.28),

the notation dP is an abbreviation for dP; ...dP; and analog for dr., dQ, dp..
Let A C . The integral

/// foqdredQdp.dP (2.29)
A

gives then the number of polymer molecules with phase-space configurations
in A. We are only interested in the configurational distribution function Weq :
Q) x Dps — R that is given by

Weq(te, Q) = / feq(re, Q, pe, P)dpdP. (2.30)
RIxRA
With 8 ¢ Q X Dsgs, the integral
// Weq(re, Q)dredQ (2.31)
B

gives the number of polymer molecules with configurations in 8 (independent of
their momenta). The goal of this section is to compute Weq.

Derivation of /{  Since we have no explicit time-dependent constraints (rheonomic
constraints), it holds for the Hamiltonian

H(re, Q, pe, P) = T (e, Q, pe, P) + U(Q), (2.32)

where Ty, is the kinetic energy and U the potential energy of the bead-spring
dumbbell, which needs to be expressed in terms of r., Q, and their corresponding
conjugate generalized momenta p., P. The momenta are given by

d . 0 X
Pc = (9_1.%-5(1’0 Q,7,Q), P:= %L(Tc, Q,7,Q), (2.33)
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where _ _
L(re, Q, 7, Q) =Tr(re, Q, ., Q) —U(Q) (2.34)

is the Lagrangian of the bead-spring dumbbell [60]. In (2.34), the kinetic energy T,
is expressed in terms of r., Q, and their corresponding velocities 7, Q. In order to
avoid confusion, the kinetic energies in (2.32) and (2.34), which are expressed in
different coordinates, are annotated by H or £ in their index.

The Lagrangian in the standard coordinates 1, 2, #1, and 7, is given by

1
Lir, 12,71,12) = 5m (r’f + r-g) —U(ry - 1), (2.35)

Substituting # = #. — 2Q and # = . + 1Q in (2.35) yields

. 1.
L(re, Q 7, Q) = m (r‘? + 1Q2) -uQ), (236)
from which the generalized momenta
d . ,
Pc = gl(rc/ Q, ., Q) = 2mf, (2.37a)
C
d S S
P = EL(TCI Q/ Ye, Q) - EmQ (237b)
can be derived. From (2.36), we read off
R 2, 1o
Tr(re, Q, 7, Q)=m (rc + ZQ ) (2.38)
and together with (2.37), we deduce
To(re, Q P)—L2+1P2 (2.39)
7‘{ Cr /pC/ - 4:7’}’1 pc m . .

The expression (2.39) for the kinetic energy Ty, gives us directly the required
Hamiltonian

1 1
H(re, Q,pe, P) = 7 _pec + -P*+ U(Q), (2.40)

which is required for the computation of the configurational distribution func-
tion (2.30).

Computation of ¥ Inserting the Hamiltonian (2.40) in the definition (2.28) of feq
yields the expression

Lpi AP
df/ d exp (_ 2 s ) dp.dP
RIXR:

12,1 ,
] exp (—%‘?U@)) dr/dQ’dp.dP
P

11peq("cz Q) = n|Q|

(2.41)
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In (2.41), the integrals can be simplified with the following observations: The
integrals w.r.t. p. and P in the numerator and denominator cancel each other out.
Integration w.r.t. r. in the denominator yields the factor |(2|, since there is no
dependency on r. in (2.40). Applying the observations from above on (2.41) gives

us
Weq(re, Q) o (—L,ﬂ;%)) Peq(Q) (2.42)
eql?c, =n - =nie . .
T e [0

Dgs

Note that in (2.42), there is no dependency on r. on the right hand side, i.e., the
polymer molecules center of masses r. are uniformly distributed in volume Q.
The probability density function peq : Ds — R, defined by

oxp (~442)

/ exp (—“;fﬁ”) er'
Dgs

~

#}eq(Q) = (2.43)

is the distribution function that we are interested in. Let C € Dgs. The inte-
gral fc Veq(Q’) dQ’ is then the probability of finding a configuration Q € C.

In the next step, we insert the spring-potential expressions (2.5) and (2.6) for
Hookean and FENE springs in (2.43) and finally obtain the required distribution
function for sampling initial spring configurations. After evaluating the integral
in (2.43), we get

Hookean ) 2“2‘3‘9)_5 exp (—fk—g) , (2.44a)
HOY
¢£§NE(Q) _JC@! ll - (%)Zl o , 1Ql < Qo, (2.44b)
0, Q1 = Qo,

where the normalization factor C(d) (cf. [12, p. 21]) for d = 2,3 is given by

2 -1
nQ3 (s +1) , d=2,

C(d) = Zkp ¥ Ho? (2.45)
2rnQ3B(3, s +1) d=3.
In (2.45), B: R* X R* — R denotes the Beta function
1
B(x,y) = / 11—yt de. (2.46)
0
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2.1.3 Fokker—Planck equation

Associated to System (2.15), there exists a distribution function ¢ : DgsxQXT — R
that satisfies a Fokker-Planck equation [63, Ch. 3.3.3], which is given by

0@ == Vo |vatr - 2@ v, ro 1)

2kgd
&

where F® is the spring force (2.16) or (2.17), u the fluid velocity, £ the friction
coefficient, kg the Boltzmann constant, and 3 the fluid temperature. The partial
differential equation (2.47) describes the evolution of the function ¢(Q, rc,t)
in Dgs X (2 X T, which is related to the stochastic process Q from System (2.15).
Note that {eq : Dgs — R from (2.43) is a solution of (2.47) in the equilibrium
case u = 0. This can be easily verified by setting u = 0 in (2.47), observing (2.43),
and using the identity

(2.47)

= Vi - (u(r)p(Q, e, ) + AQy(Q, 1e, 1),

99 J
Ageq(Q) = ; 70, (— k; 3 ( 3 QiU(Q)) ¢eq(Q)) , (2.48a)
ZI?SAQHDeq(Q) =Vgq- (‘%FS(Q)lPeq(Q)) . (2.48b)

For each (r.,t) € Q x T, function (-, 7., t) : Dgs — R is a probability density
function. A common choice for the initial condition g of (2.47) is the equilibrium
distribution function (2.43). Concerning boundary conditions w.r.t. a channel
scenario with periodic BC (cf. Figure 1.10), we have

Y(Q, -, t)|FI1)eft =9(Q,-, t)lrrr)ight V(Q,t) e Dps x T, (2.49)

and i = 0 on angS x Q x T for FENE dumbbells or a decay condition

—0 as |Q| >0 V(r,t)eQxT (2.50)

HVu(rc)Q — %FS(Q)l Q. 7o,

for Hookean dumbbells due to the unboundedness of the configuration space ]DI;S.
Function ¢ plays a crucial role for the derivation of the polymeric stress tensor 7,
in the next section. After 7, is derived, the Navier-Stokes equations (1.14) could
be coupled to (2.47) over p,. This approach is considered in the series of papers by
Barrett and Siili [5-8, 81], where the existence of weak solutions of the coupled
system is analyzed w.r.t. different spring forces and regularized versions of (2.47).

2.1.4 Polymeric stress tensor

In order to couple the bead-spring model to the Navier-Stokes equations (1.14),
we need an expression for the polymeric stress tensor 7. In the literature, there
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Figure 2.4. Side view of the plane with normal vector n, which determines the negative
and positive side of the plane (marked with +).

are several equivalent expressions for 7, (cf. Tab. 13.3-1 in [12]). Here, we use
Kramers expression, which is given by the symmetric tensor

T, = n(Q ® F3(Q)) — nkgdI, (2.51)

where 7 is the polymer number density, Q the dumbbell connector vector, FS the
spring force given by (2.16) or (2.17), kg the Boltzmann constant, I the identity tensor.
The expectation value (. ..) in (2.51) for a function B(Q, ., t) at (r.,t) € Q X T is
defined w.r.t. distribution function 1(Q, r, t) of the previous Section 2.1.3, i.e.

(B)(re,t) = /]D B(Q, 7o, DY(Q, 7, 1) dQ. (2.52)

Note that in (2.51), we neglected the consideration of external forces on the beads.

The derivation of (2.51) is based on [12, Ch. 13.3]. In order to derive (2.51)
at arbitrary but fixed (r, t) € Q X T, we look at two effects: the contribution due
to spring force and due to bead motion. For the spring force contribution, we
consider a plane with area S and normal vector n € RY. Now, we need to know
how many beads with dumbbell configuration Q € Dgs cross the plane with r;
on the negative side and r; on the positive side of the plane, i.e., Q - n > 0. This
quantity is given by

/ n(n-Q)SY(Q, ., t)dQ, (2.53)
{QeDgs | n-Q>0}

where 7 is the polymer number density and (n- Q)S the volume that must contain r
(cf. Figure 2.4a for a visualization of this volume). Dividing (2.53) through the
surface area S, yields the corresponding area number density, i.e., the number of
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dumbbells at (1, t) with Q - n > 0 per unit area. Thus, dumbbells with arbitrary
configuration and r; on the negative side of the plane contribute

/ 0 (n - Q) (“ES(Q)W(Q, re, HdQ (254)
{QeDps | n-Q>0}

to the stress with their spring-force F® on the positive side of the plane. The analog
computation can be done for dumbbells with r, on the negative side of the plane,
which gives the contribution

/ n (= - Q) FX(Q)P(Q, re, Q. (2.55)
{QeDgs | n-Q<0}
The sum of (2.54) and (2.55) gives

~n [ (Q ® F5(Q)¥(Q, 7, 1)dQ, (2.56)

from which the first contribution of (2.51) can be obtained due to Cauchy’s stress
theorem. The sign-switch in (2.51) is due to the sign-convention of the stress tensor
in this thesis. Note that Q ® F5(Q) is symmetric since F3(Q) = F(Q)Q, where
F(Q) is a scalar-valued function (cf. (2.16) and (2.17)).

To obtain the second contribution of (2.51), we need to look at the transported
momentum by beads with velocity #;, i = 1,2, through an arbitrary plane with
surface S, normal n, and velocity v (cf. Figure 2.4b). Analog to the considerations
from above, the transported momentum across the plane is the product of the
number of dumbbells that cross the plane during At and the momentum of bead i,
which leads to

n(# —v)-nSAtm(#; —v), i=1,2. (2.57)

Thus, due to bead motion, the total average momentum flux for arbitrary 7;,i = 1,2,
and Q is given by

2

nn /]D [[Z m(#i — v) ® (# —v)]ll,b(Q,rC,t)dQ, (2.58)

BS =1
where
[[Z: m(# —v) ® (Fi — v)]] = //R . Z;] m(# — ) ® (7 — v)E(#, #2) dirdiz (2.59)

is the velocity-space average with Z(#, #2) denoting the velocity-space distribution.
Assuming in (2.59) the distribution Z(7, 72) to be Maxwellian, i.e.,

exp (_ m(fl—v);kﬂ;g(fz—v)z )

TS
//]Rdx]Rd exp (_M(r1 v)2k+£(r2 . ) dids

E(i, ) = , (2.60)
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one can further simplify (2.58) to

2

nn /]D l[z m(#; —v) ® (¥ — v)]ltp(Q, e, )dQ = 2nkgdn, (2.61)

BS =1

from which the isotropic contribution in (2.51) with a switched sign (convention)
is obtained due to Cauchy’s stress theorem. The assumption (2.60) is equivalent to
assuming that the velocity-space distribution in a flow system is the same as that
in a solution at equilibrium (equilibration in momentum space) [12, p. 57]. In (2.51),
the factor 2 is missing. This is due to the demand of having a vanishing polymeric
stress 7, = 0 in equilibrium. Since (Q ® F 5(Q)) = kpdI in equilibrium (cf. (12B.1-9)
in [12]), we only need one half of the constant isotropic contribution 2nkg31
in (2.51). The remaining part of 2nkgJI is absorbed into the pressure. This can
be done since adding a constant to the pressure does only result in a shift and
does not change pressure gradients, which are relevant in the Navier-Stokes
equations (1.14).

2.1.5 Units and non-dimensionalization

In this section, we non-dimensionalize the relevant equations of Sections 2.1.1,
2.1.2 and 2.1.4. The non-dimensionalized equations are then used in Sections 3.3
and 5 for discretization and simulations. The characteristic quantities are chosen
as done in [17]. Dimensionless quantities are marked with *. Table 2.1 summarizes

Symbol Unit Name

kg kg m?/(Ks?) Boltzmann constant

n 1/m? Polymer number density

A s Polymer relaxation time

H kg/s? Spring constant

Qo m Maximum spring extension
3 kg/s Friction coefficient

9 K Temperature

p kg/(ms) Polymeric viscosity

Ms kg/(ms) Solvent viscosity

U m/s Characteristic velocity

L. m Characteristic length

Te s Characteristic time

o kg/(m sz) Characteristic stress

I m Micr. char. length

€ 1 Polymeric viscosity ratio
Wi 1 Weissenberg number

b 1 Sq. max. extension of FENE spring

Table 2.1. Collection of symbols, units, and names
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the physical parameters, characteristic quantities, dimensionless numbers, and
their corresponding units that are used in the following.

For the non-dimensionalization of SDE (2.18), we introduce the Weissenberg
number Wi € R, which is defined by

Wi = A1—<, (2.62)

C

where A is the characteristic longest relaxation time of the polymer and U, L.
are the characteristic velocity and length-scale from Section 1.6. The Weissenberg
number is a measure for the ratio of elastic forces to viscous forces in the fluid.
For bead-spring dumbbells, one chooses A = £/(4H) with & denoting the friction
coefficient and H the spring constant. The microscopic characteristic length
scale is given by I. = 4/kg9/H. For the macroscopic characteristic time scale, we
choose T, = L./U.. Non-dimensionalization of (2.18) with the quantities from
above leads to

l dQ [ u lC >(- X V:(-Qx- + lCLuC *ux-)Qae _ ZI_EIICFS*(Q*)] Tcdta(-
— ¢ (2.63a)
B C *
3 dWQ,
C

& dQ = |_u* VQ + (V'u)Q' — PS*(Q )l dt* ++/ %dWé, (2.63¢)

where V" denotes the gradient w.r.t. the dimensionless unknowns and W, denotes
the Wiener process w.r.t. t*. Wiener processes Wo and Wy are connected via

relation VT.W, (t ) = W (t). The dimensionless spring forces F5*(Q*) are given by

Fiookean(Q) = Q7 (2.64)
for Hookean dumbbells and
. Qr
FS = 2.65

for FENE dumbbells, where b = (Qo/1.)*> = QoH/(kg9) denotes the dimensionless
squared maximum extension of the FENE-spring.

For the non—dimensmnahzauon of the polymeric stress tensor (2.51), we use
the characteristic stress 75 = Uc(1s + 1p)/Lc from Section 1.6 and for the polymeric
viscosity, we have

Np = nkgdday 4, (2.66)
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where the parameter a3 4 (cf. (1.40) in [56]) is given by

1, Hookean,
Ap,d ‘= { b FENE (2.67)
prar2s TENE.
The non-dimensional stress tensor 7, = 7y, /¥ is then given by
% n 2 % +S %
=2 (ZCH(Q ® F5(Q")) - kBSI) , (2.68a)
TC
LcnkBS ( S
ST, = @ F(Q° —I), (2.68b)
P Wl + 1) (Q Q)
% € * *S * )
= —1I]. 2.
&= o ((Q e FQ) (2.68¢)

The step from (2.68b) to (2.68c¢) is done by using (2.62) and (2.66) in combination
with the polymeric viscosity ratio € = 1, /(1]p + 11s), which was already used for the
non-dimensionalization of the Navier-Stokes equations in Section 1.6.

The equilibrium distribution functions (2.44a) and (2.44b) in the non-dimensional
setting are given by

IPZIJOOkean(Q*) - (2n)"? exp (—(QZ*)Z) , (2.69a)
Yeg Q) = Cay” [1 - @]E' Q1< VP, (2.69b)
0, 1Q*| > Vb,

where the normalization constants are now given by

aul d=2
C(d) = { b+%’ ’ 2.70
@ 2mb3B(3, 12) 4 =3. (2.70)
In (2.70), B: R* X R* — R denotes the Beta function (2.46).

2.2 Bead-rod chain model

In this section, we approximate a polymer molecule with a bead-rod chain as
visualized in Figure 2.1b. At first, the governing equations of the bead-rod
chain model are derived in Section 2.2.1. Afterwards, we make some remarks to
the equilibrium distribution function and Fokker-Planck equation w.r.t. bead-rod
chains in Section 2.2.2. Section 2.2.3 presents the expression for the polymeric stress
tensor and Section 2.2.4 discusses the non-dimensionalization of the governing
equations and stress tensor.
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2.2.1 Equations of motion

a TC
1 TN
0]

Figure 2.5. Bead-rod chain with visualization of the rod length 4, origin O, vector r.
pointing from O to the beads center of mass, vector ry pointing from O to bead N, relative
bead position Rs := 15 — r. w.r.t. 7., and connector vector Q3 = r4 — 73.

We model polymer chains by freely jointed bead-rod chains. Two neighboring
beads are connected by a rod of fixed length a (cf. Fig. 2.5). We follow [75] for the
derivation of the stochastic differential equation w.r.t. the bead position vectors r;,
i=1,...,N, for achain with N beads. For a more detailed derivation of the model
see [12, 63]. Similar to the bead-spring model from Section 2.1, the model takes
three forces on the beads into account. The hydrodynamic drag force FZ.H and

Brownian force FZB are already defined in (2.1) and (2.2). The range of the bead
index i is extended to the set {1,...,N}. Instead of the spring force, the third
force is now a constraint force PZ.C, which ensure that two neighboring beads keep
a constant distance 2. Analog to Section 2.1.1, we apply Newton’s second law of
motion and neglect again the inertia term due to small beads masses, which yields
the ansatz

H B C _ :_
F+F’+F-=0, i=1,...,N. (2.71)

Inserting the expressions for the various forces in (2.71) yields the stochastic
differential equations

F€ 2k
dri = |u; + ? dt + SBdei, i=1,...,N, (2.72a)
(rig1 —1i) - (riy1 — 1i) — a’ = 0, i=1,...,N-1. (2.72b)

Eq. (2.72b) are the equations for the constant rod length constraint. The Wiener
process W; is characterized by W;(0) = 0, has zero mean and normally distributed
increments W;(t+At)—W;(t) = AW;(t) ~ N(0, At)? with zero mean and variance At.
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The constraint forces Fic are expressed in terms of tensions T;:

Ti(rp — r1)/a, i=1,
PZC = E(ri+1 - ri)/a - ’Tl‘—l(rl‘ - ri—l)/a/ i= 2/ ey N — 1/ (273)
~Tn-1(rn —rn-1)/a, i=N.

In order to derive expression (2.73), we recall that the constraint force Fl.C is given
by the general expression

N-1
Ff = > AV f, (2.74)
j=1

where A; are Lagrangian multipliers and functions fj, j=1,...,N -1, describe
the constraint equations f; = 0. For the derivation of (2.74) see [60, Ch. 1.2.5],
where ideas of the d’Alembert principle are applied. In order to get (2.73), where
tension T can be identified with A;, one has to specifically choose

1 .
f]' = ~5 [(1’j+1 —1’]') . (1’]'+1 —1"]') - 2] , j=1,...,N-1 (2.75)

Note that (2.75) vanishes if and only if |rj;1 — rj| = a4, i.e., the rod length of rod j
is a. In [21], the constraint force (2.73) is derived by approximating the chain
with a flexible inextensible string, where the constraint force per unit length is
equivalent to the tension gradient. Integrating this tension gradient over a single
rod yields (2.73). Hence the name tension for T;.

In order to apply the Brownian configuration fields ansatz, it is useful to
transfer the bead-position formulation (2.72) into a connector-vector formulation.
Let Q; =141 —1ri,i=1,...,N — 1, be the connector vector pointing from bead
position r; to ri11 (cf. Fig. 2.5). System (2.72) can be rewritten to

dt + /2]239 (dWis1 — dW)), (2.76a)

C C

F; .
dQ; = [uiﬂ —u; + —Hlé l

Qi-Qi—a*=0, (2.76b)
N N
1 1 2kpd
drc = N jzgl Uj dt + N jzgl 5 dI/V], (276C)

wherei =1,...,N —1, and the chain’s center of mass is given by

1 N
re= 5 ; . (2.77)

In (2.76¢), we used Zﬁl F].C = 0 due to (2.73). Analog to the bead-spring model,
we use a first order Taylor approximation

uj~u.+Vu.(ri-r.), i=1,...,N, (2.78)
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where u. denotes u(r.). Using (2.78) to simplify the velocity term u;,1 —u; in (2.76a)
and % Z?]: 14 in (2.76¢) together with the smallness assumption on the noise
(analog to [17])

N T N

1 2kgd / 1

— —Wi(1)| < — | dt|, 2.79

N; £ WilT) ON;m (2.79)

yields the simplified system
FC. —F€ 2k

4Qi = | V(@) + L | at + 22 awr, - awp, (2.80a)
Qi-Qi—a*=0, (2.80b)
dr
d_tc = Uc. (2.80c)

System (2.80) is currently formulated in the Lagrangian setting. The corre-
sponding Eulerian formulation is given by

FS. - FC
—u-VQi+ (Vu)Qi + % ZkEBS

Qi-Qi—a*=0, (2.81b)

dt +

dQ; = (Wi —dW;),  (2.81a)

where the Wiener processes W; are constant in space and only allowed to vary
in time. Note that in (2.81), the connector vectors Q; are now time-dependent
vector fields, i.e., Q; : Q X T — Dgg, where Q c R is the flow domain, T := (0, T)
the time interval, and Dggr = {Q eR?||Q| = a} the bead-rod connector vector
configuration space.

2.2.2 Equilibrium distribution and Fokker-Planck equation

In order to derive an explicit expression for the bead-rod chain equilibrium
distribution, one switches to generalized coordinates. Each connector vector Q;,
i=1,...,N =1, has a priori d degrees of freedom (DOF) and there are N — 1
additional constraints due to constant rod lengths, where N > 2 is the number
of beads. Thus, we are able to eliminate N — 1 DOF via switching to generalized
coordinates. As the connector vectors Q; are enforced to have a constant length a4,
it suffices to describe Q; by d — 1 angles. For example in d = 2, the expression
for Q; is then given by

_[cos(¢;)
Qi=a ( sin( (pi)) (2.82)

with 0 < ¢; < 2n. For d = 3, one uses the additional polar angle 0; € [0, ) next to
the azimuthal angle ¢;.
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Analog to Section 2.1.2, one could try to derive an explicit expression for 1)eq
for a given N, which is a very lengthy process that we avoid here. In [12], an
explicit expression of eq for N = 3 and d = 3 is computed and is given by

sin(07)sin(0;) | 1= 411 cos(&2)?

(471)2 %‘/5 + %7‘( '

¢eq(91/ (Pll 621 (P2) = (283)

where &, is the angle between the two vectors described by (0;, ¢;), i = 1,2.
With (2.83), one can observe that the two orientations are not independent from
each other due to the presence of &;. Distribution (2.83) is not the random-walk
distribution, which is given by

sin(6) sin(6;)
dn?

The random-walk distribution (2.84) assumes that each rod is oriented indepen-
dently from each other. For a bead-spring chain with infinitely stiff Fraenkel
springs that could be interpreted as a bead-rod chain, the equilibrium distribution
is of random-walk type. This was computed in [47], where a possible explanation
of the deviation for the different distributions is given. Their main argument lies
in the different phase-spaces. Using constraints to enforce the bead motion yields
a 7-dimensional manifold in a 9-dimensional space. Using a potential to confine
the motion of beads, such that they stay at a constant distance, results in potential
gullies with varying widths in the 9-dimensional space.

In practice, it is not straightforward to get explicit expressions for 1¢q in the
case of bead-rod chains with arbitrary N. Instead, we will use a different technique
for the generation of bead-rod chains in equilibrium. The idea is to sample initial
chains w.r.t. the random-walk distribution and then drive them into equilibrium.
A detailed description of this procedure is given in Section 3.4.1.

In the case of the Fokker—Planck (FP) equation for bead-rod chains, similar
problems arise as above. There is no easy-to-work-with explicit expression. In [55],
an abstract expression of the FP equation is given that has no practical use. The
FP equationis a (N — 1)(d — 1) + d + 1)-dimensional partial differential equation.
Note that the dimension gets very large if the number of beads N is increased.
In Section 3.1, where the Brownian configuration field method is introduced, it
will be made clear that we don’t need the FP equation for simulations at all.

Vg (01, ¢1,02, ¢2) = (2.84)

2.2.3 Polymeric stress tensor

In order to couple the bead-rod chain model to the Navier-Stokes equations, an
expression for the polymeric stress contribution 7, in (1.14a) is required. There
exist several in theory equivalent expressions for 7, in the literature [12]. In [75],
the Kramers-Kirkwood expression

N
T, =n Z(Ri ® FMy — nkpSI (2.85)
i=1
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is compared to the modified Giesekus expression

(1)
— nkgSI (2.86)

N

Z(Ri ® R;)

i=1

in a start-up of extensional flow scenario. In (2.85), R; denotes the relative bead
position w.r.t. the chain’s center of mass . (see Fig. 2.5), PIH the drag force (2.1),
and 7 is the number density, i.e., n polymer molecules per unit volume. In (2.86),
superscript (1) denotes the upper convected derivative

AD = ‘Z—/t‘ — (Vu)T A = AVu. (2.87)
Both expressions have their advantages and disadvantages. In Section 4.1 of [75],
the main findings are the following: Both expressions produce almost identical
results. The Kramers-Kirkwood expression requires an additional noise reduction
technique [21] to filter out statistical noise of order (At)~". In transient regimes,
the modified Giesekus expression contains a time derivative that is non-trivial to
evaluate due to rapidly fluctuating results, which requires additional smoothing.
The smoothing introduces additional numerical errors and is memory-consuming
as several previous solutions need to be stored, especially when fine meshes are
considered. In steady-state regimes, the modified Giesekus expression is simpler
to evaluate and produces less noisy results compared to the Kramers—-Kirkwood
expression. In this thesis, we consider time-dependent problems in complex
flow geometries, therefore we use the Kramers-Kirkwood expression with noise
filtering for the evaluation of the polymeric stress tensor 7,,. Details concerning
the noise-filtering are discussed in Section 3.4.2. See [12] for a detailed derivation
of Kramers—Kirkwood expression (2.85).

Evaluating the stress tensor (2.85) requires the relative bead position R;. The
relation between R; and the connector vectors Q; is given by

N-1
Ri = ) BuQi, (288)
i=1

where Bx; =i/N,i < kand By; = = (1 —i/N) = =(N —i)/N, i > k, which we proof
in the following lemma.

Lemma 2.1. Let Ry =1y — 1., k =1,...,N, be the relative bead position w.r.t. center
of mass r. = % Z?; riandlet Q; = riy1— 1, i=1,...,N — 1, be the connector vector.
Vector Ry is then related to the connector vectors Q; via (2.88).

Proof. First, we use the definition of the By; and Q; in (2.88) to get

N-1

Z BriQi = % Z it — it + Z —(N = i)riz1 + (N = i)r; (2.89)

i=1 1<i<k k<i<N
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and take a closer look at the two sums of the right hand side of (2.89). The first
sum can be transformed to

Z itip1 — it = Z (i—Dri— Z it

1<i<k 2<i<k+1 1<i<k
=—r1+(k—1)re + Z (i—1Dr;— Z ir;
2<i<k 2<i<k
= (k- 1)rg - Z ri. (2.90)
1<i<k

The second sum can be transformed to

Z — (N = i)tis1 + (N = i)rj = Z (N —i+1r+ Z(N—i)ri

k<i<N k+1<i<N+1 k<i<N
= —ry + (N = k) — Z (N —i+1)r+ Z (N - i)r;
k+1<i<N k+1<i<N
=(N-Fre- > (2.91)
k+1<i<N

Using the expression (2.90) and (2.91) in (2.89) then gives the result

N-1 , , N
Z BiiQi = (N =)y — Z | 1’1’] =N lNrk -, 1’:’] (2.92a)
i=1 1<i<N, i#k i=1

N
1
=r- ; ri = rp — e = Ry (2.92b)

]

2.2.4 Units and non-dimensionalization

In the following section, we mark dimensionless quantities with *. Table 2.2 lists
physical parameters, characteristic quantities, dimensionless numbers, and their
corresponding units that are used during the non-dimensionalization process.
For the numerical simulation in Section 5, it is convenient to consider the non-
dimensionalized formulation of System (2.80) or (2.81). The characteristic scales are
as follows: microscopic length scale I. = a, microscopic time scale f. = Ea? /(kg?¥),
and characteristic force F. = kgd/a. This choice leads to

[ FC¢ —F€ 2k
dQ; = [(Vu.)Q; + % dt + ;S(dwm —dw;), (2.93a)
* IUI *_ % * F * * L *
& 1dQ;= LCCC(V u)Q; + gC(Fif1 - Fic)l Uccdt

» (2.93b)

2kpdL . )
W - dW),
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Symbol Unit Name

kg kg m?/(Ks?) Boltzmann constant

n 1/m3 Polymer number density
A s Polymer relaxation time
& kg/s Friction coefficient

J K Temperature

p kg/(ms) Polymeric viscosity

Ms kg/(ms) Solvent viscosity

U m/s Characteristic velocity

L. m Characteristic length

T S Macr. characteristic time
te S Micr. characteristic time
F.=kgd/a kgm/s? Characteristic force
le=a m Micr. char. length (rod length)
o kg/(m s?) Characteristic stress

€ 1 Polymeric viscosity ratio
Wi 1 Weissenberg number

Table 2.2. Collection of symbols, units, and names.

* * * * ‘F L * * *
& dg:qu%%+k&ﬁﬂﬁ—ﬂ9Lh
Y] (2.93¢)
B * *
u lzc (dvvi+1 - dWi ),
Cctc
* * * * L * * *
& dQ,:(V%xL+t&fﬂﬁ—Pf4m
‘ (2.93d)
2LC * *
g Wi — AW

The factor L./(t.U.) in front of the dimensionless constraint force expression
in (2.93d) can be absorbed in F** by defining the rescaled dimensionless tension

S L *
= o T (2.94)

which will be just a Lagrange multiplier in the end. The expression for the rescaled
dimensionless constraint force P;C is then

TQr, i=1,
A*C [ LC *C — Al:(- 1 Tk * s 2 95
Fi .—EFZ- = rI;.AQi—T;-_lQi_l, l.—2,...,N—1, ( )
—T5_1QN_1/ 1=N.
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Let Wi(N) denote the bead-dependent Weissenberg number

AUe  a(N)tU.

Wi(N) = =
(V) = 8 = S

(2.96)

where the physical parameter A denotes the longest relaxation time scale of the
polymer chains. Non-dimensionalizing the longest relaxation time A with . yields

A(N) = A/t = a(N). (2.97)

In (2.97), the factor a(N) depends on the number of beads N. The factor 1/a
is defined as the stress decay rate of an initially perturbed chain towards its
equilibrium state, see Figure 3.10 in Section 3.4.3. In [21], the approximation a(N) ~
0.0142N? is computed via a fit for large N. The final form of the dimensionless
version of System (2.80) is then given by

dQ: = [(V'u))Q; + F| dt*

(2.98a)
Za(N)(dM]lz_l—dM]:), izl’_._,N—ll

Wi(N)
Q-Q-1=0, i=1,...,N-1, (2.98b)
% =, (2.98¢)
where
;g -2170;, i=1,
F =<1 Qi -2Q:+1,Q, i=2,..,N-2 (2.99)

=275 QN1 + T, QN s/ i=N-1

The Eulerian formulation of System (2.98) is given by

dQ; = [-u" - V'Q; + (V'u")Q; + F;| dt’

2a(N) . . o (2.100a)
Wi(N)(dI/ViH—dI/Vi), i=1,...,N-1,
Q-Q/-1=0, i=1,...,N-1. (2.100b)

In System (2.100), quantities Q;, F;, and W are now vector fields and the Wiener
process W' is constant in space and only allowed to vary in time.

The polymeric stress tensor 7, is non-dimensionalized by 7 = 7p/ 7% and
the hydrodynamic drag force Fi! by FI* = FH/F. with 7f = Uc(np + 15)/Lc
and F. = kgd/a. This leads to

N
k k
=N (R, @ pHy - 08y _MKelLe
(i Te uc(np +1s)

N
Z(R; ® FI*) — 1) . (2.101)
v=1
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2 Kinetic theory models

The factor in front of the braces in (2.101) together with (2.96) can be further

transformed to
n kB SLC _ n kB IA

Ue(np +11s) — (p +ne)Wi(N)’
In Table 2.5-1 in [11], the polymeric viscosity is given by

1p(N) = 5 (N? = Dnéa® = BN)néa?

with B = & (N? = 1). Together with A = a(N )5—”2 one obtains
36 8 kg9

nkgdA B a(N)np(N) _a(N)e(N)

(1p(N) + 1)Wi(N) — B(N)(1s + np(N))Wi(N) — B(N)Wi(N)

and therefore
. _ a(N)e(N)
T BIN)WI(N)

Z(R ® FH*y — 1) :

48

(2.102)

(2.103)

(2.104)

(2.105)



3 Discretization

3 Discretization

In the following sections, we present the various discretization schemes that are
used in the simulations of the models from Section 2. At first, we discuss the
Brownian configuration field method in Section 3.1. In Section 3.2, the finite element
scheme for the Navier-Stokes equations is stated. Afterwards, our discretization
of the bead-spring dumbbell model (cf. Section 2.1) is presented in Section 3.3.
Section 3.4 discusses the bead-rod chain discretization.

3.1 Brownian configuration field method

There are in principle two approaches for the evaluation of the polymeric stress
tensor 7, as visualized in Figure 2.2 for kinetic theory models. The SDE or Fokker—
Planck approach. We neglect the constitutive approach here, since there is not
always an equivalent constitutive equation for polymeric fluid models that are
derived with kinetic theory. If the SDE path is pursued, a finite number N¢ > 0 of
trajectories are simulated and an ensemble average is performed to approximate
the expectation value in (2.51) or (2.85). The approximation of an expectation
value with a finite number of realizations introduces a stochastic error, which
scales with N;l/ ? (central limit theorem). In the case of bead-spring dumbbells,

the approximation of the polymeric stress tensor (2.51) with Ny trajectories would
be

Ny
n
R ; (Qk ® PS(Qk)) — nkgdI, 3.1)

where Qk, k=1,...,N fr denotes the sampled trajectory of SDE (2.15). Such an
approach is of Monte—Carlo type and is computationally expensive but consists
of many small and easily solvable problems. The computation of the individual
trajectories can be easily parallelized as they are independent from each other.
Alternatively, the Fokker-Planck equation associated with the SDE can be solved.
This enables a deterministic evaluation of the expectation value in (2.51) or (2.85) by
an integration over the polymer configuration space. For bead-spring dumbbells,
this would be

Tp(re, t) =n /]D Q0® FS(Q)i,b(Q, e, t)dQ — nkpdl. (3.2)

Solving the Fokker-Planck equation for high-dimensional models, is in practice
not feasible. In the case of bead-rod chains with N beads in d dimensions, the
number of unknowns in the Fokker-Planck equation w.r.t. generalized coordinates
would be (d — 1)(N — 1) + d + 1. In Section 5, we simulate bead-rod chains with
up to 17 beads in 2D, i.e., the corresponding Fokker—Planck equation would be
19-dimensional, which cannot be solved on sufficiently fine meshes with current
computational resources.

The SDE approach can be tackled from two points of view. The Lagrangian
approach leads to CONNFESSIT (Calculation of Non-Newtonian Flow: Finite
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3 Discretization

Elements & Stochastic Simulation Techniques) [52], where individual particle tra-
jectories are simulated by solving SDE (2.15) or (2.80). For bead-spring dumbbells,
the trajectories are (Q(t), r.(t)) € Dps X Q, t € T. The bead-rod chain trajectories
are given by (Q1(t),..., Qn-1,7c(t)) € ]DgR_1 x ,t € T. This leads to multiple
challenges. Performing an ensemble average in a point x € (2, requires knowledge
of the particles associated to that point. This can be realized by individual par-
ticle tracking. Additionally, the particle distribution in (2 deteriorates over time,
such that in certain regions of (2, the amount of particles, which is used for the
ensemble average in a point, is not high enough for a good approximations of 7,
(cf. Figure 3.1).

@@ | @@ | @@ .m““““““.

"y

% ot
= ]7

(a) Initial dumbbell distribution
at to.

(b) Dumbbell distribution at tg+At.

Figure 3.1. Visualization of particle distribution deterioration over time with CONNFESSIT
approach.

The Eulerian approach leads to the Brownian configuration field (BCF)
method [40], where continuous vector fields are considered that describe the
polymer configuration over time in the whole domain Q instead of single particles.
This approach prevents the need of individual particle tracking and simultaneously
ensures a homogeneous particle distribution as the number of configuration fields
stays constant in each point (cf. Figure 3.2). These advantages come with price
that now Ny realizations of stochastic PDE (2.18) or (2.81) need to be solved. Note
that the Wiener processes in (2.18) or (2.81) are constant in space and vary only
over time. This leads to strong spatial correlations of stress fluctuations, which
results in an enormous variance reduction. The bead-spring dumbbell trajectories
are now given by time dependent vector fields Q : 2 X T — Dgs and the bead-rod
chain trajectories by Q; : Q X T — Dgg, i =1,...,N — 1. In the bead-rod chain
case with N beads in d dimensions, the BCF method requires the simulation of N ¥
realizations of a system of N — 1 coupled (4 + 1)-dimensional PDEs, which is
computationally more viable compared to the high dimensional Fokker-Planck
approach. The number of realizations Ny is typically O(10°%).

A possible BCF generalization is presented in [73], where a method for
including center of mass diffusion is described. In [76], a multi level Monte—Carlo
method for BCF is presented, which can improve the total computation costs of
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(a) Initial dumbbell distribution

at t (b) Dumbbell distribution at tg+At.
0-

Figure 3.2. Visualization of particle distribution over time with BCF approach.
the standard BCF method from above.

3.2 Numerical scheme for the Navier-Stokes equations

In the following subsections, we present the temporal and spatial discretization of
the non-dimensional Navier-Stokes equations

1—
du+u-Vu -2 Re

1
VD) - oV 7 + Vp =0, (3.3a)
-V.-u=0, (33b)

formulated for the symmetric flow around a cylinder scenario (cf. Figure 3.3) with
homogeneous Dirichlet BC (1.36), periodic BC (1.39), symmetric BC (1.38), and
constant flow rate condition (1.40) with flow rate Q > 0. In (3.3), u is the velocity, p
the pressure, 7, the polymeric stress tensor, D(u) the symmetrized gradient of u, €
the polymeric viscosity ratio, and Re denotes the Reynolds number. Note that the

Figure 3.3. Flow around a cylinder domain with boundary condition information.

in (3.3) was dropped for ease of notation. For the weak formulation of System (3.3),
we define the following spaces

U = {v € H(Q)?| v satisfying (1.36), (1.38a), (1.39a)}, (3.4a)

51
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P = L3(Q), (3.4b)
T = L2(Q)>2. (3.4¢)
In order to include the constant flow rate condition (1.40) into the weak

formulation of System (3.3), we test (3.3b) with g = q, — gx, q, € P, § € R, which
leads to the two equations

—/ qgpV-u=0 Vg, €P, (3.5a)
Q

17/xV-u=0 Vi € R. (3.5b)
Q

Applying partial integration on (3.5b), yields

S E](—/Vx-u+/ xu-n):O, (3.6a)
Q 90

S g —/e1~u+L/_ u-n|=0, (3.6b)
Q FIr)lght

= q/gel-u =LQg, (3.60)

where L denotes the length of the domain in flow direction and Q the prescribed

flow rate over the boundary I Ir)lght (cf. Figure 3.3). In the following, we abbreviate
quantities &(t,) with £", where t,, := Ty + nAt is the time after n steps with step
size At. With the knowledge of (3.5a) and (3.6¢c), our weak formulation of the
time-discretized version of (3.3) with constant flow rate condition (1.40) is given
by:

For given Q € R, u" € U, and 1} € Z, find u™lel, pg” € P,and p"*!' € R
such that

% (un+1’ v) + ZlR;ee (D(un+1),D(v)) _ (pgﬂ, V- v) _ ﬁn+1 (31/ v) (3 ; )
7a

= % @",v)— " -Vu",v) - Rie (T;,Vv) Vo € U,
- (V Cum qp) =0 Vg, €P, (3.7b)
- (el,u””)q - QL7 VieR. (3.7¢)

In System (3.7), (-, -) denotes the L2-inner product w.r.t. scalars, vectors, or matrices,
ie.,

(v, w) = / vw, v,w e L*(Q), (3.8a)
. d

,W) = iwi, v, L2(Q)%, 3.8b

(v, w) L;v w;, v,w €L(Q) (3.8b)
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3 Discretization

ViWi;, V,W e L¥(Q)™. (3.8¢)

d

(V,W) ::/Q‘ :

1

For the discretization in time, all terms are treated implicitly (implicit Euler) with
the two exceptions u - Vu (only small Re are considered) and 7, which are treated
explicitly. An equivalent formulation of (3.7) without 7, and full homogeneous
Dirichlet BC is analyzed in [77, Ch. 5.3], where (3.7b) is included into the velocity
space U. The weak formulation (3.7) is the basis for the spatial discretization with
finite elements. An alternative approach is the finite volume method, which is
presented in the overview paper [1] for viscoelastic fluids.

3.2.1 DEVSS stabilization

Concerning the spatial discretization of System (3.7) with finite elements, it is a
priori not clear how to choose compatible inf-sup stable elements for the finite
dimensional ansatz spaces U, C U, P, C P, and X;, C X. The DEVSS (discrete
elastic viscous stress split) stabilization is an established stabilization technique for
FEM discretizations of viscoelastic fluid models [33]. It enables a flexible finite
element choice for velocity u, pressure p, polymeric stress 7,, and additionally
introduces more robustness w.r.t. the polymeric viscosity ratio €. For polymeric
viscosity ratios € near 1, equation (3.3a) gets convection dominated due to the
vanishing elliptic term

1-—

€
==V D(u). (3.9)

2

In the case of stationary Stokes, i.e., dropping the term d;u + u - Vu in (3.3a),
coupled with the upper convected Maxwell model (1.29), the following compati-
bility conditions between Uy, Py, and X, for well-posedness are stated in [4] for
Lagrangian elements. If s = 0,i.e., e = 1:

(i) Uy and Py, need to satisfy the inf-sup condition

. [ anV - uy
inf sup >
qn€Ph y, el lgnllp, llunllu,

(3.10)

uniformly in / fora y > 0,

(ii) if Z, ¢ CYQ), D(uy,) € Xy, for uy, € Uy,

(i) if 2, c C%(Q), the number of internal nodes for an X -element must be larger
than the number of nodes on the boundary of an Uj-element (cf. Figure 3.4).

If ns > 0,1i.e., 0 < € <1, the third condition from above is not required. Especially
the third condition is very restrictive in the case 15 = 0. In [57], the following
choice is suggested:

Uy, = {un € C(Q)* | VK € T, upx € Q5(K)} nU c U, (3.11a)
Iy = {dy € C(Q)P? | VK € Ty, dyx € (Q'(K))¥?} c Z, (3.11b)
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Py == {pn € C(Q) | VK € Tp, puix € Q1(K)} N L{(Q) C P, (3.11c)

where 7}, is a regular family of non-overlapping partitions of (2 into quadrilat-
erals K € 7, with characteristic size . The polynomial space Q is then given

by

Qk(K) = {p K — R/ p(x) = Z Xig,..., idXil e x;d/ Qiy,...ig € R} . (312)

0<iy,...,ig<k

This choice satisfies the conditions from above in the case € = 1. Figure 3.4
visualizes the reference elements of the polynomial spaces, which are used in (3.11).
For the definition of Q' (K) on the reference square K =10, 1]2, one subdivides K

into 16 equal squares Ki, i=1,...,16,asvisualized in Figure 3.4c. The space QT (K)
is then given by

Q"(R) = {p e C(R)Ip, € iR, i=1,.. .,16} . (3.13)

Note that the reference element in Figure 3.4c satisfies the third condition from
above, i.e., the number of internal nodes, here 9, is larger than the number of nodes
on the boundary of Figure 3.4b. The idea of DEVSS [28], is to retain the elliptic

® L ® 4 L
o o o
[ L [ @ L
(a) Qq-reference element (b) Qa-reference element (c) Q7'-reference element
for pressure pj, € Py,. for velocity uy, € Uy. for stress 7p 1 € Zj.

Figure 3.4. Visualization of the degrees of freedom for the reference elements from the
spaces (3.11), which are used in [57].

operator (D(u””), D(v)) in (3.7a) in the case of € = 1 and to enable a more flexible
and cheaper choice of finite elements compared to the suggestion from above
in (3.11). This is done by introducing a new unknown tensor d;, € X together
with the equation

(dh — D(uZJrl),fh) =0 Vf,eZ. (3.14)
Additionally, the stabilizing term
i n+ly _ )
2 (D(uh )= dy,, D(vy) (3.15)

is added to the discrete momentum equation of (3.7a), where the finite dimensional
ansatz spaces X, C X and U C U have to be chosen such that D(u;) ¢ Xj
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for uy, € Uy, otherwise (3.14) can be trivially satisfied by choosing dj, = D(uZ”)
and the stabilizing term (3.15) would be zero. Note that the spaces U} and Py,
should satisfy the inf-sup condition (3.10). The unknown d}, can be interpreted as
the L?-projection of D(u}"*!) with u'*! € Uy, into the space Zj,. Adding (3.15) to the
discrete momentum equation of (3.7a) together with (3.14), leads to the following
weak formulation:

For given Q € R, u;; € Uy, and T;/h € X find uZ*l e Uy, dZ” € Xy, ﬁZ“ € R,

and pg*,f € Py such that

L (i, 00) + 2 (D), D(on) - (a1, Do)

At Re
_ (pﬁl,v , vh) 5 (o1, 1) = % (u, vp) (3.16a)
— (u) - Vu),vp) — Rie (Tg,thUh) Vo, € Uy,
- (V - ug”,qh) =0 Vgy€Py, (3.16b)
- (D(uZ“),fh) + % (dZ“,fh) =0 VfyeZy, (3.16¢)
- (el,uZ“) Gn = —-QLd, Vi €R. (3.16d)

In (3.16a), the € in front of the elliptic term (D (uZ”), D(v},)) was eliminated at the
cost of an additional unknown dZ“ € X} and equation (3.16¢), which results in a
larger linear system of equations.

In this thesis, we choose

Up = {uy € C(Q)* | VK € Ty, upx € Q5(K)}nU c U, (3.17a)
Iy = {dy € C(Q)P? | VK € Ty, dy € QT3(K)} C Z, (3.17b)
P, == {pn € C(Q) | VK € Tp, puix € Qu(K)} N L3(Q) C P, (3.17¢)

for quadrilaterals or analogously defined with IP% / ]P%X2 /P1 for triangles, where
Py is given by

Pi(K) =3p:K—=R, plx) = Z ai, ,-dxil---x;", ai,..i, €Rp. (3.18)

..........

0<iq,...,ig<k
i1+...+ig<k

The choice of spaces (3.17) is motivated by [28], where well-posedness for a DEVSS
stabilized stationary Stokes problem is proven, which is coupled with a generic
linear viscoelastic model. Note that in the case € = 1 with DEVSS stabilization,
the finite dimensional ansatz spaces (3.17) are more economical compared to the
expensive choice from (3.11) w.r.t. the number of degrees of freedom.
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Theorem 3.1 (Unique existence of solutions). With the spaces (3.17), there exist unique

solutions uj*' € Uy, d*! € Xy, pi*' € R, and p”” € Py, such that (3.16) is satisfied

for given Q € R, u; € Uy, and ’1' i, €Zn

Proof. System (3.16) can be viewed as a modified Stokes problem with additional
DEVSS stabilization. This can be revealed by collecting all the explicit terms on
the right hand side of (3.16a). The proof for well-posedness of System (3.16) is
the same as in [28]. Instead of rewriting the whole proof of [28], we just state the
modified spaces and bilinear forms, which need to be used for the proof. The
infinite and finite dimensional spaces are given by

X=X, =XxU, i=1,2, (3.19a)
Xp=Xip =ZyxUy, 1=1,2, (3.19b)
M=M;=XxXxPxR, i=1,2, (3.19¢)
My = Mz‘,h =Xy XxPy,xR, i=1,2, (3.19d)

and the modified bilinear formsa : X XX > R, b; : X XM — R, i =1,2, are
defined by

o((0,), (7,9) = 0,0+ [0+ 2oDw), D@)| =Dy 1), (320
At Re
. 2e .
bl((Tr U), (e/ q, q)) = (T - ED(U)/ e) - (qI/ D(’U)) —-q (81, U) ’ (321)
by((z,v), (e, q,9)) = (1,€) = (q1,D(v)) — G (e1, ). (3.22)
Together with the results from Section 1.7, the proof of [28] yields the well-posedness
of System (3.16). o

Note that System (3.16) without the constant flowrate condition, i.e, dropping
the term with p”” in (3.16a) and discarding (3.16d), is also well-posed. This fact
is exploited in the next section to solve (3.16) more effectively. Problem (3.16)
without the constant ﬂowrate condition is given by:

For given u) € Uy, T p € Xy, find u’”r1 e Uy, d”+1 € Xj,, and p”” € Pj, such

that

37 17 20) + g (P Do) - (417, Do) (1 ¥ )
. . (3.23a)
=1 (u)}, o) = (u)} - Vu)', vp) - Re ( T, h,Vvh) Yo, € Uy,
(V u”+l,qh) =0 VgpePy, (3.23b)
- (D(uZ*l), fh) I;j (d”“ fi ) —0 Vf, €. (3.23¢)

Theorem 3.2 (Unique existence of solutions). With the spaces (3.17), there exist

unique solutions uZ*l € Uy, dj*! € Zy, and p”Jrl € Py, such that (3.23) is satisfied for

given u e Uy, and T i € Zh
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Proof. The idea of the proof is the same as in Theorem 3.1, i.e., use the proof of [28]
with the following spaces and bilinear forms. The infinite and finite dimensional
spaces are given by

X=X, =EXxU, i=1,2, (3.24a)

Xy = Xz',h =XyxU,, 1=1,2, (3.24b)
M=M;=XxP, i=1,2, (3.24¢)
Mh = Mi,h = Zh X Ph, 1= 1,2, (3.24d)

and the modified bilinear formsa : X XX - R, b; : X XM — R, i = 1,2, are
defined by

a((o,u),(t,v)) = % (u,v)+ (0 + éD(u),D(v)) - (D(u), 1), (3.25)
(5,00, e,0) = (7= FoDE) €] - a1, Do), 326)
bZ((T/ U), (e/ q)) = (T/ e) - (CILD(U)) . (327)

O

3.2.2 Linear system of equations

In order to solve (3.16) numerically, one transforms the weak formulation into an
equivalent linear system of equations

Ax =D, (3.28)

where the entries of matrix A and vectors x, b are specified in the following.

At first, we represent (uZ”, pZ*l, dZ*l, f)Z*l) € U, X P, x X, X R with degree-
of-freedom vectors x*"*1 € R, xP"+1 ¢ R™, x?1+1 ¢ Rz, and xP"*1 € R, where
ny,np,ny € N are the dimensions of the spaces U, Py, X, respectively. The

representations are then given by

Ty np nx
n+l _ un+1 4 Uy n+l _ pn+l P, n+l _ dn+l 4 X
u, = E,xi ¢ Py = E R ¢, dy = E X0 (3.29)
i=1 i=1 i=1

and py*t = xP"*1, where (I)l.uh, ¢fh, (Pizh are basis functions with the prop-

erty Uy, = span{(pluh T P o= span{qbfh}?:pl, and X, = span{¢l.2h}:7jl. In this

oy
thesis, Lagrangian finifce elements are used (cf. (3.17)).
The linear system (3.28) takes then the shape

TM+ A BT LT G| [xv [ f(uy, T )
5 i P 3.30
I Rep x| = 0 : (3.30)
G xp,n+1 —QL
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In (3.30), entries of the matrices M, A € R™>™ B € R™*" [ € R™*":, G € R*™
and E € R"=*"* are specified by

— Uy Uy e Upy . Uy
Mij = /Q (P] -(l)l. ’ Al] = [)D((j)} ) D((i)l ), (3.31&)
. ! h e By .y Zh
Bjj ._—/Qq)f’ Vg, Lij = —/QD(<I>,-”)-<P]- : (3.31b)
Ejj = /Q (I)lzh : (l)].zh, G; = —/Q e (]f)ll.lh. (3.31¢)

In (3.30), entries of the right hand side vector f(u}, Tg ,) € R™, which depends
on uZ € Uy and Tg , € Zn, are defined by

1 u u, 1 u
(141 n e — n. .h_ n.Vi’l 'h__ n -V .h' 3.32
filwy o) = /Q - P, /Q (uy - Vuy) ¢ Re /Q Ton VP (3:32)

The constants Q and L in the right hand side of (3.30), are the prescribed constant
tlow rate (cf. (1.40)) and the length of the domain in flow direction (cf. Figure 3.3).
From Theorem 3.1, we know that (3.30) has a unique solution.

For abbreviation of notation, let

1 2
K:=— —A. .
AtM + Re (3.33)

The solution of linear system (3.30) can be obtained in three steps:

¢ Step 1: Solve
K BT LT|[x*] [flu, 7))

B xP 0 . (3.34)
L ReE]| |x 0
¢ Step 2: Solve
K BT L'|[#] [-GT
B =] 0 (3.35)
L XE| |# 0
¢ Step 3: Compute
xu,n+1 x4 g
e s o Tl CL O (RSN P ) SRR P (3.36)
Gx! xdm+1 x4 2d

Note that the solution of linear system (3.35) has to be computed only once, as
the system matrix and right hand side stays constant over time. As a result, only
the solution of (3.34) has to be obtained in each time step. In order to solve (3.34)
and (3.35) numerically, a suitable solver has to be chosen. The choice is based on
the matrix properties of the corresponding system matrix in (3.34) and (3.35). As a
next step, the matrix properties need to be examined. This is done in Theorem 3.3.
In Step 3, a division by Gx* is performed. Theorem 3.4 proofs that GX* cannot be
Zero.
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Theorem 3.3 (Matrix properties). The block matrix

K BT LT
B :=|B c R(nu+np+n;)x(nu+np+ng) (337)
Re
L Z—SE

with entries defined in (3.31) is symmetric indefinite and regular.

Proof. Due to Theorem 3.2, we know that 8 is regular as it is the equivalent
finite dimensional formulation of (3.23). The symmetry follows directly from the
symmetry of the diagonal blocks K, i.e., A and M, and E. For the indefiniteness, we
factorize B into LD LT, where L is a lower triangular block matrix with identity
blocks on the diagonal and D is a block diagonal matrix. Note that the matrix K is
symmetric positive definite, i.e., the inverse K™! exists. Let x € R"”. Due to the
positive definiteness of K, we have

x- (BK—lBTx) - (BTx)- (K-lBTx) >0 (3.38)

for x ¢ ker(BT). Due to the inf-sup stability of U and Py, only constant pres-
sures p, = C € Py, are in ker(B). As a consequence of the zero mean con-
dition fQ pn = 0 (cf. (3.17¢)), we deduce C = 0, i.e., ker(BT) = {0}. Together
with (3.38), we get the positive definiteness of BK 'BT and thus the justification to
write (BK ‘1BT)_1 in the following. The £ £ -factorization of B is given by

1
£ = |BK™ 1 , (3.39)
LK-' (LKB") (BK-BT)™' 1
K
D = ~BK'BT

Rep _ LK-'LT + (LK-'BT) (BK~'B") "' (BK'LT)

(3.40)
One property of the LD L -factorization of B is that 8 and D have the same
number of positive, negative, and zero eigenvalues (cf. Sylvester’s law of inertia
in [49, Thm. 5.35]). Since 8 is regular, there are no zero eigenvalues. Due to the
first diagonal block K of O, which is symmetric positive definite, matrix 8 has
at least n, positive eigenvalues. From the symmetric negative definite second
block ~BK™'BT, matrix B gets n, negative eigenvalues. As B has at least n,
positive, at least 11, negative, and zero 0 eigenvalues, the indefiniteness property is
obtained. O

Theorem 3.4. In (3.36), it holds Gx* # 0.

Proof. From Theorem 3.3, we know that System (3.35) has a unique solution
denoted by [x*, &7, £9]T. One can easily check that [£%, #7, £, 27]T with 27 = 1 s
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a solution of

K BT LT GT| | 0
B xP 0
R il = (3.41)
L 2—§E x* 0
G xP Gzt

Since the system matrix in (3.41) is regular (cf. Theorem 3.1), one can deduce
(24, &7, 24, 2P]T = [x*,xP, x?, xP]T due to the uniqueness of solutions.

Assume Gx" = 0. This leads to a vanishing right hand side in (3.41), which
yields the trivial solution [x*, x7, x4, xP1T =[0,0,0,0]T. From above, we know that
it must hold x? = £7, which leads to the contradiction

0=uxP =%P =1, (3.42)

i.e., the assumption G£* = 0 is false and it must hold Gx* # 0. O

3.2.3 lterative solvers and preconditioning

In this thesis, we choose the preconditioned MINRES solver for the numerical
approximation of solutions for the linear system of equations

Bx=b, (3.43)

where B8 € R™*" is symmetric indefinite (cf. Theorem 3.3). The following intro-
duction to (preconditioned) MINRES is based on Chapter 4 of [23]. MINRES is a
Krylov subspace method, where the kth iterate x*) minimizes the residual

) = p — Bx) (3.44)
in the Euclidean norm ||[r(®)||5 := Vr(®) . r*) over the affine Krylov space
x4+ span{r(o), B8rO Bk_lr(o)} (3.45)

in an iterative way. The clustering of the spectrum o(8) plays a crucial role in the
MINRES convergence behavior due to the estimate

RSP :
< min  max |gk(A)], 3.46
||r(0)||2 qk€llk,qk(0)=1 Aec(B) 1 ( ( )

where [T} is the set of polynomials of degree less than or equal to k. From (3.46), one
can deduce the theoretical finite termination property of MINRES. Let n € IN denote
the number of rows/columns of B. After at most n iterations, we have ||r™||, = 0,
i.e., the exact solution x™ = x of (3.43), since one can find a qn € I, in (3.46) such
that g,(0) = 1and q,(A;) =0,i =1,...,n. However, this property is of little use in
practice due to the finite precision arithmetic of computers and the size of n.

The idea of preconditioning is now to use a symmetric positive definite
matrix P = HHT and apply MINRES to

HABH Ty =H b (3.47)
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instead of (3.43). The solutions vy, x of (3.47) and (3.43) are connected via y = Hx.
The residual estimate (3.46) for preconditioned MINRES transforms to

170
———— < min max |gx(A)], (3.48)
lrO|lp1 ~ grelli,qx(0)=1 Aea(P1B)

where [|r®]|p1 = Vr®) . P-17K) and r(*) is the residual from (3.44). In practice,
only the actions z > Bz and z +— P!z are required in the preconditioned
MINRES algorithm, i.e., the factorization of # into H HT is not required and has
only a theoretical background. During the iterations of preconditioned MINRES,
only two scalar products and two matrix vector products are required next to minor
SAXPY operations. The required memory is very limited, as only 6 additional
vectors are used for the computation of the iterates x¥) (cf. implementation
from [59]). The preconditioning matrix  should be chosen such that the clustering
of the spectrum ¢(P~1B) in (3.48) is better compared to 6($B) and thus enabling
faster convergence. An ideal P would cluster the spectrum o(P~!8) in two
intervals [-a,-b] U [c,d] with a,b,c,d > 0 independent on the discretization
parameters At and h. This would lead to upper bounds on the required number
of iterations it takes to reach a certain reduction of the initial residual, which are
independent on h, At.
Here, we choose

K—l
-1 ._ A-1 Re aAr—
pl.= AtAS + M o (3.49)
.

e

7

where
(Ap)ij = /Q Vo[- Vo, (My)ij = /Q ;"¢ (3.50)

K defined in (3.33), and E in (3.31). The hat above K™!, A;', M, and E™" in (3.49)

indicates that the actions on a vector, e.g. z — K~!z, are approximated with an
algebraic multigrid (AMG) approach [69]. Preconditioner (3.49) is a combination
of the generalized Stokes preconditioner from [74] and the DEVSS preconditioner
presented in [42]. Here, we used the AMG implementation from the library
Hypre [27] with the options summarized in Table 3.1. In this thesis, the number of
AMG V-cycles is always one. Increasing the number of V-cycles leads to longer
computation times for each MINRES iteration and a slight decrease in the total
number of MINRES iterations required to reach a certain error tolerance. However,
while theoretically there may be a reduction in computation time due to fewer
MINRES iterations, this is partially compensated by the increased computation
time per iteration required for more V-cycles. In the worst case, choosing a number
of V-cycles that is too large can result in poorer performance w.r.t. total computation
time. In our simulations, we found that using one V-cycle as default is a sufficiently
good choice.

In the following test, the linear system of equations (3.35) is solved with the
preconditioned MINRES solver from above. The flow scenario is the periodic 4:1
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Option Value

HYPRE_BoomerAMGSetCoarsenType 8 (PMIS)
HYPRE_BoomerAMGSetAggNumLevels 0

HYPRE_BoomerAMGSetRelaxType 18 (11-Jacobi)
HYPRE_Boomer AMGSetNumSweeps 1
HYPRE_BoomerAMGSetStrongThreshold  0.25
HYPRE_BoomerAMGSetInterpType 6 (extended+i)
HYPRE_BoomerAMGSetPMaxElmts 4
HYPRE_BoomerAMGSetMaxLevels 25
HYPRE_BoomerAMGSetMaxlIter 1 (V-cycle)

Table 3.1. Options used for the setup of Hypres BoomerAMG PC [27].

contraction flow from Section 5. Table 3.2 lists the required number of iterations
for varying parameters. Here, we varied the number of uniform mesh refinements,
polymeric viscosity ratios €, and time step sizes At. The initial iterate is x¥ := 0
and MINRES stops after the relative residual ||r||5-1/||bl|5-1 falls below 1077. The
Reynolds number Re is kept fixed at 1. In Table 3.2, one can observe a strong
dependence of the polymeric viscosity € on the number of iterations. For € = 0.9
and At = 0.001, the number of iterations more then doubles when going from the
coarsest to the finest mesh. For € = 0.1 and At = 0.001, the number of iterations
stays almost constant. A similar behavior for large € was observed in [42], where
a stationary lid-driven cavity flow scenario was considered. Dirichlet BC for the
velocity are typically applied by replacing the corresponding diagonal entries
in the system matrix by 1 and the off-diagonal entries in the row/column by 0
together with a modification of the right-hand-side. The performance of AMG
could be further increased by proper reordering of the unknowns such that all
eliminated DOFs are moved to the end and applying AMG only on the unmodified
sets of equations. This reordering was done in [42] such that they get a better
behavior for varying mesh sizes h.

€=0.1 €=0.5 €=0.9
DOF At=0.1 At=0.001 At=01 At=0.001 At=0.1 At =0.001
19408 58 53 88 61 175 73
74528 64 49 97 65 193 92
291904 70 52 106 73 216 124
1155200 80 55 121 85 251 168

Table 3.2. Required number of iterations for preconditioned MINRES with precondi-
tioner (3.49) to solve (3.35) for varying numbers of uniform mesh refinements, time step
sizes At, and polymeric viscosity ratios €. Reynolds number is kept fixed at Re = 1. The
stopping criterion of the solver is set to ||7|| 51 /[|bllp1 < 1077.
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3.3 Numerical scheme for bead-spring dumbbells

This section covers all aspects that are required for the discretization of bead-
spring dumbbells. At first, the time-discretized weak formulations of the stochastic
differential equation (2.63c) are presented. Afterwards, corresponding (non) linear
systems of equations are derived together with well-suited solving approaches. At
last, an algorithm is stated that generates bead-spring dumbbell configurations in
equilibrium, which are required for meaningful initial conditions.

The temporal discretization uses the semi-implicit Euler-Maruyama method,
where the deterministic part is treated implicitly and the stochastic part explicitly.
For the discretization in space, the finite element method is utilized with additional
SUPG stabilization [45], as there is no diffusion present in (2.63c). Here, we choose

Qn = {qn € C(Q)* | YK € Th, quix € Q3(K)} (3.51)

for the finite dimensional spring-dumbbell ansatz space.

Hookean dumbbells In the case of Hookean dumbbells, the weak formulation
with additional SUPG stabilization is given by:
For given velocity u;, € Uy and Qh € Qyp, find Q”Jrl € Qy, such that

(Qn+1,q2UPG) o (Qn+1,qZUPG) At (Vu Qn+1,q2UPG)

(3.52)
LA (uh VQn+1,q2UPG) (Qh, SUPG) N /€V (AW qSUPG) ’
for all SUPG test functions qSUPG given by
hx
g3C = gy + —uy, -Vau,  qn € Qn. (3.53)

A

In (3.53), hk denotes the diameter of a mesh element K € 7j,.

FENE dumbbells In contrast to Hookean dumbbells, the FENE dumbbells exhibit
a non linear spring force. This leads to the following non linear weak formulation:
For given velocity u, € U, and Q) € Qy, find QZ“ € Qy, such that

(Qn+1,q2UPG) 2?/6 ( ENE(QZH) qSUPG) At(Vu Qn+1,quI’G)

At
1 _SUPG SUPG / SUPG
+ At (uh VQ”Jr q; ) (Qh' ) + Wi (AW, q, ) ,

The non linear FENE spring force F FENE is defined in (2.65). The bound of the max-

imum spring extension is preserved by this temporal discretization as F ENE(Q”“)
is treated implicitly.

63



3 Discretization

Polymeric stress tensor In order to evaluate the polymeric stress tensor T;,h € Xy
with the help of Kramers expression (2.68c) and the use of Brownian configurations
fields (cf. Section 3.1), we sample Ny € N realizations of (3.52) or (3.54). This
then gives QZ’] €Qnj=1,...,Ny, where QZ’] denotes the jth realization of QZ.
The weak formulation of Kramers expression (2.68c) adapted to the BCF ansatz
(cf. (3.1)) is then:

For given QZ’j €Qnj=1,...,Ny, find T;/h € X, such that

Ny
€

(ph'fh) WZ( Q, @ F3(Q,") - Ifh) Vfy € Zp, (3.55)

where the dimensionless spring force F *S is defined in (2.64) and (2.65), the finite
dimensional ansatz space Xj in (3.17b), and the expression of the model dependent
parameter a; 4 in (2.67).

3.3.1 (Non) linear system of equations

Again, one represents an element Q h+1 € Qp with a degree-of-freedom vector

xQ*1 € R"e, where ng € IN is the dimension of the space Qj. The representation
is then given by

19

Qi+t = e, (3.56)

i=1

where (l)iQh are the basis functions of the space Qy, i.e., Qy = span{(,b?h}?fl

Hookean dumbbells In order to transform the weak formulations (3.52) into a
linear system of equations, we define the matrices

(M”h)z]—;ﬁ / ¢Q’l-(¢Qh ﬁ(uh-w?h)), (3.57)
(Cuh)u_z;; / "y - V¢Qh (¢Qh |—K|(uh-v¢?h)). (3.58)

In (3.57), F denotes a matrix coefficient, i.e., F : K c— R>?, where K € 7j,
denotes a mesh element (triangle or quadrilateral). The linear system of equations,
associated to (3.52), is

(M;’lh + AtC”’l) Q= 8(Qy, un), (3.59)

where the coefficient matrix in M ;’lh is given by

At
Fi=|1+=—|1-atv .
: ( +2W) AtVuy,. (3.60)
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The entries of the right hand side g(Q}, u;,) are

gi(Ql, up) = Z/(Qh \/7 ) (¢?h+%(uh-V¢?”)). (3.61)

KeT;,

The system matrix in (3.59) is in general non symmetric.

FENE dumbbells In the case of FENE dumbbells, we have a non linear system of

equations, due to the non linear spring force FEENE in the weak formulation (3.54).

The corresponding non linear system of equation is then given by

SxQ 1l 4 N(xQ 1) = g(Qp, up), (3.62)

with matrices
S = M}‘Zh + AtC", (3.63a)
F, =1- AtVuy, (3.63b)

and anon linear mapping N : R"e — R"Q. The entries of the non linear mapping N
are defined by

At o
2Wi (F FENE

nQ
Qn+l
Z Xk

k=1

Ni(xQ,n+1) —

h Q. Ik Qn
, +@(uh~V(])i )) (3.64)

Qn+l1

One ansatz to approximate the solution x of (3.62) in an iterative way, is to
apply Newtons method on the function H : R"¢ — R"Q with

H(x) = Sx + N(x) — g(Q}, un). (3.65)

Note that the solution of (3.62) is a root of (3.65). The Jacobian DH : R"e — R"Q*"Q
of (3.65) is given by
DH(x) := S+ DN(x) (3.66)

with
h
DN(x);j = (VPSENE (Z Qn+1 th)(p?h,(plQthﬁ(uh-V¢ZQ’1)). (3.67)

In (3.67), the gradient of the FENE spring force VF : RY — R4 jg given by

FENE
1 .. 2
—1QI*/b b1 -1|QJ]2/b)

VFpe(Q) = 1 Q®Q. (3.68)

One can express (3.67) through (3.57) with the mapping

9
At
Fa(x) = oo ——VFo\x (Z xk(kah), (3.69)
k=1
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i.e., DN(x) = M;:(x) for given x € R"C.
The Newton iteration for approximating the root x2"*! of (3.65), is then given
by
x = x' — DH(x)TH(x?). (3.70)
A good initial guess for x° in (3.70) is the degree of freedom vector 2" that
represents the previous solution Q) at time t,,. In each iteration of (3.70), a linear
system of equation with the non symmetric system matrix DH(x’) has to be solved.

Polymeric stress tensor To convert (3.55) into a linear system of equations, one

represents an element Tg , € Zn with a degree-of-freedom vector x™" € R",

where ny € N is the dimension of the space Xj. The representation is then given

by

ny
= ) e, (3.71)

i=1

where qbl.z’l are the basis functions of the space X, i.e., £, = span{ (/)izh}?fl.
Converting weak formulation (3.55) into an equivalent linear system of equa-
tion yields

Ex*" = y(Q",..., Q)" (3.72)

where E is defined in (3.31) and the entries of the right hand side y(QZ’l, ceey QZ’Nf )
are given by

Ny
(O™} Ny € 2 : nj o Sty _ b
yiQy e Q) = Wiayp 4Ny =1 /Q (Qh ®FQ,") I) ¢it B73)

The mass matrix E is symmetric positive definite.
Typically, tensor valued basis functions (i);/ of a finite dimensional space V' =

W94 are constructed from scalar valued basis functions cpzv of a finite dimensional

space W C L%(Q). Let ny = dim W. Then it holds ny = d?ny. One approach is
then to define (l)}(/, k=1,...,ny,via

Pity,ip) = Prei @) (3.74)
where k(p,i,j) =p+[( -1+ (- 1d]nwwithp=1,...,nwandi,j=1,...,d.

Such an approach leads to a special block diagonal structure of the mass ma-
trix (My )k, = (q)f, 4)}/) It then holds

My = diag (M, ..., Wiy) € REmwxdnw (3.75)

with d? blocks of the mass matrix (Mw), 4 = (q)gv , ¢>gv) on the diagonal.

Using such an approach for the basis functions ([)?% leads to a decoupling
of (3.72) into d? smaller linear system of equations of size ny/d?, which can be

66



3 Discretization

solved more efficiently with preconditioned iterative solvers. Additionally, the
symmetry of Tg , can be exploited, such that it is only necessary to solve d(d +1)/2

instead of d2 smaller linear system of equations. Well-suited preconditioned
iterative solvers for (3.59), (3.70), and (3.72) are presented in the next section.

3.3.2 lterative solvers and preconditioning

The system matrices in (3.59) and (3.70) are non symmetric. Therefore, we apply
the preconditioned GMRES solver for the iterative approximation of their solutions.
GMRES is an iterative Krylov subspace method, similar to MINRES, which solves
iteratively the non symmetric linear system of equations

Fx = 0. (3.76)
The kth GMRES iterate x*) minimizes the residual
) = p — Fx® (3.77)

in the Euclidean norm ||r*)||; over the shifted Krylov space (3.45) with F instead
of B.

There are two ways to apply a general invertible preconditioning matrix P
on (3.76). System (3.76) can be preconditioned from the left

P 'Fx=P7'b (3.78)
or from the right
FPly=b (3.79)

with y = Px. Right preconditioning has the advantage that the Euclidean norm of
the original residual in (3.79), i.e., b — Fx*) is independent of P due to

b~ FP1y® > = |lb — FP™ Px 9|l = [[b - Fx|. (3.80)
Left preconditioning minimizes the original residual weighted with P71, i.e.,
IP™'6 — P Fx ™y = |P7H(b - Fx®)]l2. (3.81)

GMRES requires more memory compared to MINRES, as in each iteration an
additional vector needs to be stored. This leads to the common practice to restart
GMRES after a fixed number of iterations. After each restart, the initial iterate
is set to the last iterate of the previous restart. See Chapter 7.1.1 in [23] for more
details.

In this thesis, we chose a parallel version of ILU [43] as preconditioner. The
idea of ILU (incomplete lower upper) preconditioning (cf. Chapter 10 in [71]) is
based on the following incomplete factorization

F=LU-R, (3.82)
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Option Value
HYPRE_EuclidSetLevel 1 [ILU(1)]
HYPRE_EuclidSetB] 0

HYPRE_FEuclidSetRowScale 0

Table 3.3. Options used for the setup of Hypres Euclid PC [27].

where L, U € R™*" are lower/upper triangular matrices. Matrix L has only ones
on the diagonal and R € R is a remainder matrix. Matrices L, U, and R
satisfy special properties on a given sparsity pattern P C {1, ..., n}?. The sparsity
pattern P should satisfy

{G,j)e{1,...,n}?*|F;;#0} c P (3.83)

and
{(G,))|ie{1,...,n}} CP. (3.84)

The entries of L, U, and R should then satisfy F;; = (LU);j, R;; = 0 for all (7, j) € P
and L;j = U;; = 0 for all (i,j) ¢ P. The special choice of P depends on the
underlying algorithm. The matrix

P:=LU (3.85)

can then be used as a preconditioner for matrix F, where the actions z — L™! and
z — U™ can be efficiently computed due to the (sparse) triangular shape.

In the simulations, we used the parallel ILU implementation of the library
Hypre [27] with the options summarized in Table 3.3. Table 3.4 lists the required
iterations it took the (left) preconditioned GMRES solver to solve (3.59) in a periodic
shear flow scenario on the unit square during the first time step. In Table 3.4, we var-
ied the number of uniform mesh refinements, time step sizes At, and Weissenberg
numbers Wi. The solver stopped after the relative residual ||P~'r||»/||P~1b||>
dropped below 1071°. GMRES restarts after 50 iterations if not already converged.
In the case of At = 0.001, the required number of iterations are more or less
independent of the considered meshes and Weissenberg numbers. However,
for At = 0.1, one can clearly observe a h~!-dependency on the required number
of iterations as with each uniform mesh refinement, the number of iteration ap-
proximately doubles. In the case of System (3.70), which arises during the Newton
iterations, a behavior similar to Table 3.4 can be observed.

For the linear system of equations (3.72) with a symmetric positive definite
matrix E, which arises during the computation of the polymeric stress 7, ;, we
apply the preconditioned conjugate gradient (PCG) method with Jacobi precondi-
tioning. The kth CG iterate x* minimizes the error ||x — x¥||g in the affine Krylov
subspace (3.45) with matrix E instead of 8, where x is the solution of

Ex =b. (3.86)
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Wi=0.1 Wi=0.5 Wi=09
DOF At=0.1 At=0.001 At=0.1 At=0.001 At=0.1 At=0.001
33024 35 14 47 14 48 14
131584 72 15 96 15 97 15
525312 141 14 187 14 189 14

Table 3.4. Required number of iterations for preconditioned GMRES with precondi-
tioner (3.85) to solve (3.59) in the first time step for varying numbers of uniform mesh
refinements, time step sizes At, and Weissenberg numbers Wi. The stopping criterion of
the solver is set to ||P~1r||»/||[P~'b||, < 10710,

Preconditioning is done in the same manner as in the MINRES case (cf. (3.47))
with a symmetric positive definite matrix P = HH. In contrast to preconditioned
MINRES, where the residual is minimized w.r.t. the norm ||#¥||p- (depends on ),
preconditioned CG minimizes the error |[x — x¥||g in a norm, which is independent
of the preconditioner [23, p. 81]. Consider the preconditioned system

H'EH "y=H'p, y=H"x. (3.87)

Let y* denote the CG iterate after k CG iterations on (3.87). Then, it holds for the
error

ly = y* I3 pgr = W~y )" H'EH " (y — y) (3.88)
= [HT(x - x")] HEH " [HT(x - x)] (3.89)
= (x - x)E(x — x5) = ||x - xF]3, (3.90)

i.e., applying CG on (3.87) minimizes the error ||x — x* ”% over the space (3.45) with
matrix H'EHT.

In the case of mass matrices M, as used here, the combination of CG with
Jacobi preconditioning is optimal in the sense that the Jacobi preconditioner

P := diag(M,) (3.91)

is spectrally equivalent to the mass matrix My, i.e., the required number of iterations
it takes to reach a certain error tolerance are uniformly bounded from above in
the mesh size h (cf. Lemma 4.3 in [23]). Note that without preconditioning, the
required number of iterations is also uniformly bounded from above in & on
quasi-uniform meshes (cf. Theorem 9.8 in [24]).
In the following, we solve
Myx = b, (3.92)

where M, is defined in (3.50) and

100

_ Py —
b; = /D fo.", f(x,y) =100(x — 0.5)*(y — 0.5)* — i (3.93)
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iteratively with the above mentioned PCG method with Jacobi preconditioning.
The solution of (3.92) can be interpreted as the L?>-projection of f into the space Pj,
(cf. (3.17c¢) for the definition of Pj,). Here, domain ( is the unit square, which is
periodic on the left and right boundary. Figure 3.5 visualizes the required number
of PCG iterations k it takes to reach ||#¥||p-1/||#°]|p-1 < 1077 for varying numbers of
uniform mesh refinements. A reduction of the mesh width & does not increase the
required number of iterations. This observation confirms the spectral equivalence
of the mass matrix M, to its diagonal in the case of Q1 elements.

25 . :
X O Jacobi PC
X No PC
X
20 t .
X
X
2
S O X
= 15 i
2 it |
X X
10 | 1
(@)
O @)
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@)
5 1 1
102 10* 10° 108

Degrees of freedom

Figure 3.5. Number of CG iterations it takes to solve (3.92) with and without Jacobi PC.
The solver stops when ||7¥||p-1/||r||p-1 < 1077 is reached.

3.3.3 Generating bead-spring dumbbells in equilibrium

In order to start the simulation with bead-spring dumbbells, initial configurations
of the bead-spring connector vector Q € Dps C R are required. In Section 2.1.2,
equilibrium distribution functions 1eq for Hookean and FENE springs were derived.
They are solutions of the Fokker-Planck equation (2.47) with u = 0. In our case,
the non-dimensionalized equilibrium distribution functions are

quokean(Q) = (27'()_% exp (_Qz_Q) , (3.94a)
i [ -8 s,
0, Q1 > Vb,

where the normalization constant C(d) is givenin (2.70) and b denotes the maximum
squared extension of Q in the case of a FENE-spring.

Distribution (3.94a) is a d-dimensional normal distribution with zero mean vec-
tor and identity as covariance matrix. In this special case, connector vectors Q can
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be sampled by just sampling each component Q; ~ N(0,1),7=1,...,d, according
to the one dimensional normal distribution with zero mean and variance 1.
In the case of distribution (3.94b), it is not straightforward to sample Q ~ QDE};NE.

In this thesis, we sample Q ~ ¢£§NE via an acceptance rejection algorithm. The
idea of this type of algorithm was presented the first time in [80]. The goal is
to sample points x € D c R, which are distributed according to an arbitrary
probability density function f : D ¢ R? — R. The idea is now to generate
uniformly distributed points x € D and accept them with probability f(x)|D|/M,
where M € R" is chosen such that f < M/|D|in D. The accepted points x € D
are then distributed according to pdf f. See Algorithm 1 for the pseudo code of
the acceptance rejection method, which was outlined above.

Algorithm 1 Acceptance rejection algorithm to print N sample points x € D ¢ R?
that are distributed with pdf f : D — R.

1: 10

2: whilei < N do

3: x < Generate uniformly distributed point in D

4 y < Generate uniformly distributed number in [0, 1]
5 if yM/|D| < f(x) then

6: Print x

7 i—1+1

8 end if

9: end while

Figure 3.6a illustrates the steps of Algorithm 1 in the 1D case of wggNE andb = 1.
Then it holds D = [-1, 1] with |D| = 2and M = 4/n. At first, we sample a point x
on the x-axis that is uniformly distributed in D and a y ~ U(0, 1). Then we check
if the pair (x, yM/2) lies below the graph of f. If it is below the graph of f, x is
accepted, otherwise x is rejected and a new pair (x, y) has to be sampled. Note
that the pair (x, yM/2) is uniformly distributed in [-1, 1] X [0, M /2]. Figure 3.6b
shows a histogram of the accepted values x, which was normalized such that it
approximates the probability density function f. The histogram in Figure 3.6b is
normalized such that the total area of the bins is 1, i.e., the bin value of the ith bin
is v; = ci/(Nw;), where c; is the number of elements in the bin, w; the bin width,
and N the total number of elements, which are used in the histogram.

3.4 Numerical scheme for bead-rod chains

In the following sections, we introduce and discuss the numerical schemes, which
are required for the simulation of bead-rod chains in the Brownian configuration
tield (BCF) context. At first, Liu’s algorithm [55] is introduced in Section 3.4.1.
In order to compute the resulting polymeric stress (2.85) of the bead-rod chains,
we state a noise filtering technique of [21] in Section 3.4.2. This enables the
estimation of necessary relaxation times (2.97) (cf. Section 2.2.4). The estimation
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Figure 3.6. Left: Visualization of 4000 sample points, which are accepted or rejected. Right:
Accepted points are used for a histogram to visualize the approximation of pdf f.

procedure is described in Section 3.4.3. Section 3.4.4 presents the numerical
scheme for the simulation of bead-rod chains in the BCF context, where the
schemes from Sections 3.4.1 and 3.4.2 are adapted to finite elements and into the
Eulerian setting. Lastly, Section 3.4.6 discusses the choice of iterative solvers that
are used to solve the arising (non) linear system of equations of the previous
sections.

3.4.1 Liu’s algorithm

In this section, we want to derive an algorithm for the temporal evolution of
individual bead-rod chains, i.e., an algorithm for approximating trajectories of the
SDE

F€
dr; = |u; + ?1 dt + Zkg‘gdwi, i=1,...,N, (3.95a)
(tiy1— 1) - (rip1— 1) —a>=0, i=1,...,N-1, (3.95b)

where r; denotes the position of bead i, u; the fluid velocity at r;, £ the friction
coefficient in the drag force (2.1), kg the Boltzmann constant, 3 the fluid temperature,
W; a Wiener process, a the rod length, and Fl.C the constraint force, which is given

by

Ti(r, —1r1)/a, i=1,
Ff = Ti(ria —r1)/a - Tiea(ri —ria1)/a =, i=2,...,N-1, (3.96)
~Tn-1(rn —rN-1)/a, i=N.

In (3.96), tensions T; act as Lagrangian multiplier due to the N — 1 rod length
constraints (3.95b). See Section 2.2.1 for the derivation of (3.95) and (3.96).

In the following, we non-dimensionalize (3.95) by choosing I. = a, t. =
&a?/(kg9d), U = I/t and F. = kg9 /a, which leads to

dr; = [u; + FC])dt*+ V2dW;, i=1,...,N, (3.97a)
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ro—r)-(rf,-1r)-1>=0, i=1,...,N-1. (3.97b)
i i+1 i

i+1

The dimensionless constraint force is defined by

T

N s
A >

Fc Fc i+1 i

(rf = 11) =T:Q; T Qi = F5(T,Q"),  (3.98)
where T; = aT; /(kg®) are the dimensionless tensions and Q =r -1, i=
1,...,N —1, are the dimensionless connector vectors. Note that (3.98) is only valid
for2 <i < N —1, for the corner cases i =1 and i = N, see (3.96).

The idea of Liu’s algorithm [55] is to use a predictor-corrector approach.
For given bead position vectors r/(t*), i = 1, ..., N, which satisfy the rod length
constraints (3.97b) at time t*, updated r}(t* + At) are computed in two substeps
that satisfy (3.97b) at time t* + At. In the first (predictor) substep, we compute

o= () + wl ()AL + V2AEAW!, i=1,...,N, (3.99)

by neglecting the constraint force F l’fc. In (3.99), AW ~ N(0, 1) denotes the Wiener
increment with normally distributed components with zero mean and variance 1.
Note that the f,i=1,...,N, do not satisfy the rod length constraints (3.97b)

anymore as the constraint force Fl.*c was neglected. In the corrector substep, this
violation of (3.97b) is fixed with the ansatz

it + At) = 7 + AtF;S(T, Q*(tY)), (3.100)

The unknowns in (3.100) are the tensions T, which need to be chosen such
that rlf*(t* + At), i =1,...,N, satisfies the rod length constraints (3.97b) again.
Substituting the expression (3.100) for r}(t* + At) into (3.97b) yields the system of
equations

anQ; - (2115t + BO3(1)

) (3.101a)
+ (2R + B () (AP =1-10iP, i=1,
@a1)Q; - (T Qi1 (#) - 28iQ; (1) + Fir Q1 (1)
+(faQr () -2 Qi) + i@, () (arp (B101D)
=1-1Q;%, i=2,...,N-2,
@A0Q; ;- (T2 Qo) - 2051 Q4 (1)
+ (2@ ) ~ 2 1Q3 () (@ 31010

=1-|0nal?,, i=N-1,

Note that in (3.101), the connector vectors stemming from (3.98) are taken at
time t*, i.e. Qi(t") == r] ,(t*) — ri(t"), and the connector vectors resulting from #7
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*

are denoted by QZ* = f,, — ;. System (3.101) consists of N — 1 nonlinear equations

with unknowns T;, i = 1,...,N — 1. Solving (3.101) for the T; enables then the
explicit computation of the updated position vectors (3.100), which satisfy the rod
length constraints (3.97b) at time ¢t* + At by construction.

In [75], two fixed-point iteration approaches for solving (3.101) are compared
with each other. The first Picard’s type approach was initially suggested in [55],
where (3.101) is solved for f}, i=1,...,N -1, by treating the quadratic terms
that contain T; explicitly. This results in the following scheme: For given YA“i”,
i=1,...,N—1,solve

2410 - (—2T1"+1Q;(t*) + T;“g;(t*))
A ) 2 A
+ (—2T1”Q;(t*) + Q;(t*)) A2 =1-1Q17, i=1, (3.102a)
anQ; - (111 Qi) - 211 Qi ) + 11111 Qi 1)

. . . 2 . ,
+ (11010 =217 Qi() + 1,07, (1)) (A2 =1-1Q;%, 2<i<N-2,
(3.102b)

@ADO} - - (R0 () - 21 Q4 ()
A o 2 A .
+ (R0 2T, Q4 (1)) (AP =1-10naP, i=N-1, (3102)

for Ti’”l, i=1,...,N —1. System (3.102) is now linear in the unknowns Ti”“. The
resulting linear system of equations is tridiagonal of size N — 1. Note that for
given Q’(t*) and Qf, the system matrix of (3.102) stays constant, i.e., during the
fixed-point iteration, the system matrix has to be assembled only once and only the
right hand side changes in each iteration. The second approach is to apply Newton’s
method on (3.101), which results in a changing system matrix in each iteration. Both
approaches need suitable initial guesses for the tensions Tio. These are typically

the computed T; of the previous time step or zero otherwise. In Section 4.1 of [75],
a comparison of the CPU time ratios between the Newton’s method and Picard’s
method is done for varying number of beads ranging from N = 2 to N = 300 in
an uniaxial extensional flow at various flow strengths. They observed that the
Picard approach (3.102) is always at least 10 % faster than the Newton approach
regardless of chains size and flow strength.

From Section 2.2.2, we know that the equilibrium distribution of bead-rod
chains does not coincide with the random-walk distribution. With the help of Liu’s
algorithm from above, we are able to generate bead-rod chains in equilibrium. For
this, we consider System (3.97) with u; = 0, i.e., no underlying flow field. First,
initial chains are randomly generated w.r.t. the random-walk distribution, i.e., the
rod angles are uniformly distributed as this is close to the actual bead-rod chain
equilibrium distribution [12]. For each bead-rod chain, we perform 10° time steps
with At = 1072 and evolve the chain in this way into an equilibrium state. For
the bead-rod chains, which are used in Section 5, this corresponds to around 240
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to 6100 relaxation times (depending on the number of beads N) and should be
sufficient to evolve the chains into equilibrium.

Now, we are able to simulate first sample trajectories of bead-rod chains, which
are described by the SDE (3.95). Figure 3.7 visualizes the evolution of a bead-rod
chain trajectory with N = 25 beads under steady shear flow. The bead-rod chain is
initially in equilibrium, which is generated as described above. In 2D, the steady
shear flow velocity field is given by

u(r) = lg g] r, (3.103)

where 7 € R denotes the shear rate. As in [75] described, the corresponding u}
in (3.97a) is then given by

00

where the dimensionless number Pe = yt. denotes the bead Peclet number, which
is the ratio of bead diffusion time to characteristic flow time. In Figure 3.7, the
Peclet number is set to Pe = 2.25.

A

@1 =0 ()t =2 (=6

u; = Pe lo 1] T, (3.104)

Figure 3.7. Bead-rod chain evolution in steady shear flow with Pe = 2.25. Chain consists
of N = 25 beads.

Performing certain averages with such sample trajectories, allows us to compute
the polymeric stress tensor 7, in which we are interested in. Details on how this is
done are presented in the next section.

3.4.2 Noise filtering of the stress

For the computation of the polymeric stress tensor 7, we start with the Kramers—
Kirkwood expression

N
T, =1 Z(Ri ® FMy — nkgdI, (3.105)

i=1
where 1 is the polymeric number density, R; the bead position vector relative to
the chains center of mass r. (cf. Figure 2.5), FIH the hydrodynamic drag force (2.1),
kg the Boltzmann constant, and ¥ the fluid temperature. See Section 2.2.3 for a
discussion of other equivalent expressions for 7,,. For the scope of this section, we
non-dimensionalize (3.105) with Tf = nkgV, l. = a, and F. = kg9 /a, which yields

N
= Y (RjeFM) -1 (3.106)
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Utilizing (2.71), we transform (3.106) to

=- Y (RieFP+R;@ F) - 1, (3.107)
i=1

where dimensionless Brownian force can be identified with

2
*B _ * * d
FP = (AW, AW ~ N, 1), (3.108)

from (3.99) and F;‘C from (3.98). Asin [21] described, evaluating (3.107) is prob-
lematic from a numerically point of view due to stochastic noise of order At~1/2,
From (3.108), it is straightforward to see that P;B € O(At71/2). The constraint
force F;C also shows stochastic noise of order At~1/2 as it has to compensate the
Brownian force in some directions to enforce the constant rod length. Doyle,
Shagfeh and Gast developed in [21] a modified form of the Kramers—Kirkwood
expression, which filters out the stochastic noise contributions of order At~1/2. The

expression is given by
TH(E" + At) = TP + A + T (E + Ab). (3.109)

The idea for the derivation of T;,B(t* + At) is to exploit the fact that R’(t")
and F;B(t*) are uncorrelated together with (P;B(t*)) = 0. Note that F;B changes

discontinuously at the end of the time-step from P;B(t*) to P;‘B(t* + At). Asin [31]
described, we thus take the mean of the two values for the evaluation at t* + At.
The evaluation of <R’; ® F;B> at t* + At is then given by

o F:B(t*) + FP(t + At)
Ri(t" + At) ® > . (3.110)
Since R’(t" + At) and P;B(t* + At) are uncorrelated, we can drop the term
Ri(t" + At) ® FP(+* + At
< i JOF )> (3.111)
2
in (3.110). With the same argumentation, one can subtract the term
Ri(t") ® F5(t*
< ()@ F( )> (3.112)
2
from (3.110), which yields
N . .
o R(t+At) R(t") B
TE(t + At) = Z< ® F5(t )>, (3.113)
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where F;‘B(t*) is the Brownian force, which is used during the computation
of (3.99), i.e., using the AW from (3.99) for the computation of (3.108). Note

that R}(t" + At) — Ri(t") is O(VAt) and F;®(#") is O(1/VAt), which makes (3.113)
an O(1) quantity.

For the derivation of the second term in (3.109), we note that the constraint
force F¢ = F%(T, Q*(+")) in (3.100) consists of two contributions. A O(1)-
contribution due to the velocity # and a O(1/VAt)-contribution due to the Brownian
force F;B(t*) as in [21] described. In the following, we capture this O(1/ VAL)-
contribution, denoted by IE;C = PZ.*C(T, Q*(t*)), with a separate computation such
that p;c — F;C € O(1). For this, we set u = 0 in (3.99), which yields
(3.108)

_r(t)+\/2TAw ri(t) + AtEB(t), i=1,...,N. (3.114)

i
Substituting 77 in (3.100) with (3.114) gives
ri(t+ At = () + A [ER) + ES(T,Q(t)], i=1,...,N.  (3.115)

where FZ.*C (T, Q*(t)) is defined in (3.98). In (3.115), the tensions T; are approximated
by solving the linear system of equations

[P -FP+FS(T, Q' (t") - ES(T, Q"(t")] -Q;(t')=0, i=1,...,N-1,

:.IE-*BJrC
i

(3.116)
which is obtained by using (3.115), (3.97b), and neglecting the nonlinear (A t)*>-term
in

PO () = )+ AEPEE (1172)

(T + At) = (" + A))|

o Qi +anf = Qi) + AtEB P (3.117b)

o Qi +an = 2P 2AEPCL Qi) + (A2 BB (3.1170)

3.97b
°EY 0= 24tFPC . Q(t)+w (3.117d)

System (3.116) is linear in the tensions T; and of tridiagonal structure.
With the help of the following lemma, we can derive the desired expression

*C
for Tp -

Lemma 3.5. Assume that (3.116) has a unique solution. Then it holds (R;(t") ® F;“) = 0,
i=1,...,N, where < := F}(T, Q*(+")) are the constraint forces computed in (3.116).

Proof. For the proof, we use (3.116) and <F;B(t*)> = 0, which follows form (3.108).
Additionally, one has to assume that (3.116) has a unique solution. Since (3.116) is
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a linear system with unknowns T,,i=1,...,N—1,the tensions T; can be expressed
via
N-1

c;t (F% - FP) - Qi) (3.118)

j=1

Fﬂz

where Cl._j1 are the entries of the inverted system matrix associated to (3.116).
Let R}, ,(t") denote the nth entry of the vector R (t) € RY withg=1,...,N. The
entries of the vectors Q;(t*), F;B € R? are denoted analogously. Multiplying both
sides of (3.118) with R}, ,,(t)Q;, ., (t") gives

N-1 d
Ry o(EVTiQ;(t) = = 3 3" CH (Fi2 = %) Q5 ()05 ()R (). (3119)
j=1 k=1

By taking the expectation value of (3.119), one can exploit that the entries of the
Brownian forces are uncorrelated to all remaining factors in (3.119). Together
with (P* (t*)) = (F k(t )) = 0, the expectation value of (3.119) reduces to

(R, o (ETQ;(t)) = - N_li< H(FPL = FR) Q) 4405t R, (1)
j=1 k=1
=S S (R - (G000 R 1)
1 k=1
:(]), (3.120)

where g € {1,...,N},p,ie{l,...,N—-1},and m,n € {1,...,d}. Entry (n, m)
of (R(t") ® F;C> can be expressed in terms of (3.120), which leads to

(3.98) (R}, (VTQ; ,(#)) =0 =1,
(R, (IS} O L (R: L (ITQ; (1) = T Q;y (B =0, =2, N =1,
—(Ry , (#)IN-1Qy 1, () =0, i=N.
(3.121)
From (3.121), we deduce (R’(t") ® f;c) =0. O
In the following, we start with the evaluation of (R’le ® ﬁ;C> via
Ri(t") + Ri(t" + At)
< l 21 ® FZ.C> , (3.122)
which is still a O(1/ \/E)-quantity. Adding a zero to (3.122) yields
Ri(t*) + Ri(t* + At) (o Ri(t*) + Ri(t* + At) s
< 1 5 |[F:“ - F] +— 5 ®F; > (3.123)
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The second term of (3.109) is then obtained by subtracting <R1*.(t*) ® F;C> =0
(cf. Lemma 3.5) from (3.123), which gives

N * * * *
Ri(t* + At) + R3(t") . -
*C [ p* — _ 1 1 *C_ +C
T (" + At) = E < 5 ®(1—“i F: )>
i=1

(3.124)

Ri(t* + At) — R:(¢t* -
+< Z( 2) l(>®F;C>,

where IE;C = F;C(f", Q*(t")) is the constraint force computed during (3.100)
and f;c = F;C(T, Q*(t")) is obtained by solving the auxiliary problem (3.116)
for the tensions T;. Note that If";fc and f;C use the identical Brownian force F;B(t*)
during their computations. In (3.124), Ri(t* + At) + R’(t*) and ﬁ;C — flf‘c arein O(1)
such that their product is also O(1). The difference R;(t* + At) — R;(t") is O(VAY)
and f;c € O(1/VAt), i.e., the corresponding product in (3.124) is O(1), which
makes T;,C (t* + At) a O(1)-quantity.

Figure 3.8 compares the shear stress component of the original Kramers—
Kirkwood expression (3.107) with the modified version (3.109) over time in a
steady shear flow scenario. For this, 2000 bead-rod chains with N = 50 beads in
equilibrium and Pe = 0.56 (cf. (3.104)) are evolved in time with At = 2.5-107%. The
unfiltered polymeric stress (3.107) and the corresponding filtered version (3.109)
are then obtained by averaging. The actual shear stress is completely hidden
behind the stochastic noise in Figure 3.8a. Applying the noise filtering technique
of [21] from above, reveals the actual shear stress behavior in Figure 3.8b.

300

p P
Tia/ T8

0 1 2 3 4 5 1 2 3 4 5
t/tc t/te
(a) Original expression (3.107) (b) Filtered expression (3.109)

Figure 3.8. Comparison of shear stress computed with (3.107) and (3.109) in steady
shear flow with Pe = 0.56. Stresses are approximated with 2000 chains, N = 50 beads,
and At =2.5-107%.

In Figure 3.9, we validated our own implementation in Matlab [44] of Liu’s
algorithm from Section 3.4.1 and the noise filtering from above. The validation
is done by comparing the results to a reference solution from [51]. For this,
we simulated the temporal evolution of the polymeric stress in steady uniaxial

79



3 Discretization

extensional flow in 3D. The corresponding velocities in (3.95a) and (3.97a) are
given by

1 0 0 1 0 0
u,=€(0 =05 0 |r, u; =Pe|0 -05 0 |r], (3.125)
0 0 =05 0 0 =05

where € denotes the strain rate and Pe = ét. the dimensionless bead Peclet number,
which is the ratio of bead diffusion time to characteristic flow time. The polymeric

102 F T T T T T T T T T T
10t

100¢

[ = 0.5(735 + 75)] / [(NV = 1)7¢]

Implementation | |
o Reference

10-2 L L L L L L L L L L
0 0.5 1 15 2 2.5 3 3.5 4 4.5 5

t/t.

Figure 3.9. Comparison of computed polymeric stress evolution of bead-rod chains
with N = 50 beads to reference data from Fig. 6 in [51]. Polymeric stress is approximated
with 1000 bead-rod chains in uniaxial extensional flow with Pe = 0.56 and At = 2.5-1074.

stress (3.109) is approximated by averaging 1000 bead-rod chains with N = 50
beads. Here, we choose Pe = 0.56 as done in [51]. The time-step size is set
to At = 2.5-107*. From Figure 3.9, we deduce that the implementation works as
intended. Small deviations from the reference solution cannot be prevented due to
the stochastic nature of the problem and the use of a finite number of bead-rod
chains for the approximation of the polymeric stress. Note that the stress curve
in Figure 3.9 looks less noisy compared to the curve in Figure 3.8b, which is due to
the nature of the logarithmic plot and the additional 1/(N — 1) scaling of the stress
in Figure 3.9.

3.4.3 Estimation of relaxation times

With the tools from Sections 3.4.1 and 3.4.2, we are able to estimate the dimensionless
relaxation time
A*(N) = A(N)/tc = a(N), (3.126)

which appears in the non-dimensionalized system of SDEs (2.100) and the dimen-
sionless polymeric stress tensor (2.105) from Section 2.2.4. The dimensionless
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relaxation time characterizes how fast the polymeric stress of perturbed chains
decays. More precisely, the factor 1/« is defined as the stress decay rate of initially
perturbed chains that evolve towards their equilibrium states (cf. Figure 3.10).

In [21], the approximation

aformula Ny = 0.0142N2, (3.127)

is computed via a fit, which is only a good approximation for chains with many
beads (cf. Table 3.5). In Section 5, chains are considered, where (3.127) is not
suitable as it deviates too much from the actual value of a(N). Therefore, we
estimate our own values for the dimensionless relaxation time a(N).

The dimensionless relaxation time a(N) is obtained by considering initially
in x-direction fully stretched chains that are afterward driven to equilibrium. We
consider the 3D version of System (3.97) with 7 = 0 and are interested in the
average transient stress

_ (tp)11 = 0.5((Tp)22 + (Tp)33)
PN N-1

(3.128)

over time. As in [21, 75] stated, the dimensionless relaxation time a(N) is then
obtained by —1/slope of the linear part of the log(’fl’;,N) vs. t* plot, i.e., we fit TI’;’N
with A exp(—t*/a(N)). In Figure 3.10, this fitting procedure is visualized for the

case N = 5 and N = 10. Table 3.5 lists the estimated dimensionless relaxation

102

— Data

‘ ‘
E ool \ | —Fit E | | —Fit
= | | £ | |
— | | |
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- :
R | |
10 2O 0.5 1 ;
t/t,
(a) N =5, a®t = 0.4107 (b) N =10, a®t = 1.5250

Figure 3.10. Estimation of the dimensionless relaxation times a(N) of bead-rod chains via
linear fit with 10000 chains. Only the data enclosed by the vertical dashed lines is used for
the fit.

times for chains with N = 2,...,10 beads. We list our own computed relaxation
times in column a®t and also the results aPirefringence pstress .5 Table 2 in [21]
for comparison. As the last column in Table 3.5 indicates, formula (3.127) is not
precise for chains with beads N < 10 as the relative error ranges from 7% to 49%,
which is not surprising since the formula is only intended for long chains. As
expected, one can observe that the relative error decreases for increasing N. In this
thesis, we consider only chains with N < 20 beads. We choose our own computed
values a®t(N) for chains with N < 10 beads and formula (3.127) for chains with
more than 10 beads.
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o/ Pirefrigence st qformula

(04

gformula

N

2 0.0841 0.0836 0.0844 0.0568 0.4859
3 0.1420 0.1270 0.1634 0.1278 0.2785
4 - - 0.2546 0.2272 0.1206
5 0.4110 0.3880 0.4107 0.3550 0.1569
6

7

8

9

- - 0.5828 0.5112 0.1401
- - 0.7739  0.6958 0.1122
- - 0.9698 0.9088 0.0671
- - 1.2372  1.1502 0.0756
10 1.4200 1.5200 1.5250 1.4200 0.0739

Table 3.5. Estimated relaxation times for bead-rod chains with N = 2,...,10 beads. The
first two columns (aPbirefrigence ystressy are resylts from Tab. 2 in [21]. Column a®t contains

our own computed relaxation times. Column "™ contains relaxation times evaluated
with (3.127).

3.4.4 BCF Scheme

In Sections 3.4.1 and 3.4.2, we introduced the numerical schemes, which are
required for the simulation of bead-rod chains in the Lagrangian setting and
the computation of the polymeric stress tensor with special emphasis on noise
filtering. To obtain the temporal discretization of the dimensionless connector-
vector formulation in the Eulerian setting from Section 2.2.4, which is given by

dQi =[-u-VQ; + (Vu)Q; + F;] dt

2a(N) . (3.129a)
WI(N)(dM/H_l - d‘/\]l)/ 1= 1/ sy N - 1/

Qi-Qi-1=0, i=1,..., N-1, (3.129b)

we apply the idea of Liu’s algorithm from Section 3.4.1. In (3.129), Q; denotes the
connector-vector from bead 7 to i + 1, u the underlying velocity field, a(N) the
dimensionless relaxation time, Wi(N) the Weissenberg number, W; the Wiener
processes, and F; is the constraint force on Q; given by

Fi=F(T,Q) =F,(T,Q -F-(T,Q), i=1,...,N-1, (3.130)

where FI.C(T, Q) is defined in (3.98). This provides the basis for the Brownian
configuration field (BCF) method from Section 3.1. Additionally, the computation
of the polymeric stress (2.105) is adapted into the BCF setting. The required spatial
discretizations are done with the finite element method. These are the last missing
pieces, which are needed for simulating the fully coupled Navier-Stokes bead-rod
chain System (3.164). In this section, we dropped the * again to simplify the
notation. Here, all variables are treated dimensionless.
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3 Discretization

The following predictor-corrector algorithm for retrieving Q;(t + At) for given
Q;(t) is based on the ideas from Section 3.4.1. For the spatial discretization, we
approximate the vector fields Q; j in the space Qj, and the tensions T; ;, in the
space T, which are given by

Qn={Q € C(Q)* | VK € Th, Qik € QI(K)}, (3.131a)
T, = {v € C(Q) | YK € Tj,, vjx € Qu(K)} . (3.131Db)

In the first substep, an unconstrained (predictor) step is done, where for
given u, € Uy and Q” € Qyp a Ql n € Qy is constructed by neglecting the
constraint force F; in (3. 129a) After this, the rod length constraint (3.129b) does
no longer hold for Q; j,. The weak formulation of this substep is given by:

For given uj;, € Uy, and th € Qy, find Q,',h € Qy, such that

(Qi,h,qh) + At (uh -VQin qh) = (Qi",h, qh) + ((Vuh)Q?,h, qh) At

(3.132)
/20((N)At " -
+ WilN) (AI/VZH - AW, ,qh) Vqn € Qn,

fori =1,...,N — 1. Note that AI/VZ.” ~ N(,1)2 fori=1,...,Nisa spatially
constant vector field. Additional stabilization is required, which is done with the
SUPG method [45] by testing with

7,77 = g + hKﬁth (3.133)

instead of gy, in (3.132). In (3.133), hk denotes the diameter of element K € 7j,.
In the corrector step, tensions f},h €Ty, i=1,...,N—-1,are computed such that

the rod length constraints are fulfilled again in the weak sense. The corresponding
weak formulation to (3.101) in the connector-vector formulation is given by:

For given Q?h, Qi,h € Qy, find ﬁh € Tj, such that

@a) (Qui- (-2010Q, + 5102, ) o)
+ ((—mﬁgfh + Ty Qg,h)z, vh) (A1) (3.134a)
h
= (1 - |Q1,h|2,0h) , i=1, Vo, €Ty,
(24t) (Qi,h ' (Ti—LhQ?_l = 200Q0, + T Q) h) )
+ ((ﬁ-_l,hQ?_l p =200 Q0 + T i@l ) o ) (A (3134b)
2,

= (1_|Qi,h|210h)h/ i= 2 N V'Uh ETh,
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3 Discretization

A

K nq 321' Z@i
Square 4 (0,0),(1,0),(1,1),(0,1) 1/4
Triangle 3 (0,0),(1,0),(0,1) 1/6

Table 3.6. Quadrature rules, which are used for the lumped L%-inner product (3.137).

(24¢) (QN—I,h : (TN—Z,hQK]_zlh = 2TN-1,n Q;Q_Lh), Uh)h
. . 2 )
v ((TN_z,hQ;z_z,h ~ 2010 1) ,vh) (4t) (3.134<)
h

= (1 - |QN—1,h|2/Uh)h; i=N-1, Vv, €Ty

After the tension fields ﬁ-,h, i=1,...,N —1, are obtained, Q?Zl € Qy can be
computed via the L?-projection

(Q?f,qh)h = (Qi,h/q)h + At (Fi(Th, QZ),qh)h Vau € Qn, (3.135)

where Fi(Tj,, Q}) is defined in (3.130). By construction, Q?Zl satisfies the rod
length constraint (3.129b) in the weak sense

( Qe 1,vh)h 0 Vo, €Ty (3.136)
Above, we used a lumped L?-inner product denoted by (-, -);, (mass-lumping),
where a specific quadrature rule is applied during integration, see [78]. The
quadrature rule is chosen such that the locations of the quadrature points x;

coincide with the element nodes (degress of freedom). The expression of the
lumped L%-inner product w.r.t. scalar valued functions is given by

(v, w),, = Z Zwiv(TK(ﬁi))w(TK(&)ﬂ det DTk, (3.137)
KeTy, i=1

where Ty : K — K is the transformation that maps the reference element K (triangle
or square) to the corresponding mesh element K, @; denotes the quadrature weight
w.r.t. quadrature point &; on the reference element K, and ng the number of
quadrature points. Table 3.6 lists the quadrature rules that are used in the case of
triangles or quadrilaterals in (3.137). The lumped L2-inner product w.r.t. vector
valued functions is defined analogously. The mass-lumping approach leads then to
the property that Q?/Zl satisfies the rod length constraint (3.129b) in each element
node.

In Figure 3.11, we demonstrate the effect of using mass-lumping in (3.134)
and (3.135). For this, we considered a bead-rod chain with N = 4 beads in a
constant Poiseuille flow with

u(x,y) = l(l _03/ )Y l : (3.138)
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3 Discretization

The flow domain Q is a unit square (0, 1)?, which is periodic on the left and right.
The Weissenberg number is set to Wi = 1. Figure 3.11 visualizes the maximum
rod length deviation in (2 over time. One can clearly observe that without mass-
lumping, the rod lengths deviate over time from the intended length of 1 in each
DOF. With mass-lumping, the rod lengths stay constant over time.

-3
4 %10

no mass-lumping
——mass-lumping

w
a1
T

N
N (¢} w
T T T

123 |Qi - Qi — 1|o 0
P
(03]

max;—

0 | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
t/T,

Figure 3.11. Maximum rod length deviation max;=13 [|Q; - Qi — 1|/, OVer time with
and without mass-lumping in (3.134) and (3.135) for fixed velocity (3.138).

For the computation of the polymeric stress tensor 7, , € X; with
Iy = {dy € C(Q)*? | VK € Ty, dyjic € (Q7'(K)P?}, (3.139)

we adapt the noise filtering technique from Section 3.4.2 to the dimensionless
polymeric stress expression

Tp = ;(éz(\?)f\),\e, (Z( ® F;') —I), (3.140)

where a(N) denotes the dimensionless relaxation time, € polymeric viscosity ratio,
B(N) = 31—6(N 2 — 1), Wi the Weissenberg number, R; the bead position relative to

the chains center of mass, and F IH the hydrodynamic drag force. The polymeric

stress tensor T;“;ll is then obtained by the L?-projection

n+l _ a(N)e ( Bu+l _ _Con+l )
(rp,h , h) = sonwi (e T ) Ve s (3.141)
In (3.141), the first linear form is given by
R - R”
h N )
(rﬁ;Z*l,fh) = <% ®F}3”>,fh) V€ Zn, (3.142)
i=1
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3 Discretization

where the bead position vector fields R; j, can be computed via the connector-vector
tields Q; 1 (cf. (2.88)). The Brownian force vector field is given by

2 _
B = Vf‘]i(i\]t)Am”, i=1,...,N, (3.143)

where AI/VI.” is the constant vector field, which is used in (3.132). The expectation
value (-) in (3.142) is approximated by considering N realization of the connector-

vector field Q; ; (Brownian configuration field) denoted by Q{ ” i=1,...,N -1,
j=1,..., Ny, which transforms (3.142) to

N 1 Nf Rj,n+1 _ j,Tl
B,n+1 _ ih ih _ jBn
(22, fu) o= - El % El — 2 F" | fi. (3.144)
1= ]:

In (3.141), the second linear form is given by

N Ny Rj,n+1 R]n
1 i h h ~j,Cn =j,Cn
C,n+1 _ i i ] j
(5 ) = =5 2 e (F L) 4
i=1 j=1
intl in (3.145)
Ri,’h - Ri,’h ~i,C,n
+ > ®Fi,h Nl

where 131] hC = FZ.C(fj , Q{l’n) is the constraint force, which uses the tensions fij I
computed during (3.134) w.r.t. the jth realization QZZ , and 131] lS = FI.C(T] , Qi’n)
is obtained by solving the auxiliary problem:

For given P{ B and Q{Z € Qy, find Ti] Ly € Ty, such that

B, B, I .’ _
([FLS" - FP" + @, )| - @lwa) =0 Vwu T, Vi=1,.. N-1
o (3.146)
In (3.146), the constraint force Fi(T/, Q;l’n) is defined in (3.130).

3.4.5 (Non) linear system of equations

In this section, we transform the weak formulations of the previous section
into (non) linear system of equations and discuss their properties. Analog
to Sections 3.2.2 and 3.4.5, we represent connector-vectors Q; , € Qp with the
degree-of-freedom (DOF) vector x9i € R"Q via (3.56). In the case of tensions T; j, €
T,, we have DOF vector xi € R", where nr denotes the dimension of the
space Tj,. The spaces Qj and Tj, are defined in (3.131). Tension T; j, € T;, and DOF
vector xTi € R"" are connected via
nr
Tip = Z x].chp].Th, (3.147)

j=1
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3 Discretization

where qb]Th are the basis functions with the property T, = span{qb].Th }721
The linear system of equations associated to the weak formulation (3.132) is
given by

(M’F‘: +Atcuh) Q= g(Qr, un, AW, AW), i=1,...,N-1. (3.148)
The matrices M ;’i’ and C"" are defined in (3.57) and (3.58). The coefficient matrix Fy4
in My! is given by

Fy =1 (3.149)
The entries of the right hand side g(Q Uy, AW” AW” ") € R"™ in (3.148) are

g](Q:l’h/ uh/AWn AW+1) =

Z / Qi + AtVuRQp, + 4 Za(é\\]])ﬂt (AW}, - AW])

KeTy
: ([)Qh+—hK (u -V(j)Qh) =1 n
J ] " 0 K

(3.150)

The system matrix in (3.148) is in general non symmetric.

In order to solve (3.134) numerically, we apply Newtons method on the
function H : RV-Vrr — RIN-Dn7 instead of the Picard iteration scheme from Sec-
tion 3.4.1. In our simulations, it turned out that Newtons method is more robust
compared to the Picard scheme. The function H consists of N — 1 blocks denoted

by HD : RN-Unr — R j=1,...,N - 1. Let xT € RN-D17 e the block vector,
which contains xi € R"T in the ith block7 Vector x%i is the DOF vector associated
to T; , € Ty (cf. (3.147)). The entries of H)(xT) are given by

H;i)(xT) = (2At) (Qz’,h : (Ti—l,hQ?_l 2T, Qr 't Ti,n QM h) (P;[h)h

A ~ ~ 2
+((Ti_l,hQ?_l,h—zn,thh%H,hQ?ﬂ,h) ,¢].Th) (@87 - (1-1Qusl% 0]") -
h
(3.151)

Note that in (3.151), we used (3.147) to compress the expressions. The Jaco-
bian DH : RN-Urr — RIN=Dnrx(N=1nr of H has block tridiagonal structure. The
blocks DH1) : RIN-Dnr — RT3 are given by

nglzlql)(xT) = —(4At) (Qi,h . an,hqbgh/ Z;h)h
_Z(At)z(( Q1 — 210 Q0 +Ti+1,hQ?+1,h) Q7,04 <PT'1) ,
pH V() = ar) (Q,-,h QL o0, Th)

T T
+ 2(At) (( i—1 I’lQl 1 h ZE’th,h + ’1—;+1,th+1,]/[) ' Q?+1lh¢th (Pph)h 7

(3.152a)

(3.152b)
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DHY; (") = 240 (Qun- QL 08 07,

A A T, .T,
+ 20407 (T QL = 2000 QL, + Tiet QP ) - QL 00 01 ) -

Note that (3.151) and (3.152) are only valid fori =2,...,N —2. Inthe caseof i =1,
there is no left off diagonal block and the terms in H"), DH'D, and DH"? have
to be adapted to (3.134a). For i = N — 1, there is no right off diagonal block and
the terms in HN=D, DHWN-N-1) and DHWN-1N-2) have to be adapted to (3.134c).
Newtons fixed-point iteration applied on H is then given by

xR = Tk _ D (T H (TR, (3.153)

In (3.153), vector xT’* denotes the kth Newton iterate. As described in Section 344,
the lumped L%-inner product (-, -),, is used in (3.151) and (3.152). This leads to the
property that the individual block matrices in (3.152) are diagonal. The system
matrix DH (xT’k) is in general non symmetric.

After a fixed-point of (3.153) is obtained, the resulting tensions Ti,h € Ty, are
used to compute the updated connector-vector fields Qi’le € Qy via (3.135). The
corresponding linear systems of equations are

(3.152¢)

MpxQm =0 =1 N-1, (3.154)

where M; € R"*"¢ and h) € R"? are given by
(Mp)p,q (<i> ¢Qh)h, (3.155a)
(h1), = (Ql w + AtE(T, Q)), 2 ) . (3.155b)

In (3.155), the constraint force F; is defined in (3.130) and uses the tensions Ti,h,
which solve (3.153). System (3.154) is trivially to solve as M is diagonal
The polymeric stress tensor 7, ;; € Xj consists of the two terms Tg » p y € Zn
(cf. (3.141)). They are obtained by solving (3.144) and (3.145), which is done at
once with the linear system of equations
a(N)e
S o+ 10 (3.156)

In (3.156), mass matrix E € R"**"= is defined in (3.31) and the entries of the rhs
vectors are

T —

N 1 o RZZH R]n ]Bn Zn
i=1 j=1

N Nf Rj,n+1 R]n
1 i h h ,.C, C

o= 53 e a0
=1 j=1
= » (3.157b)
R, —R}, c.
i ~7,Cn
+ P , P
2
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In (3.157a), the Ri: are evaluated with Q{’n, i=1,...,N -1, via relation (2.88).
The spatially constant vector field F{ M is the one, which is used during the

computation of Qf , (cf. (3.143) and (3.148)). Note that the mass matrix E is
symmetric positive definite.

Prior to the evaluation of (3.157b), the constraint force 15; hC " needs to be
computed. This is done by solving (3.146). The corresponding linear system of
equations is

waxl =7, (3.158)

where the system matrix W € RIN-Dnrx(N=1)nr hag tridiagonal block structure
and xT,j € RN"D" The diagonal blocks W) € R"™>"7, left and right off
diagonal blocks W=D, W(ii+l) ¢ R#1>Xn1 are defined by

W) —z(Q oy ) , (3.159%)
(zz 1) T)

wii = (el Ql i o) (3.159b)

Wi = Q- or o) (3.1590)

Note that (3.159) is only valid fori =2,...,N —2. Inthecaseofi =1ori =N -1,
there is no left or right off diagonal block. The entries of the ith block of the rhs
block vector j € RN=D7 are

z):([Plj,Bn F]Bn] zh’(P ) , i=1,...,N-1, (3.160)

i+1

where F{ B is defined in (3.143). From (3.159), we deduce that W is symmetric
and due to the lumped L2-inner product (-, -);,, the individual blocks are diagonal.

3.4.6 lterative solvers and preconditioning

In this section, we discuss the solvers and preconditioner, which are used for
solving the linear system of equations of the previous section.

The system matrix in (3.148) has the same structure as System (3.59). Thus,
we use the same type of solver and preconditioner (GMRES/ILU(1)), which is
used for solving (3.59). For further details see Section 3.3.2, where this type of
combination is tested in Table 3.4.

System (3.156) can be solved very efficiently. Since the system matrix (mass
matrix) is symmetric positive definite, we apply the combination CG/Jacobi. This
problem and solver choice was already discussed in Section 3.3.1. In Figure 3.5,
the outstanding performance is visualized.

In order to solve the linear system in the Newton fixed-point iteration (3.153)
and (3.158), we apply the GMRES solver with Jacobi preconditioner. The system
matrices in (3.153) and (3.159) are extremely sparse due to the block tridiagonal
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structure together with the fact that each block is diagonal. The density p;,; (ratio
of non zero entries to the total number of entries) is given by

[(N—-1)+2(N —-2)]nr

3.161
[(N = Dnr]? G461

Pnnz(N/ nr) =

In Table 3.7, the considered N and nr lead to densities py,.(N, nr) that range
from 1.5 - 107 t0 3.1 - 107°. Note that it is possible to decouple the block tridiagonal
systems of size (N — 1)nt into nr tridiagonal systems of size N — 1, which could
turther increase the overall performance.

Table 3.7 lists the iterations it took to solve (3.153) and (3.158) in the first time
step, respectively, with varying parameters. The flow scenario is a constant shear
flow on the periodic unit square (0, 1)?, which is periodic on the left and right, as
domain. The corresponding velocity u is given by

u(x,y) = M . (3.162)

In each cell of Table 3.7, the triple 11 (112) n3 lists the number of Newton iterations n1,
the rounded average number of GMRES iterations 1, it took to solve the linear
system of equations in (3.153), and the number of GMRES iterations n3 it took

to solve (3.158). The Newton fixed point iteration stops after residual ||(xT*)||»
drops below 107, The GMRES solver in (3.153) and (3.158) stops after the relative
residual drops below 1079 or the absolute residual drops below 1071. We varied
the step size At, number of beads N, Weissenberg number Wi, and mesh width h
to observe their influence on the required number of iterations. The corresponding
values are At € {0.1,0.001}, N € {5,10,15}, Wi € {1,5,10},and h € {27,277,278}.
One can see that the number of GMRES iterations are almost independent on At, £,
Wi, and only a O(N~!)-dependency on the number of beads N can be observed for
the considered parameters. However, there is a At dependency on the number of
Newton iterations, which is not surprising, as it is commonly the case to get faster
convergence in the Newton fixed point iteration for decreasing At. In the case
of Wi =1 and At = 0.1, the Newton iteration did not converge (dnc) for N = 10
and N = 15 (cf. Tables 3.7b and 3.7c). For the considered parameters in Table 3.7, it
almost holds n, = n3, which is probability due to the similar and extremely sparse
structure of the linear systems in (3.153) and (3.158).

3.5 Combining the numerical schemes

In this section, we describe how the discretization of the bead-spring dumbbell
model from Section 3.3 and the discretization of the bead-rod chain model
from Section 3.4 are coupled with the Navier-Stokes discretization from Section 3.2.

In this thesis, the following approach is pursued: At first, we update the

velocity with the current polymeric stress tensor T;’ , and then use the newly

obtained velocity uZ“ to update the bead-spring dumbbells or bead-rod chains,
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Wi=1 Wi=5 Wi=10
DOF At=0.1 At=0.001 At=0.1 At=0.001 At=0.1 At =0.001
16640 5(4)4 34)4 4(4)4 34)4 4(4)4 24)4
66048 4 (4)4 3(4)4 4(4)4 3(4)4 3(4)4 2(4)4
263168 5(4)4 3(4)4 3(4)4 3(4)4 3(4)4 3(4)4
(ayN =5
Wi=1 Wi=5 Wi=10
DOF At=0.1 At=0.001 At=0.1 At=0.001 At=0.1 At =0.001
37440 dnc 4099 599 3(999  5(9)9 3(9)9
148608 dnc 3099 509)9 3099 509)9 3099
592128 dnc 309)9 609)9 309)9 4099 309)9
(b) N =10
Wi=1 Wi=5 Wi=10
DOF At=0.1 At=0.001 At=0.1 At=0.001 At=0.1 At =0.001
58240 dnc 4(14)14 6(14) 14 3(14)14 5(14) 14 3(14) 14
231168 dnc 4(14)14 5(14) 14 3(14)14 5(14) 14 3(14) 14
921088 dnc 3(14)14 7 (15) 14 3(14)14 5(14) 14 3(14) 14
()N =15

Table 3.7. The triple n; (12) n3 lists the number of Newton iterations 7; to solve (3.153), the
rounded average number of GMRES iterations 1, to solve the linear system of equations
during the Newton iteration, and the number of GMRES iterations 73 to solve (3.158).

which are then used to get the polymeric stress tensor T;th for the next time step.
Figure 3.12 visualizes this general procedure.

Bead-spring dumbbell coupling Applying the BCF approach from Section 3.1
to the Navier—Stokes equations coupled with the bead-spring dumbbell model
from Section 2.1 yields the system

1-

€ 1
Outt +u- Vit =2——V - D(u) = =V -7, + Vp = 0, (3.163a)
—V.u=0, (3.163b)
1 U
-_ ¢ |2 i & ES(ON)
= o Nf;(g @ FS(Q))) - 1|, (3.163¢)
. . T . 1
J = |—y . j = FS(O] il .
dQ [ u-VQI + (Vu)Q/ - = F5(Q)) dt+,/Wide,. (3.163d)
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Initialize data

!

Navier-Stokes step

!

Update BCF's

}

Update stress tensor

\
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€S

Figure 3.12. Flowchart to illustrate general computation procedure in the simulation of a
time step.

See Sections 3.2 and 3.3 for a description of the unknowns and parameters of (3.163)
with suitable initial and boundary conditions. The computation of the next time
step of the fully discretized version of System (3.163) is then given by:

Let uZ e Uy, T;h € Xy, and Q;Z’n € Qu, j =1,...,Ny, be given, where Ny
is the number of Brownian configuration fields (BCF). The spaces Uy, Xy, Py,

and Qj, are defined in (3.17a), (3.17b), (3.17c), and (3.51), respectively. At first, we
solve (3.30) to obtain the new velocity uZ” € Uy, and pressure pZ” € Py. The

new velocity uZ” is then used in (3.59) or (3.62) to compute the new Q{["H € Qy

foreachj=1,..., Ns. Afterwards, the new polymeric stress tensor "1l e £y, is
f P y ph

obtained by solving (3.72). In the case of Hookean dumbbells, i.e., using (3.59) for
the computation of QL’”H, there are in total 2 + N linear systems of equations to
be solved in each time step. In the case of FENE dumbbells, where (3.62) is used, 2
linear and N nonlinear systems of equations need to be solved in each time step.
Table 3.8 summarizes the numbers of linear and nonlinear system of equations,
which need to be solved. As the number of BCF N is typically O(10%), this leads
to an extreme computational effort, which requires special treatment concerning
the implementation of the discretization.

Concerning the existence of solutions of (3.163), there are various papers
by Barrett and Siili [5-8, 81], where the existence of weak solutions is analyzed
w.r.t. different spring forces and regularized versions of (3.163) in the equivalent
Fokker-Planck formulation. In [46], local in time existence and uniqueness of
solutions for System (3.163) is proven in the case of FENE dumbbells in a shear flow
scenario. In [22], convergence analysis is done for a temporal discretization of (3.163)
with Hookean dumbbells in a 1D shear flow. There, they prove optimal rate of

92



3 Discretization

convergence for the error ||u" — u(t,)||;2 € O(At + 1/\/N_f). In [54], System (3.163)
with Hookean dumbbells is fully discretized with finite differences and backward
Euler on a periodic d-dimensional unit cube. For d = 2, 3, their convergence result
of the error is given by max, ||u] — u(tn)lli2 < C(At? + h* + 1/N}_€) with arbitrary
but fixed 0 < € < 1.

Number of systems of equations

Model linear nonlinear

Bead-spring dumbbell (Hookean) 2+ Ny -
Bead-spring dumbbell (FENE) 2 Ny
Bead-rod chain 2+ Nf[2(N —1) +1] Ny

Table 3.8. Overview of the number of linear and nonlinear systems of equations, which
need to be solved during one time step. The number of beads and BCF are denoted by N
and Ny, respectively.

Bead-rod chain coupling Applying the BCF approach from Section 3.1 to the
Navier-Stokes equations coupled with the bead-rod chain model from Section 3.4
gives

1-e€ 1
otu+u-Vu — ZR—eV -D(u) - R_eV T+ Vp =0, (3.164a)
~V-u=0, (3.164b)
ae N H,j
T = —2 (R]. ®F ']) ~1|, (3.164¢)
P BWINy ; G

(3.164d)
2a(N) i i
+ WI(N) (d‘/\]i_;,_l - d‘/\/l )I 1= ]-I /N - 1/
Q-Q-1=0, i=1,..., N-1L (3.164e)

See Section 3.2 and Section 3.4 for a description of the individual unknowns and
parameters of (3.164). Let uZ e Uy, Tgh € Xy, and Qf: €eQpi=1,...,N-1,
j =1,...,Ny, be given, where N is the number of beads and Ny is the num-

ber of Brownian configuration fields (BCF). As above, we obtain the updated
n+1

velocity u;™" € Uj and pressure pZ” € Py, by solving (3.30). For each j, the
bead-rod chains QZZ are updated via solving (3.132), (3.134), and (3.135) with

the new velocity uZ”. This yields the updated Q{’Z” € Uy. Before the poly-
meric stress T;J;ll € Xy is obtained, System (3.158) has to be solved for each BCFE.
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Afterwards, (3.156) has to be solved to get the new ngl. Overall, this leads

to 2+ N [2(N — 1) + 1] linear and N nonlinear system of equations in each time
step. In Table 3.8, these numbers are summarized and one can directly compare
the bead-spring dumbbell model with the bead-rod chain model w.r.t. to the
computational effort. The largest simulation in Section 5 uses Ny = 2233 Brownian
configuration fields and bead-rod chains with N = 17 beads, which leads to 73691
linear and 2233 nonlinear systems of equations in each time step. Solving such
amounts of problems in a realistic time frame requires a custom implementa-
tion of the discretization that particularly addresses this problem and immense
computational power.

In the next section, we present the details concerning the implementation of
the various discretizations from Section 3 that enable the simulation of (3.164)
and (3.163).
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The goal of this section is to emphasize the crucial role of parallel computing for this
dissertation. For this, a brief introduction into parallel computing, based on [15],
and its various parallelization concepts is given in Section 4.1. Section 4.2 discusses
the algorithm schemes in detail, which are crucial to gain an outstanding speed-up
in the computation time of our simulations. In Section 4.3, measures for quantifying
parallel scalability are introduced and used to examine the performance of our
code on practical problems of this thesis. Afterwards, the full implementation is
tested w.r.t. parallel scalability. Lastly, Section 4.4 gives insight and remarks into
the libraries that are used in the implementation.

4.1 Parallel computing

This introduction is based on [15]. Parallelization is essential for large scale
simulations to drastically reduce their computation times. Large scale simulations
require typically a huge amount of memory, which immediately eliminates the use
of a single personal computer due to memory /hardware limitations. Parallelization
lifts these limitation through the use of multiple computers (nodes) connected
via network, which is known as distributed memory parallelization. This unlocks
the possibility to study more advanced models through simulations. It is widely
used across many fields in research and industry such as the simulation of
detonations [20] and computing air flow around cars [79]. Figure 4.1 visualizes
different simulations from above mentioned research fields.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
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(a) Pressure of near surface detonation. (b) Streamlines of the axial vorticity around
Graphic from [20] by Cook, Bauer, and  F1 car. Graphic from [34] by Guerrero and
Spriggs. Licensed under CC BY 4.0. No Castilla. Licensed under CC BY 4.0. No
changes were made. changes were made.

Figure 4.1. Visualization of large scale simulations, which use extensive parallelization.
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4.1.1 Memory architecture

The hybrid distributed-shared memory architecture is the most common type
of architecture, which is used in large computation clusters today. It consists of
several nodes connected with each other over a network as visualized in Figure 4.2.
Each node consists of several CPUs or GPUs with their own locally shared memory

Node Node Node
memory memory memory
A A A
\ 4 4 A\
core | core core | core core | core
core | core core | core core | core
Network

Figure 4.2. Visualization of hybrid distributed-shared memory architecture. Computing
nodes are connected with each other over a network.

and can be viewed as an own independent computer. The nodes can perform tasks
independently from each other on their own local memory. Accessing data across
nodes requires communication between the corresponding nodes over a network.
In order to use multiple nodes to solve one large problem, the problem has to be
split into tasks that can be solved concurrently on each node. Additionally, the
problem data associated to the tasks has to be distributed to the corresponding
nodes. This is not always possible without introducing additional overhead in form
of communication between the nodes. Depending on the level of parallelization,
this overhead can lead to parallel slowdown causing a reduction of efficiency. The
advantage of this type of memory architecture is the simple memory scalability
with the number of processors, i.e., adding more nodes to the network. However,
it comes with the price of an increased code complexity, as communication across
nodes needs to be additionally addressed. Typically, this leads to more complex
data structures such as for vectors or matrices and their corresponding operations.

4.1.2 Mesh partitioning

The most common approach to split large problems into smaller tasks in the
context of finite element simulations with fine discretization meshes 7}, is the
use of domain/mesh partitioning. Here, the discretization mesh 7}, is partitioned
into N, smaller submeshes 7}, p = 1, ..., Ny, of roughly equal size and minimal
boundary to neighboring submeshes. Figure 4.3 visualizes an admissible mesh
partition into 4 submeshes. Each submesh 7}, , is then assigned to a computing
node/processor. A typical task in finite element simulations is the assembling
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Figure 4.3. Visualization of mesh partitioning into four submeshes.

of matrices and vectors, which correspond to bilinear- and linearforms (cf. Sec-
tions 3.3.1 and 3.4.5). In the inner regions of each submesh (excluding boundaries
that touch neighboring submeshes), this assembling procedures can be done
concurrently on each node without further communication. At the boundary
regions, additional communication between the nodes of neighboring submeshes
is required to exchange information/data. This leads to parallel overhead. To
minimize this overhead, the intersecting boundaries of submeshes should be
therefore kept minimal. Additionally, the tasks on each submesh should take the
same amount of computing time (load balancing) to prevent unnecessary delays
in form of already finished nodes waiting.

This type of parallelization can only be done to some extend. If the submesh
size gets too small and the resulting communication dominates, no additional
speedup can be achieved. Using too much parallelization can actually lead to an
increasing computation time. Section 4.3 introduces measures that help to quantify
the parallel efficiency.

4.1.3 Master/Helper grouping

In the simulations of this thesis, most of the computation time is spent in updating
the Brownian configuration fields (cf. Figure 3.12). This can be speed up only
to some extend with mesh partitioning due to the mesh size and the resulting
communication overhead. Updating the BCFs can be done concurrently, as they
do not depend on each other. This aspect is not exploited by mesh partitioning at
all and gives rise to the following approach.

Instead of further partitioning the mesh, we partition the set of processes P
into workers W; as visualized in Figure 4.4. Each worker Wi has a copy of the

FlOOOE mMOOOE
ODOOO wmOOOO
OOOO "EOO.

Figure 4.4. Admissible partition of P (left) with size N, = 12 into N, = 3 workers (right).

mesh 73, which is additionally partitioned and distributed across the workers’
processes. The BCFs are then evenly distributed across the workers. This enables
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the parallelization of updating the BCFs and leads to an enormous speedup as
demonstrated in Section 4.3. This idea is also used in [37].

In the implementation, there are two types of workers. A master worker Wy,
which is responsible for the Navier-Stokes and polymeric stress tensor step
(cf. Figure 3.12), and a helper worker W;, i > 0, for updating the BCFs. Ideally,
each helper worker should be responsible for updating N¢/(Ny, — 1) BCFs to
achieve a good load balancing. Figure 4.5 visualizes the workflow for various
tasks, which are processed by workers Wi. The type of worker is determined by its

Start with N,, workers.

Get assigned worker index k.
y
ps s yes no cps 1
Initialize data. Initialize data.
»| Navier-Stokes step. é@&;/~ ---»| Update velocity. |«
Q2
7 S I
X -
o
Update velocity. | - --- ’ Update fields.
Update stress tensor. |« Data transfer. | Update stress tensor.
Y Y

€S es
1o @ i Stop. |+~ @ o

Figure 4.5. Flowchart of the implementation to illustrate the interplay between workers.
Blue boxes can only continue if the indicated data transfer is completed.

index k. The distribution of the BCFs among the helper workers Wy, k > 0, leads
to an enormous speed up of the Monte—Carlo part of the simulation, i.e., solving
the SDEs multiple times. In the Navier-Stokes part, Wy computes the updated
velocity uZ*l as described in Section 3.5. Then, uZ” is sent to the workers Wi,
k > 0, where the BCFs are updated. After that, each worker Wy, k > 0 computes
its portion of the updated polymeric stress tensor Tgf and sends it back to Wp.
For a given number of processes Ny, there is now a free parameter to control the
level of parallelization. The number of workers Ny, determines their corresponding
worker size via
N p
ws(Nw, Np) = N (4.1)
w
Note that all workers have the same size and the number of processes N, has to be
divisible by Ny,. Choosing N, large, leads to a small worker size ws(Ny, N,) and

a coarse mesh partitioning into ws(Ny, N,) submeshes on each worker. Contrary,
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a small number of workers yields a fine grained mesh partitioning on each worker.
For a given number of processes Ny, the optimal number of workers N, depends
on the discretization mesh 7j, and the number of BCFs Ny.

This type of parallelization comes with the price of additional memory
consumption, as the discretization mesh and the resulting data has to be stored
for each worker on the local memory space to avoid unnecessary data transfers
across the workers. An example of such data are the assembled system matrices
of Sections 3.3.1 and 3.4.5. The above introduced parallelization scheme is discussed
in detail in the next section.

4.2 Master/Helper algorithm

In this section, we discuss the master/helper algorithms, which are motivated in
the previous section. Algorithms 2 to 4 realize the flowchart of Figure 4.5.

Note that Algorithm 2 is called N, times, where N, is the number of processes
that are available for parallelization. Thus, there are N, instances of Algorithm 2
running at the same time. In the first line of Algorithm 2, the parallelization

Algorithm 2 Entry point of simulation.

1: Initialize parallelization environment
2: Assign worker Wi

3: if k == 0 then

4: Enter Master routine (Algorithm 3)
5: else

6: Enter Helper routine (Algorithm 4)
7: end if

environment is initialized among the N, instances. Each instance gets assigned
a unique global rank rc € {0, N, — 1}. The ranks are then later on used to
communicate between specific instances, e.g., send data from instance rg = 1 to
instance rg = 2. In line 2, the workers W are created. This is done by assigning
each rank rg a worker index k via

— ’'G
k(rc) = {w(TNp)| ) (4.2)

where the worker size ws(Ny, Np) is defined in (4.1). Assigning each rank rg its
worker index via (4.2), yields a grouping as visualized in Figure 4.4. Additionally,
we define the local rank 7y, of an instance with global rank rg w.r.t. its worker Wi
via

re(rg) = rc — k(rg)ws(Nw, Np). (4.3)

In Figure 4.4, the local ranks r;, of the workers W are then {0, 1,2, 3} for each k.
One can easily convert (77, k) back to the corresponding r¢ via (4.3). After each r¢
is assigned a worker index k, the individual rg enter the master or helper routine
depending on their worker index k.
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In the first line of Algorithms 3 and 4, the global (coarse) mesh is loaded by
each rank 7 and partitioned into ws submeshes. Depending on their local rank 7y,

Algorithm 3 Master algorithm.

1: Load mesh, apply partitioning, and refine

2: Initialize/assemble data

3: for {n = 0; n < Niteps; n++} do

4: Compute ”ZH for given u,, T;’h

5 Send uZ” to Wy, k>0

6: Receive polymeric stress contributions from Wy, k > 0
. n+1

7: Compute To

8 Save solution

9: end for

Algorithm 4 Helper algorithm.

1: Load mesh, apply partitioning, and refine
2: Initialize /assemble data
3: for {n = 0; n < Ngteps; n++} do

4: Receive uZ“ from W,

5 Update N¢/(Ny — 1) BCFs

6: Compute polymeric stress contribution
7 Send polymeric stress contribution to Wy
8: end for

rG keeps their corresponding submesh and applies additional mesh refinements.
After this, each rank r¢ has their to 11, corresponding submesh, which forms the
basis for further computations. In the second line of the master/helper algorithm,
necessary data is initialized and assembled, which is later on reused during
the simulations. In the case of the master routine, the linear system matrices
from Section 3.2.2 are assembled w.r.t. their corresponding submesh. This already
introduces communication between the local ranks r7, in worker Wy. In the helper
routine, ranks rg assemble the system matrices from Section 3.3.1 or Section 3.4.5
and load/initialize N¢/(Ny — 1) BCFs w.r.t. their corresponding submesh.

Now, both routines enter the for loop over the time steps. The master worker
ranks r;, compute the new velocity uZ” for given velocity u; and polymeric stress
tensor 7 , . Note that internally, the velocity u, is distributed across the local ranks
of worker Wy and analog for other variables that are related to the corresponding
submesh. During the computation of uZ”, the to the helper workers Wy, k > 0,
associated ranks rg have to idle.

After uZ” is computed, the local ranks 1, of Wy in the master routine send
their parts of uZ” to the corresponding local ranks r;, of Wi, k > 0 in the helper
routine. The helper workers Wi are now able to start updating the BCFs and
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. o 1,(r,k : .
compute their contributions T;h;l LK) to the polymeric stress tensor ngl, which

are send to (r7,0), i.e., the local ranks of Wy. During the update of the BCFs,
the master worker ranks rg have to wait. In the master routine, the polymeric

b b 1/ /k
stress contributions r;+h (re k)
n+1

tensor 7" can be computed by Wy. Above steps in the master /helper routine are

, k > 0 are received and the final polymeric stress

repeated until the end of the for loop is reached.

Note that during the computation of uZ“ and the updating of the BCFs, only
communication withing the local ranks r;, of the corresponding workers Wi is
present (cf. Figures 4.6a and 4.6¢). The sending/receiving of the velocity / polymeric
stress contributions, leads to communication between the local ranks (r,0) of

worker Wy and (7, k), k > 0 as visualized in Figure 4.6b.

Wy Wy Wi Wy Wy Wi Wy Wy Wi

N\ 4 ) (

) [@) (@] [OHOHO| (@) [@)](®
O O 1O OrO@) 1O O @
J \ J \

(a) Computation of uZ“. (b) Communication during (c) Communication during
send/receive of u]'*!/ Tgtll— BCF update.

contributions.

Figure 4.6. Visualization of communication (red lines) between local ranks r; within
worker Wi and communication between local ranks r7 across workers during different
stages.

4.3 Parallel scaling

The measures for quantifying parallel performance of code are introduced in Sec-
tion 4.3.1, where they are discussed on the example of the scaling of the paral-
lelized assembling of a mass matrix. Section 4.3.2 examines the scaling effects of
mesh-partitioning and master /helper grouping combined in an idealized setting.
In Section 4.3.1, the parallel scaling of the full implementation is evaluated.

4.3.1 Strong scaling

In this section, we introduce the measures for quantifying the scalability of
code w.r.t. the parallelization of a problem with constant size (strong scaling).
Afterwards, these measures are discussed on the parallelized assembling of a mass
matrix. The introduction of the measures is based on Chapter 15 of [82].

At first, we define the speedup S(N,,) and the parallel efficiency E(N,) via

1)

S(Np) = t(Np)'

(4.4)
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S(Np)
N, ’

E(N,) = (4.5)
where t(Ny) is the runtime of the code, which is parallelized on N, processes. The
speedup is a measure on how fast the code with N, processes is compared to
using only one process. The parallel efficiency puts the speedup in relation to the
number of processes used. Ideally, we want a speedup of S(N,) = N, e.g., S(2) =2
can be interpreted as halving the computation time by doubling the computing
resources. From the optimal value S(N,) = N,, follows E(N,) = 1.

Note that the speedup S(N,) is bounded in practice as parts of the code do not
scale with the number of processes N, and due to an increasing communication
overhead for larger N,. By neglecting the communication overhead, this effect
is known as Amdahl’s law, which states that the runtime ¢(N,) of a code can be
expressed via

t(D)

E(Np) = fH(D) + (1 - f)vp,

where f € (0, 1] is the fraction of the code that cannot be parallelized (cf. Def. 15.5
in [82]). From (4.6) follows

(4.6)

1 < 1
f+Q=HNp = f
i.e., the speedup is strictly monotonically increasing and bounded by the inverse
fraction of the code that cannot be parallelized.

Figure 4.7 visualizes a realistic speedup scaling behavior, where the parallelized
assembling of a velocity mass matrix is timed for a different number of processes N,.
One can clearly observe that the maximal attainable speedup S(N,,) is around 16
with N, = 56. The associated parallel efficiency is E(56) = 0.28, which indicates
a very inefficient use of the computing resources. One can deduce via (4.7) a
theoretical sequential fraction of the code of f = 1/16 (for the assembling of
the velocity mass matrix with Qi-elements on a mesh with 131328 elements).
At N, = 4, we have 5(4) = 3.56 and E(4) = 0.89, which is as close as we can get
to the optimal values. Therefore, N, = 4 would be the most economic/ efficient
choice. For very large N, the additional communication overhead can get so high
that the speedup S(N,) can actually drop again (parallel slowdown).

Alternatively, one could observe the scaling of the computation time of a
problem, where the task size for each process is kept constant. This is done by also
increasing the total problem size when the number of processes is increased. Such
a test of scaling is called weak scaling.

S(N,) = (4.7)

4.3.2 Amdahl’s law applied on mesh partitioning and master/helper grouping

In the previous section, we observed the strong scaling on the example of assem-
bling a mass matrix, where the parallelization is done with mesh partitioning only.
Now, we can apply the idea of Amdahl’s law to the problem of computing a single
time step of the problem in Figure 4.5, where we have the freedom to additionally

102



4 Implementation

Speedup Parallel efficiency
6af| © Code 1.2+ o Code
Ve
——-ldeal e — —-Ideal
32+ |——Amdahl Pid oo 10em——————————— — — — ——Amdahl| 4
Ve Q
’ 5
S 16 7 oo © 1 Cost
° P © £
(0] - (0]
g sf e 13
%) // % 0.6
4 Pig © 13
s o 0.4
Z
Z
2r )z
Z
0.2
165 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
1 2 4 8 16 32 64 1 2 4 8 16 32 64
Cores Cores

Figure 4.7. Speedup and parallel efficiency of the assembling process of a velocity mass
matrix with Qi—elements on a mesh with 131328 elements. The Amdahl curves use (4.6)
with f = 1/16.

adjust the number of workers N, for a given number of processes N, and BCF N,
i.e., we combine the parallelization approaches from Sections 4.1.2 and 4.1.3.

For simplicity, we neglect communication effects, i.e., instant transfer times.
The computation time of a single time step tstep, with Ny, workers of size ws and Ny
BCFs can then be decomposed into

tStep = tm + tH, (4.8)

where t\1 and ty are the computation times of the master worker Wy (Navier-Stokes
part) and the helper worker Wy, k > 0 (BCF part). It is assumed that ty is identical
for each Wi, k > 0, as visualized in Figure 4.8. Using Amdahl’s law (4.6) to

Wy —m e
Wi wmm e
Wy = mmmm-
I : : > ¢
0 13V im +tu

Figure 4.8. Visualization of worker activity during the computation of a single time step.
The dashed line marks the time interval, where worker W is idle.

express tv(ws) gives

tm(1)
ws

tm(ws) = fmtm(1) + (1 = fm) (4.9)

where f\ € (0, 1] is the sequential fraction of the master part of the code, which
cannot be parallelized. Note that (4.9) only depends on the worker size w;. We
further decompose the helper worker runtime ty into

(4.10)

ta(ws) = ti(ws) + tecr(ws),

f
Ny -1
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where t1 is the time it takes for each helper worker for initializing/assembling data,
which is required before the update of the BCFs can start, and tgcr is the time it
takes to update one BCF. Thus, tgcr has to be multiplied by the number of BCFs
that each helper worker has to update, which is done in (4.10). Analog to (4.9), the
expressions for t1(w;) and tgcr(ws) are given by

t 1

t(ws) = fi 1( ) (4.11a)

3 tBCF(l)
tecr(ws) = facrteer(1) + (1 — fecr) (4.11b)

S
Substituting the expressions for the various runtimes into (4.8) yields

1- A1) + (1 - (1

tstep(ws, Nu) =fatu(1) + fits(1) +( Pt 2 0= 0D
@s (4.12)

tBCF(l)l

For a given number of processes Np, there are in general multiple possibilities
of ws and Ny, that satisfy wsNy, = Nj. The optimal pair (ws, N) should then
minimize tStep(ws, Ny) under the condition wsNy = Ny.

Expression (4.12) is of the shape

tstep (s, Niy) = C1 + 9 4 NNf : [c + 9] (4.13)
w s
with constants C; > 0. It clearly reveals that constant C3 can only be scaled down
by increasing N,. From (4.13), one can deduce the following lower bounds for tStep-
In the case of just applying mesh partitioning and no master/helper grouping, i.e.,
N, = 2 is fixed, we have

tStep(ws/ 2)>C1+ NfC3. (4.14)
Applying both parallelization approaches, yields
tStep(WSz Ny) > tStep(u)Sz Ny + 1) > C1 + Cs. (4.15)

Note that the number of workers N, is bounded by N f/ie, each helper worker Wi,
k > 0, has to update at least one BCF. A comparison of (4.14) and (4.15) reveals
that the theoretical lower bound (4.14), which is obtained by using only mesh
partitioning, can be greatly reduced to (4.15) by applying additional master/helper
grouping.

Note that Ny is typically 0(10%), i.e, the last term in (4.12) or (4.13) dominates
compared to first terms. A good guideline is therefore to favor a higher number of
workers with a smaller size compared to less workers with larger sizes. However,
one has to keep in mind that (4.12) completely neglects the communication
overhead. Additionally, the memory usage increases drastically with the number
of workers, as individual copies of the same data are stored for each worker
(cf. Table 4.1).

In the next section, we test the strong scaling of our implementation of the
above presented parallelization approaches.
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4.3.3 Strong scaling of the implementation

In the following section, we test the strong scalability of our implementation. For
this, we computed 25 time steps of a startup shear flow scenario on a periodic unit
square with Ny = 3000 bead-rod chains. Each chain consists of N = 7 beads. The
domain is discretized with 4096 square shaped elements. The worker size is kept
fixed at ws = 4 and the number of worker N, is varied from 5 to 320, where in
each test, the previous number of workers is doubled.

The computations of the following scaling test and the simulations from Sec-
tion 5 are run on the Meggie compute cluster at RRZE [58]. It consists of 728 compute
nodes. Each node has two Intel Xeon E5-2630v4 “Broadwell” (10 x 2.2GHz), 25
MB shared cache per chip, and 64 GB of RAM. The nodes communicate via Intel
OmniPath interconnect with up to 100 GBit/s bandwidth per link and direction.
The measured LINPACK performance is about 481 TFlop/s.

In Figure 4.9, the parallel scaling of the implementation is demonstrated by
running the same simulation from above on varying numbers of computing nodes.
One can directly observe the excellent parallel scaling due to the master/helper
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Figure 4.9. Parallel (strong) scaling of the implementation on the Meggie compute cluster
of the RRZE [58]. The total computation time of the same simulation with Ny = 3000
configuration fields was timed on 1, 2, 4, 8, 16, 32, 64 computing nodes. Each node consists
of 20 processes. Worker size is fixed to 4 processes.

grouping parallelization approach from Section 4.1.3 on up to N, = 1280 processes.
The mesh partitioning approach alone is not sufficient to achieve such a strong
scaling as demonstrated in Section 4.3.1 for the assembling of a mass matrix, which
already suffers a loss of parallel efficiency for N, < 64. Table 4.1 lists a more
detailed summary of the scaling test results. There one can observe the increasing
memory consumption of this parallelization approach, which rises from 4.1 GiB
to 93.0 GiB. The last column lists the average number of BCF per helper worker, i.e.
the factor N¢/(Ny — 1) in (4.12) is reduced from 750 to 9.4.

Table 4.2 considers the same simulation as in Figure 4.9 with Ny = 1500. It
lists the runtimes for varying worker sizes ws. The shortest runtime w.r.t. a fixed
number of processes N, is marked in bold. For fixed N, it is always better to
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nodes N, N Runtime[s] Memory [GiB] N¢/(Ny —1)

1 20 5 23151.50 4.1 750.00
2 40 10 10494.60 5.6 333.33
4 80 20 5530.91 8.6 157.89
8 160 40 2789.97 14.6 76.92
16 320 80 1276.83 25.8 37.97
32 640 160 714.30 47.2 18.87
64 1280 320 395.90 93.0 9.40

Table 4.1. Summary of more detailed results from scaling test in Figure 4.9.

Number of processes N,
W 20 40 80 160 320 640 1280

1 1195890 6127.69 3148.98 1651.46 1000.03 666.09 529.14
2 1277330 6035.31 3392.56 1738.73 880.84 520.24 367.91
4 15957.20 642495 3119.99 1710.69 888.05 481.26 267.42
5 1672730 6721.50 3156.32 1573.00 896.58 477.39 258.26

- 8017.71 4040.52 1627.57 891.06 485.84 25191
10 25364.40 852247 3704.86 1898.11 94231 504.23 283.06

16 - — 394397 1886.06 885.20 461.91 250.19
20 - 1714840 5497.60 2166.19 102894 548.62 297.17
32 - - - 211733 1014.24 49191 25131
40 - - 8073.60 2667.62 1187.56 577.77 302.73
64 - - - - 122756 544.07 268.17

Table 4.2. Runtime [s] of the implementation on the Meggie compute cluster of the
RRZE [58]. The total computation time of the same simulation with Ny = 1500 configuration
fields was timed on 1,2, 4, 8,16, 32, 64 computing nodes with varying worker sizes w;.
Each node consists of 20 processes.

choose a smaller worker size ws. Choosing a too large w; results in longer runtimes.
This effects is especially significant in the first three columns of Table 4.2.

Having obtained such an optimal strong scaling on up to N, = 1280 processes
with our implementation, we are able to run efficiently simulations of the models
discussed in Section 2.

4.4 Remarks on the code

The code is written in C++ in an object oriented fashion and has a length of around
10000 lines. It uses a distributed memory parallelization via the MPI (message-
passing interface) standard. MPI offers suitable routines that help to establish
communication between the processes. For the assembling and solving process
of the linear system of equations from Sections 3.3.1 and 3.4.5, the open-source
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finite-element library MFEM [3, 59] (ver. 4.3) is used. It provides parallelized
versions of iterative solvers such as the Krylov subspace methods MINRES, CG,
and GMRES. The preconditioners are provided by Hypre [27] (ver. 2.18.2). The
meshes are generated with GMSH [29] (ver. 4.9.3) and the partitioning is done
with METIS [48] (ver. 5.1.0).

Running simulations on the HPC cluster at the RRZE [58], which take
longer than 24 hours, required the additional implementation of a custom check-
point/restart feature, as the maximum allowed code runtime is 24 hours. This
can be circumvented by creating checkpoints during the simulation. After 24
hours of runtime are reached and the simulation has to be stopped, it can be
restarted from the last checkpoint and no data is lost. This feature unlocks to
run simulations that take longer than 24 hours. Since most of the data (system
matrices) can be assembled again on the fly without knowledge of the current state
of the simulation, only the unknowns (velocity, pressure, BCFs, etc.) have to be
saved during a checkpoint. This reduces the required disk space of a checkpoint
tremendously.

The Brownian dynamic simulations for the computation of relaxation times in
Section 3.4.3 and generation of initial equilibrium configurations for the chains,
as described in Section 3.4.1, were done in Matlab [44] (ver. 2020a Update 4) on a
personal computer with two Intel Xeon E5-2680v4 (14 x 2.4GHz) and 128 GB of
RAM.

107






5 Simulations

5 Simulations

In the following sections, we present and discuss the simulation results of the
Navier-Stokes equations coupled to the bead-spring dumbbell or bead-rod chain
model from Sections 2.1 and 2.2. This is done in various 2D flow scenarios
across Sections 5.1 to 5.3. The model that is obtained by coupling the Navier—
Stokes equations (1.43) with the Hookean dumbbell model (cf. Section 2.1) is
abbreviated with (NS-Hookean), (NS-FENE) for FENE dumbbells, and (NS-BR)
for the bead-rod chain model (cf. Section 2.2).

The flow around a cylinder and 4:1 planar contraction flow are typical
benchmark scenarios to test the stability and accuracy of discretizations of a
viscoelastic fluid model (cf. overview paper [1]). In this thesis, it its the first time
that a discretization of (NS-BR) and resulting simulations are presented. Thus,
there are no other meaningful simulation results in the literature at this point for
quantitative comparisons. However, we can do qualitative comparisons between
(NS-BR) and (NS-Hookean)/(NS-FENE) and observe their different behaviors in
various scenarios.

Section 5.1 considers a start-up shear flow scenario, where we compare (NS-
Hookean) solutions to the macroscopic Oldroyd-B (NS-OB) model solutions to
verify our implementation as these two models are formally equivalent. Further
(NS-Hookean) and (NS-FENE) simulations are done to demonstrate characteristic
viscoelastic fluid properties (velocity overshoot). Additionally, different bead-
rod chain parameters studies are done to observe the effect on the solutions.
In Section 5.2, we consider the more challenging flow around a cylinder benchmark
scenario. There, parameter studies for the (NS-BR) model are done to observe
the influence on the stresses/velocity near the cylinder and the drag coefficient.
Additional (NS-Hookean) simulations demonstrate qualitative similarities to the
(NS-BR) model. Section 5.3 considers a realistic flow scenario through a planar 4:1
contraction and compares (NS-BR) solutions with varying numbers of beads to
observations from experiments in the literature.

5.1 Start up shear flow

In this section, we consider the (NS-Hookean), (NS-FENE), and (NS-BR)-models in
a start-up shear flow scenario. This scenario is characterized by considering a 2D
channel Q = (0,L*) x (0,1) c R? of height 1 and length L* > 0 with homogeneous
Dirichlet boundary conditions (1.36) on the bottom [0, L*] X {0} € dQ, i.e., no fluid
flow, and inhomogeneous Dirichlet BC on the top [0, L*] x {1} € dQ, where the
velocity is prescribed by

(1,0)", y =1,t">0,

(0,0)T, else. G-1)

go(x’, y', 1) = {

At the start of the simulation (t* = 0), we assume the fluid to be at rest and
set the initial velocity to ugp = 0. In Section 5.1.1, the left and right side of

109



5 Simulations

the channel QO are assigned homogeneous Neumann BC (1.37). In the non-
periodic setting, one has to prescribe an additional inflow boundary condition
for the bead-spring dumbbells, which is set to be Q(t) = Q(0) on dQ2~, where
d0Q~ = {x € dQ |u - n < 0} denotes the inflow boundary of dQ2. The Q(0) are
distributed according to (2.69a) or (2.69b). The corresponding inflow boundary
condition for the polymeric stress in the Oldroyd-B model is 7, = 0 on JQ".
Sections 5.1.2 and 5.1.3 apply periodic BC (1.39) on the left and right part of JQ,
such that no additional inflow boundary conditions for the bead-spring dumbbells
and bead-rod chains are necessary. For the choice of finite dimensional ansatz
spaces of the unknowns, see Sections 3.2 and 3.3. Note that the initial bead-
spring dumbbells or bead-rod chains in equilibrium are generated as described
in Sections 3.3.3 and 3.4.1.

In Section 5.1.1, model (NS-Hookean) is compared to the Oldroyd-B model (NS-
OB) from Section 1.4.3. As already mentioned in Section 2, the Hookean dumbbell
model is formally equivalent to the Oldroyd-B model. Thus, we can validate
our own implementation by comparing our (NS-Hookean) model simulation
results with the (NS-OB) simulations, which are done with a different software
(COMSOI [19]).

5.1.1 Comparison the Hookean dumbbell model to the Oldroyd-B model

The macroscopic equivalent of the Hookean dumbbell model is the Oldroyd-B
model as mentioned in Section 2. This fact can be exploited to validate our own
implementation of Brownian configuration field method. Solving the same scenario
with the microscopic Hookean dumbbell model and macroscopic Oldroyd-B model
should yield similar solutions. The solutions do not coincide perfectly due to
the finite number of realizations for the approximation of the polymeric stress
tensor 7. The simulation software COMSOL [19] is used for solving the scenario
with respect to the macroscopic Oldroyd-B model.

Model parameter Discretization parameter Mesh parameter
T 5 At 5.1073 Q (0,6)x(0,1)
€ 8/9 Ny 10000 h 1/32
Re 1 N, 1000 Ny 192
Wi 1 Ny 250 ny 32

(a) (b) (©)

Table 5.1. Model, discretization, and mesh parameters.

Table 5.1 summarizes the model, discretization, and mesh parameters, which
are used for the simulations in Figures 5.1 and 5.2. The mesh consists of n, = 192
square shaped elements in x-direction and n, = 32 in y-direction, which yields
a total of 6144 elements. The resulting mesh size is h = 1/32. The boundary
conditions are mentioned at the beginning of Section 5.1. The length of the
channel Q is set to L* = 6. In each time step of the (NS-Hookean) simulations,
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10002 linear systems of equations have to be solved. Both implementations use the
identical discretization mesh 77,.

velocity Magnitude

—
Figure 5.1. Velocity magnitude at t* = 5 of the Hookean dumbbell solution.

Figure 5.1 visualizes the velocity magnitude of the (NS-Hookean) solution
at t* = 5. Figure 5.2 compares three realizations of the (NS-Hookean) model
with the corresponding solutions of the (NS-OB) model over time at the center of
the domain. One can directly observe the stochastic nature of the (NS-Hookean)
solutions in form of small stochastic noise in the polymeric stress graphs. Note
that the polymeric stress (tp 1),y for the (NS-Hookean) model shows almost pure
noise as the deterministic (NS-OB) solution that is approximated, is close to 0. The
deterministic (NS-OB) stress entry (7p,1,),y is not exactly 0 due to the unnatural
BC choice of homogeneous Neumann BC, homogeneous inflow condition for the
polymeric stress, and inhomogeneous Dirichlet BC for the velocity at the top of JQ.
Unfortunately, the more natural choice of periodic boundary conditions was not
realisable in COMSOL. The velocity graphs match almost perfectly over time.
The (NS-Hookean) graphs of (7} 1)xx and (p 1)y closely follow the deterministic
(NS-OB) solution at the beginning. Over time the graphs drift a bit apart from the
Oldroyd-B solution due to the stochastic nature of the BCF ansatz, which cannot
be avoided as the polymeric stress tensor is approximated with a finite number of
BCFs. From Figure 5.2, we deduce that our implementation of the BCF ansatz is
correct.

This simulation already demonstrates fluid characteristics (cf. velocity over-
shoot in Figure 5.2), where the velocity behaves completely different compared to
Newtonian fluids. A Newtonian fluid would approach its stationary velocity from
below without an overshoot, which is visualized in the next section (cf. Figure 5.3).

5.1.2 Bead-spring dumbbell

In the following, we compare the Hookean dumbbell model and the FENE dumb-
bell model from Section 2.1 with each other in a periodic start up shear flow
scenario. Here, we consider the same setup as in Section 5.1.1 with periodic
boundary conditions on the left and right side of the channel instead of homoge-
neous Neumann BC. The model and discretization parameters are the same as
summarized in Table 5.1. In the case of FENE dumbbells, we have the additional
parameter b, which controls the squared maximum extension of the FENE-spring.
Here, we considered the values b = 5,10, 50. The Hookean dumbbell model is
obtained in the limiting case b = co.
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Figure 5.2. Visualization of the polymeric stress entries and velocity w.r.t. the macroscopic
Oldroyd-B solution and three realizations of the microscopic Hookean dumbbell model at
(3,0.5) over time.

In Figure 5.3, we visualized the Hookean and FENE solutions at the center
of the domain over time. In the velocity plot, a plain Navier-Stokes solution
(e = 0) is additionally visualized. There, one can clearly observe the characteristic
difference between a viscoelastic and Newtonian fluid. As expected, the FENE
graphs approach the Hookean dumbbell graphs for increasing b. The graphs of the
polymeric stress gets noisier for decreasing b. The polymeric stress entries (7 1)xx
and (7p,1)xy get stationary in a shorter time for smaller values of b. Additionally,
one can observe that the stationary value of (7, )xx highly depends on b. Contrary,
the stationary value of (t,,,)xy seems to be almost independent of b.

In the next section, the (NS-BR) model is considered. Figure 5.3 can be used
for qualitative comparisons.
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Figure 5.3. Visualization of Hookean and FENE dumbbell solutions at (3, 0.5) over time
with Ny = 10000. The velocity magnitude plot additionally shows the Navier-Stokes
solution (e = 0).

5.1.3 Bead-rod chains

In the following, a periodic square-shaped domain (Q is considered, i.e., we set the
length of the channel to L* = 1. Figure 5.4 visualizes the boundary conditions and
the discretization mesh 7;,. The mesh consists of 64 X 64 = 4096 square-shaped
elements with mesh width & = 1/64. The simulations consider two studies to
examine the influence of bead-rod chains on the polymeric stress and velocity.

Study 1: Increasing the number of beads In this study, we compare fluids with
varying bead-rod chain lengths, i.e., varying number of beads N and fixed rod-
length a. We additionally assume the friction coefficient £, number density #,
temperature 3, and solvent viscosity 75 to be independent of the number of beads N.
With these assumptions, we can prescribe Wi, €, and Re for a fixed number of
beads and then compute Wi(N), e(N), and Re(N) for varying N accordingly via

Pcuch

S

Re=(1-¢) (5.2)
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(a) (b)

Figure 5.4. Shear flow domain with boundary info (left) and visualization of the mesh
(right) with 4096 elements.

(1.42), (2.103), and (2.96). To obtain (5.2), combine (1.42) and (1.41). See Table 5.2
for the computed parameter values and the required computation times fcomp.
Figure 5.5 visualizes the approach of increasing the chain length by adding beads.

*—0
*——o—0
@ @ @ @

Figure 5.5. Visualization of study 1.

Study 1 model parameter
N Wi € Re tcomp [h:min]

5 57845 0.3249 1.0127 09:49
10 21.4789 0.6650 0.5026 24:39
15 45.0000 0.8179 0.2732 49:11

Table 5.2. Parameters for shear flow study 1 and required computation time fcomp.

Study 2: Successive chain dissection In this study, we start by considering
chains with a fixed rod length 2 and an odd number of beads N. After that, we
cut the chains in half. Doing this doubles the previous number density n and the
number of beads reduces accordingly, as we have now doubled the amount of
physical chains with only half of the previous length. This procedure is repeated
multiple times until single rods are left. Again, we additionally assume the friction
coefficient &, temperature 9, and solvent viscosity 75 to be independent of the
number of beads N. With these assumptions, we are able to compute for prescribed
Wi, €, Re, and given number of beads, the corresponding Wi(N), e(N), and Re(N)
for varying N. See Table 5.3 for the computed parameter values and the required
computation times tcomp. Figure 5.7 visualizes the chain dissection procedure.
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Figure 5.6. Start-up shear flow simulation results of study 1. Data over time at point

(0.5, 0.5).

Figure 5.7. Visualization of the dissection steps in study 2 for N =5to N = 2.
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Study 2 model parameter
N Wi € Re tcomp [h:min]

17 57.8000 0.8727 0.1909 59:29
9 17.4254 0.7921 0.3119 23:23
5 57845 0.6957 0.4565 10:07
3 23014 0.6038 0.5943 04:39
2 11737 0.5334 0.7000 02:16

Table 5.3. Parameters for shear flow study 2 and required computation time ¢comp.

In Figure 5.6 and Figure 5.8, we visualized the simulation results of study 1
and study 2 by plotting the data at the center point (0.5, 0.5) of Q2 over time. For
the evaluation of the polymeric stress tensor 7,, Ny = 2233 configuration fields
were used. This way, each worker Wi, k > 0, has 7 configuration fields. The
simulations are run until 7* = 10 with N, = 4000 time steps. Table 5.4 summarizes
the associated discretization and mesh parameters.

Discretization parameter Mesh parameter
At 2.5-1073 Q (0,1)?
Ny 2233 h 1/64

Ny 1280 Ny 64

Ny 320 ny 64

(a) (b)

Table 5.4. Mesh and discretization parameters of the simulations in Figures 5.6 and 5.8.

In Figure 5.6, one can observe that the maximum of the polymeric shear
stress rises and delays further in time if the number of beads is increased. The
first normal stress difference N1 = (7, 1)xx — (Tp,n)yy behaves similarly, i.e., the
maximum rises and delays in time for bead-rod chains with more beads. The
first normal stress difference is one of the three material functions or viscometric
functions that is used for the characterization of the stress tensor in shear flow [63,
p- 10]. In the case of Newtonian fluids, the first normal stress difference is always
zero in shear flow. Concerning the velocity, the characteristic overshoot over 0.5
is for N = 5 almost not present, which indicates a low impact of short bead-rod
chains on the fluid. For N = 10 and N = 15, the viscoelastic bead-rod chain impact
on the fluid increases, and a velocity overshoot over the 0.5-barrier can be clearly
seen.

In Figure 5.8, dissecting the chains and thus increasing the number density n
leads to a reduction of the maximum polymeric shear stress, and the maximum is
attained faster in time. From N = 17 to N = 9, the maximum is almost the same
and only shifts back in time. The velocity overshoot over the 0.5-barrier reduces if
the chains are dissected into smaller segments and the number density is adjusted
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accordingly.

In Figure 5.9, a discretization parameter study is performed to observe
the sensitivity of mesh resolution and time step size on the solutions at the
point (0.5,0.5). The simulations use the parameters from study 2 w.r.t. N = 3
(cf. Table 5.3). The mesh size h varies now from 272 to 27° and the number of
time steps is 100, 500, 1000, 2000, and 4000. Note that simulations with the same
step size At use the same random number generator seed. This ensures that
the Brownian forces are identical across all considered meshes, enabling a better
comparison.

Increasing the mesh resolution, i.e., reducing /, has only a negligible effect on
the solutions for a fixed time step size At, which indicates a fast mesh convergence.
Note that the velocity is approximated with quadratic Lagrangian elements. For
time step sizes At < 0.01, convergence w.r.t. At can be observed. It can be inferred
from this that the mesh size and time step size used in study 1 and study 2 were
adequately small.
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Figure 5.9. Start-up shear flow simulation results of the (&, At)-study for N = 3, Re = 0.5943,
Wi =2.3014, € = 0.6038, h € {273,274,27°}, and At € {0.1,0.02,0.01,5-1073,2.5 - 1073}.
Data over time at point (0.5, 0.5).
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5.2 Flow around a cylinder scenario

To model the flow around a cylinder, we consider as domain Q2 ¢ R? the top half
of a channel, where at the center a disk is cut out with radius r, cf. Figure 5.10.
The channel has a length of 15r and a height of 2r. The characteristic length scale
is Lo = 0.57 such that the channel length is 30 after non-dimensionalization. The
boundary on the top and on the disk belongs to I'p, where we have a homogeneous
Dirichlet boundary condition (1.36) with up = 0. On the symmetry line I's of the
channel, we prescribe symmetric boundary conditions (1.38). On the right and left
endings of the channel, we have periodic boundary conditions (1.39). To generate

Figure 5.10. Flow around a cylinder domain with boundary condition information and
visualization of the middle part of the mesh. The whole mesh consists of 7888 triangles.
The minimum mesh width is i = 0.0156.

a flow in x-direction, we use an additional constant flow rate condition (1.40) with

flow rate Q > 0 over I lrjlght. The characteristic velocity is U. = Q/(2H), which
leads to a dimensionless flow rate of Q* = Q/(UcL.) = 4. The drag coefficient cq
is a well-suited dimensionless quantity for comparison of the different bead-rod
models as the drag reduction phenomenon of viscoelastic fluids can be observed
with it. We compute the drag coefficient via

—2F, / T[ 1 ( A l
cq = =— e —T+T)—p1 ‘n, (5.3)
puc2 A cylinder ! Re \'P °

where F, denotes the x-component of the drag force over the cylinder wall, A the

cross-sectional area of the cylinder, p the fluid density, and U, the characteristic

velocity. In (5.3), f . denotes the surface integral over the top half cylinder arc
cylinder

as visualized in Figure 5.10. The simulations use the same finite elements as in the
shear flow scenario on triangles instead of squares.
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5.2.1 Bead-spring dumbbells

In the following simulations, we considered the (NS-Hookean) model. Table 5.5
summarizes the model and discretization parameters. Here, the polymeric stress

Model parameter Discretization parameter
T* 15 At 0.015
€ 8/9 Ny 10000
Re 1 Ny 1000
Wi varied Ny 250

(a) (b)

Table 5.5. Model and discretization parameters of the Hookean dumbbell simulations
in Figure 5.11.

entries along the symmetric boundary and over the cylinder wall are compared
with each other for varying Weissenberg numbers Wi. Figure 5.11 visualizes the
polymeric stresses for Wi = 0.6,0.8,1.0,1.1, and 1.3. Note the very steep peaks
on left side of the cylinder for the polymeric stress entry (7} 1),y, which grow for
higher Wi. Fully resolving these peaks requires a very fine mesh resolution near
the cylinder as visualized in Figure 5.10. Figure 5.11 is used in the next section for
quantitative comparisons with the (NS-BR) model.

5.2.2 Bead-rod chains

We consider the two studies from the shear flow scenario Section 5.1.3, i.e.,
increasing the chain length by adding beads with constant number density n
and dissecting chains into smaller chains to increase the number density n. The
parameters for studies 1 and 2 in the case of the flow around a cylinder scenario are
listed in Table 5.7 and Table 5.8. Table 5.6 summarizes the parameters, which are
used for the simulation of study 1 and 2 w.r.t. the flow around a cylinder scenario.
The time step size is set to At = 2.5 - 107, The number of BCFs is set to Ny = 2233,
which are distributed across 319 helper workers. Figure 5.12 and Figure 5.13

Discretization parameter

At 2.5-1073
Ny 2233
N, 1280
Ny 320

Table 5.6. Discretization parameters for the simulations in Figures 5.12 to 5.15.
show several plots: the polymeric stress entries and velocity magnitude along

the symmetry line at y* = 0 and over the top cylinder arc between x* = 13 and
x* = 17, the vertical velocity magnitude profile at x* = 15 (center of the domain)
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Figure 5.11. Visualization of Hookean dumbbell polymeric stresses along the symmetric
boundary and over the cylinder wall at t* = 13.5. The vertical dashed lines denote the start
and end of the cylinder wall at x* = 13 and x* = 17.

between the cylinder (y* = 2) and top wall (y* = 4), and the drag coefficient over
time. The dashed lines indicate the start and end of the cylinder. For comparison
in the velocity and drag coefficient plots, a plain Navier-Stokes solution (¢ = 0)
with the same Re as in the N = 15 case is plotted.

One can clearly see a reduction of the drag coefficient cq between the plain
Navier-Stokes solution and the viscoelastic bead-rod chain solutions. Among the
bead-rod chain solutions, the stationary drag coefficient c4(N) of N beads can be
ordered to cq(5) < ¢4(10) < cq(15) and it holds c4(15)/cq(5) = 1.11 for study 1.
In the case of study 2, a similar behavior of the drag coefficients cq(N) can be
observed with ¢4(9)/c4(2) = 1.06. Both studies showed that increasing the length
of bead-rod chains by adding beads and keeping the number density n fixed
(study 1) or not fixed (study 2), leads to an increase in the drag coefficient.

The vertical velocity profile coincides for all considered N with the Navier—
Stokes solution almost perfectly in both studies. The velocities for N = 5,10, 15
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Study 1 model parameter
N Wi € Re tcomp [h:min]

5 57845 0.3249 1.0127 07:14
10 21.4789 0.6650 0.5026 21:15
15 45.0000 0.8179 0.2732 36:50
- - 0 0.2732 00:15

Table 5.7. Parameters for flow around a cylinder study 1 simulations (cf. Figure 5.12) and
required computation time £comp-

Study 2 model parameter

N Wi € Re  tcomp [h:min]
9 17.4254 0.7921 0.3119 18:47
5 57845 0.6957 0.4565 07:20
3 23014 0.6038 0.5943 03:12
2 1.1737 0.5334 0.7000 01:23

- - 0 0.3119 00:15

Table 5.8. Parameters for flow around a cylinder study 2 simulations (cf. Figure 5.13) and
required computation time fcomp.-

(study 1) on the symmetry line behind the cylinder clearly differ from the plain
Navier-Stokes solution. The velocity of the plain Navier-Stokes solution increases
faster in the wake of the cylinder compared to the bead-rod chain solutions. In the
case of study 2, the velocities on the symmetry line for N = 2, 3, 5 in the wake of the
cylinder are almost identical. For N = 9, the velocity increases slower compared to
N =2,3,5.

Wi € Re teomp [h:min]

4 5 0888 1 8:16
- - 0 1 0:16

Table 5.9. Parameters for flow around a cylinder simulation (cf. Figures 5.14 and 5.15) and
required computation time tcomp-

Additionally, we considered a chain with N = 4, cf. Table 5.9 for the parameters,
and compared it with a plain Navier-Stokes solution (¢ = 0) with the same Re.
In Figure 5.14, the vertical velocity profile at x* = 15 and the velocity along
the symmetry line differs clearly compared to the Navier-Stokes solution. See
also Figure 5.15, which visualizes the velocity streamlines for the plain Navier—
Stokes solution (a) and the bead-rod chain solution (b). In contrast to the plain
Navier-Stokes solution, the bead-rod chain solution has a vortex in the wake of
the cylinder. In Figure 5.15, the dimensionless polymeric shear stress (7p)yy is
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visualized for t* = 0.25 (c), t* = 1.25 (d), and t* = 15 (e).

A qualitative comparison between the bead-rod chain polymeric stress graphs
of Figure 5.12 with the bead-spring graphs from Figure 5.11 yields the following
observations: In the bead-rod chain case for increasing N, there is a growing steep
peak in the (7, 1)yy-plot near the left front of the cylinder wall. A similar peak
arises for bead-spring dumbbells. However, the second peak in bead-rod chain
case is significantly smaller compared to its first peak height. In the bead-spring
dumbbell case, the height of the second peak tends to be larger compared to the
height of the first peak. The behavior of the (7,,,)x,-graphs are similar for both
models in the corresponding figures. Taking a look at the (7, )xx-plots in both
tigures reveals two peaks for each graph. In the bead-rod chain case, the taller
peak is always in the back of the cylinder. Contrarily, for bead-spring dumbbells,
the peak is higher on the cylinder.
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Figure 5.12. Flow around a cylinder simulation results of study 1. Data at t/T. = 5. The
dashed lines indicate the start and end of the cylinder.
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Figure 5.13. Flow around a cylinder simulation results of study 2. Data at t/T. = 5. The
dashed lines indicate the start and end of the cylinder.
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2.8e+00

velocity Magnitude

0.0e+00

2.8e+00

velocity Magnitude

polymeric stress (1, 0)

Time: 0.250000

polymeric stress (1,0)

Time: 1.250000

polymeric stress (1, 0)

Time: 15.000000

Figure 5.15. Velocity streamlines near the cylinder at ¢ /T. = 15 for plain Navier-Stokes (a)
and N = 4 bead-rod chain (b). Plots (c)-(e) visualize the polymeric shear stress at various
time points. See Table 5.9 for the parameters.
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5.3 Flow through planar contraction

In the following section, we simulate the fluid flow through a 4:1 planar contraction
as visualized in Figure 5.16. Such flow scenarios are present in lab on a chip
systems, where understanding flow conditions and parameters is crucial to
support the optimal functionality of such systems. In [36], measurements of DNA
solutions through a planar contraction are made to quantify the kinematics of
such flows. In [25, 26], flow characteristics of aqueous solutions of polyacrylamide
through abrupt changing geometries are examined. In their experiments, they
considered different contraction ratios and corner geometries and observed vortex
enhancements in the corner of the contraction similar to Figure 5.16, where the
corner vortices completely stretch to the reentrant corners of the contraction.
In [64], attempts are made to reproduce observations from [25, 26] with the FENE-P

(a) Full domain.

Velocity Magnitude
0.5 1 1.5

— —

(b) Corner vortices that are stretched to the reentrant corner.

Figure 5.16. Visualization of a 4:1 planar contraction flow of the stationary viscoelastic
FENE-P model in COMSOL [19].

model [14], which is a macroscopic closure approximation of the FENE bead-spring
dumbbell model from Section 2.1.

Analog to [64], we reproduce a scenario from [26] with the bead-rod chain
model. The simulations consider bead-rod chains with N = 5,10, 15 beads. In
the experiment, they considered an aqueous solution of polyacrylamide. We use
the same realistic fluid parameters of a 0.25% polyacrylamide solutions as done
in [26, 64], see Table 5.10b for the corresponding dimensionless numbers. Note
that the dimensionless numbers in Table 5.10b correspond to Figure 11B in [64]
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with a planar flowrate of 149.8 mm?s™!.

At first, we describe the periodic 4:1 planar contraction geometry, which is
used as domain in the simulations. Figure 5.17 visualizes the lower symmetric half
of the 4:1 planar contraction with the corresponding boundaries. On the top, we
have a symmetric boundary condition (1.38). The left and right side are periodic
with BC (1.39) and constant flowrate condition (1.40) with planar flowrate Q > 0.
At the remaining boundaries, a Homogeneous Dirichlet BC (1.36) is applied. Half
of the height of the contraction (downstream channel) is denoted by H;, which
fully determines the domain (cf. Figure 5.17). The characteristic length and velocity
are given by L. := Hy and U. = Q/H,, which leads to a dimensionless flow rate
of Q" = Q/(U.L;) = 1. The discretization mesh consists of 11904 triangles with
a minimum mesh size of & = 0.0768. The mesh has a finer resolution near the
contraction (cf. Figure 5.18).

: lef Hd : FS h
| eft , right
A I'p "
S
T O Y
< ! 20H, I r 20H,
I 40H, I

Figure 5.17. Visualization of the lower half of the periodic 4:1 planar contraction geometry,
which is used for the simulations in Figure 5.19.

Figure 5.18. Visualization of the mesh near the reentrant corner of the contraction. The
whole mesh consists of 11904 elements and the minimum mesh size is h = 0.0768.

Figure 5.19 visualizes the stationary velocity magnitude and streamlines near
the contraction of the fluid domain for N = 5,10, 15. One can clearly see that the
vortex size increases for increasing N. However, the vortices in the experiment
are more stretched towards the reentrant corner (similar to Figure 5.16). From
the observed behavior in Figure 5.19, it might be the case that the number of
beads is not high enough to fully capture the viscoelastic fluid characteristics. The
computation time tcomp for the simulation with N = 15 beads is already almost 26
days (cf. Table 5.10b). Note that in each time step for N = 15, already a total of
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64759 linear and 2233 nonlinear system of equations have to be solved (cf. Table 3.8).
Simulations with a significant higher number of beads N cannot be realized with
the current available computational resources at the moment. In Figure 5.19, the
simulations are run until the velocity is stationary and the corner vortex does not

change its size anymore.

Discretization parameter N Wi € Re teomp [d:himin]
At 5.107% 5 4.6 0.9286 1.073 05:02:07
Ny 2233 10 4.6 0.9286 1.073 13:12:56
N, 1280 15 4.6 0.9286 1.073 25:17:18
Ny 320 - - 0 1.073 00:00:18

(a)

(b)

Table 5.10. Discretization and model parameters of the simulations in Figure 5.19.
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(d) Navier-Stokes solution (Re = 1.073).

Figure 5.19. Visualization of stationary velocity magnitude and velocity streamlines near
the contraction. See Table 5.10 for the model parameters.
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6 Conclusion

In this thesis, we considered two microscopic approaches from the kinetic theory to
model non-Newtonian dilute polymeric fluids: the coarse grained approximation
of polymer molecules with bead-spring (BS) dumbbells and the more complex
finer grained approximation with bead-rod (BR) chains (Kramers chain). The
additional coupling of these microscopic models to the macroscopic Navier-Stokes
equations over an additional stress tensor yields the micro-macro models, which
are in the following denoted by (NS-BS) and (NS-BR). The coupled models enabled
the consideration of flow scenarios on complex structured domains. This thesis
considered challenging benchmark scenarios, such as the start-up shear flow, the
flow around a cylinder, and 4:1 contraction flow. In the latter, resulting corner
vortices were quantitatively compared to observations from experiments in the
literature with physical meaningful parameters. Model (NS-BS) was already
simulated multiple times in the literature and is used in this thesis for verification
purposes and for qualitative comparison to the (NS-BR) model. Up to this point,
the (NS-BR) model was never considered in the literature. With this thesis, we
closed this research gap by presenting novel simulation results of the (NS-BR)
model.

In order to perform such challenging simulations of the (NS-BR) model, the
consideration of multiple aspects w.r.t. modeling, discretization, and implementa-
tion were necessary. Starting at the non-dimensionalization of the (NS-BR) model,
additional work had to be done to get correct values for the number beads depen-
dent longest relaxation times, which were computed and verified by additional
simulations in Matlab with own parallelized and fully vectorized code.

The discretization of (NS-BS) and (NS-BR) uses finite elements combined with
the computational challenging Brownian configuration field (BCF) method, which
is the only feasible choice for the bead-rod chain model due to the high number of
internal degrees of freedom (DOF). Additionally, Liu’s algorithm for the temporal
discretization of the bead-rod chains had to be adapted into the finite element and
BCF setting with extra work on the preservation of the rod length constraints in
each DOF over time. In the case of the (NS-BR) model, the computation of the
extra stress tensor required an extra noise filtering technique, which also had to be
adapted into the finite element and BCF setting.

The use of efficient C++ code with distributed memory parallelization was
mandatory for the large scale simulations of the (NS-BS) and (NS-BR) model.
An additional custom master/helper parallelization for the distribution of the
BCFs among the processes was crucial. Through this, a speedup of up to 64 on
1280 processes was achieved. The longest simulation in this thesis took 25 days.
Without master/helper parallelization, the same simulation would have taken
over 4 years, which emphasizes the significance of this parallelization approach.
To run simulations that are longer than 24 hours on the computation cluster, a
checkpoint/restart functionality had to be included into the code. The use of
iterative solvers instead of direct ones, required extra work as special care had
to be taken on preconditioning. The use of special boundary conditions (BC),
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e.g, periodic BC with constant flowrate condition, required extra work, as it is
not well documented in the literature on how these BC need to be treated from
a numerical point of view. Additionally, well-posedness of the stationary Stokes
problem w.r.t. to these BC was proven. The implementation of the numerical
scheme was verified by comparing (NS-BS) results to an equivalent macroscopic
model, which was already implemented in COMSOL.

After the above mentioned aspects were solved, we were able to run simulations
of the (NS-BR) model with up to 17 beads. Note that in each time step of the
simulation with 17 beads, over 73000 linear and 2200 nonlinear system of equations
had to be solved, which again underlines the significance of the master/helper
parallelization to handle such numbers.

As a next step, a more elaborate discretization for the Navier-Stokes equations
could be utilized with adaptive mesh refinement, to consider scenarios with higher
Reynolds numbers. Additionally, it could be examined if the computation of
the tensions can be improved by considering a different approach to solve the
corresponding nonlinear system of equations.
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List of symbols

List of symbols

General

o(x)
0ij

TS U O T T S B

Dirac delta

Kronecker delta

Spatial dimension

Unit vector in x-direction
Identity matrix

Length of domain in flow direction
Normal vector

Flow domain

Boundary of Q2
Tangential vector
Coordinate in Q2

Differential operators

o

di
Vu
\
Vu
D(u)
V-u
u-Vu
Au
Au
Aq

v
T

Partial time derivative

Partial derivative in x;-directioni =1, ...,d
Gradient Vu = (d1u,...,d;u)  foru: Q — R
Gradient w.r.t. variable r;

Gradient (Vu);j == dju;,i,j=1,...,dforu:Q — R
D(u) := 3(Vu+(Vu)'), symmetrized gradient foru : Q — RY
Divergence of u: V- u = Z?zl diu; foru : Q — R?
(u-Vu); = Z?:l uidiuj, i=1,...,d,foru:Q — R4
Au =V -(Vu), Laplacianof u foru : Q — R

(Au); =Au;,i=1,...,d, foru: Q — R?

Laplacian w.r.t. variable Q

= oy T+u-VT—(Vu)' 7—1Vu, upper convected time derivative
of 7: Q — R and velocity u

Boundary conditions

left pright
I P I P

=
o™y s

Dirichlet boundary
Neumann boundary
Symmetric boundary

Left and right periodic boundary

Dirichlet boundary condition data

Neumann boundary condition data
Lagrangian multiplier for constant flowrate BC
Constant flowrate across periodic boundary
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List of symbols

Modeling

Fluid density

Fluid velocity

Fluid pressure

Stress tensor

Deviatoric stress tensor

Solvent stress tensor (T = s + Tp)
Polymeric stress tensor (7 = 75 + Tp)
Viscosity

Solvent viscosity

Polymeric viscosity

Time

Time interval (0, T)

Shear rate

Strain rate

Relaxation time

Time constants

Boltzmann constant

Fluid temperature

Friction coefficient

Polymer number density
Deformation modulus
Deformations

Spring and dashpod forces
Number of beads

Position vector of ith bead

= N71 3N, r;, center of mass

‘= r; — 1, position vector of ith bead relative to center of mass
Fluid velocity at 7.

= 1, — r1, dumbbell connector vector
= 1j41 — 1, connector vector of ith rod
Hydrodynamic drag force at 7;
Brownian force at r;

Spring force at r;

Constraint force at 7;

Wiener process

Spring potential

Hookean spring constant
Maximum spring extension

Rod length

Bead-spring dumbbell Hamiltonian
Bead-spring dumbbell Lagrangian
Conjugate generalized momentum w.r.t. 7.
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List of symbols

P
T;

Distributions

feq
Yeq
Peq
Hookean
EENE
N(0, At)

Conjugate generalized momentum w.r.t. Q
Tension w.r.t. ith bead

Single-molecule-phase-space distribution function
Configurational distribution function

Probability density function

Hookean dumbbell probability density function
FENE dumbbell probability density function
Normal distribution with mean 0 and variance At

Characteristic units

Macroscopic characteristic length
Microscopic characteristic length
Macroscopic characteristic time
Microscopic characteristic time
Characteristic velocity
Characteristic pressure
Characteristic polymeric stress
Characteristic force

Dimensionless numbers

Re

Reynolds number

Weissenberg number

Peclet number

Polymeric viscosity ratio

Squared maximum spring extension QS/ 12

Dimensionless longest relaxation time of N bead-rod chain

Real numbers

Natural numbers

Velocity space

Pressure space

Stress space

Continuous functions from Q to R
Lebesgue space
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List of symbols

L3(Q)
HY(Q)
L(X,Y)
ker A
Qk

S(Np)

t(Np)

Lebesgue space {v € L2(Q) | /Q v =0}

Sobolev space

Vector space of bounded linear operators from X to Y
Kernel of linear operator A

Vector space of polynomials in the variables x1,..., x4 of
partial degree at most k

Vector space of polynomials in the variables x1,..., x4 of
global degree at most k

Vector space of polynomials in the variable x € R of global
degree at most k

Bead spring dumbbell configuration space

Hookean dumbbell configuration space R?

FENE dumbbell configuration space {Q € R?||Q| < Qo}
Bead rod configuration space {Q € R?||Q| = a}

Time step size

Characteristic mesh size

Number of Brownian configuration fields

Finite dimensional velocity ansatz space

Finite dimensional pressure ansatz space

Finite dimensional stress ansatz space

Finite dimensional connector-vector Q ansatz space
Finite dimensional tension ansatz space

Regular family of non-overlapping partitions of (2 in quadri-
laterals/triangles

Quadrilaterals or triangles K € 7,

Number of workers

Worker size

Number of processes

Local rank

Global rank

Speedup with N, processes

Parallel efficiency with N, processes
Code runtime with N, processes
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