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Introduction

Since the discovery of the Integer Quantum Hall effect and its subsequent expla-
nation in terms of the Chern number of a vector bundle [129] there has been a
tremendous mathematical interest in topological phases of matter. In such phases
topological quantum numbers give rise to unconventional macroscopic behavior
such as quantized transport coefficients or protected states at boundaries and
interfaces. Some of these boundary states are of particular interest since they
may host exotic quantum states that cannot occur in the bulk of a material. The
existence these boundary states and their stability under disorder can be enforced
by non-vanishing topological invariants in the bulk via a general principle of bulk-
boundary correspondence, which has been established rigorously for large classes
of lightly disordered and aperiodic topological insulators [103][79][53][29][27].
For these systems the existence of a gap in the spectrum allows the use of powerful
mathematical tools from K-theory and non-commutative geometry. The situation
is very different for materials in which the disorder is so strong that the spectral
gap is closed in the bulk and replaced by a so-called mobility gap. There are only
few rigorous results available for the bulk-boundary correspondence of strongly
disordered topologically insulators [51][60][119][109][111]. In the recent work [111]
we found that besides the strongly disordered insulators there is another class
of gapless materials which can carry non-trivial bulk invariants: Topological
semimetals, which have in their spectrum some energy value at which the density
of states vanishes exactly; we then say that there is a pseudogap at that energy.
The best-known examples are Dirac- and Weyl-semimetals in which the valence
and conductance bands touch linearly in isolated points, i.e. the low energy
excitations can be described by the Dirac/Weyl-Hamiltonian [11]

H=6- 3,

but there are also other possibilities such as nodal-line-semimetals, where the
bands touch along a line in momentum space. While such band touching points
occur generically in some systems, they are much less stable than spectral gaps.
Nevertheless, topological semimetals do exhibit interesting surface states such as
the flatband states of chiral graphene or the Fermi-arc states of Weyl-semimetals.
However, the well-definedness of disordered topological semimetals as a phase of
matter and the robustness of their surface states is questionable (see [131]).

This thesis extends an operator-algebraic framework developed for topological
quantum systems [100][102][103] to derive index theorems for mobility-gapped
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and pseudogapped models and results on bulk-boundary correspondence for low-
dimensional topological invariants. This thesis can be seen as the continuation
of a program started with the recent monograph [111] which derived part of the
present results for tight-binding models. In contrast with [111] we consider here
a more general setup that also encompasses continuous models of topological
phases. This leads to new complications which come from the consideration of
unbounded Hamiltonians and the fact that it sometimes does not make sense to
associate bulk topological invariants to a single system, but that one must instead
choose a reference system for comparison. Accordingly, there are also some new
results for the bulk-boundary correspondence of models with a spectral gap in
the bulk models and a more general definition for bulk topological invariants to
accommodate the more varied phenomenology allowed by continuous models
compared to tight-binding models.

We now summarize the individual chapters:

» Chapter 1 covers some preliminary material, much of which is well-known
but there are also some substantial new technical results. A major theme
of this work are C*- or W*-algebras which carry an abelian n-parameter
group action and an invariant trace. Therefore we recall basic facts on
C*- and W*-dynamical systems as well as their associated crossed product
algebras. We then turn to a more analytic side and discuss the interplay
of group actions with non-commutative LP-spaces, in particular different
notions of differentiability and non-commutative analogues of Sobolev
and Besov spaces following [111]. This part is followed by a discussion
of differentiable operators on Hilbert modules, which is not only review
but contains some essentially new material. In particular we study a new
notion of smoothness for unbounded self-adjoint operators on a Hilbert
module which is strong enough to prove that the bounded transform maps
unbounded smooth operators into strictly smooth operators. Finally we
recall some basic notions of K-theory, explain how K-theory classes can
be represented by pairs of elements in the stable multiplier algebra and
describe the numerical pairings of K-theory with cyclic cohomology.

= Chapter 2 treats semifinite index theorems for abelian n-parameter group
actions as higher-dimensional non-commutative analogues of the Gohberg-
Krein theorem based on [111]. The goal is to write a geometric invariant,
namely the non-commutative Chern number of a projection or unitary in
some algebra as the index of a related operator in a semifinite von Neumann
algebra. The chapter begins with a more detailed treatment of crossed
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products with respect to n-parameter group actions and explains how they
can be used to perform analysis on covariant representations, i.e. when the
group action is given by conjugation with a spatially represented group of
unitaries. Then we briefly recall the criteria for quantum differentiability
in terms of Sobolev- and Besov spaces derived in [111] and explain how
those imply the index theorems for symbols which have a certain kind of
Sobolev/Besov-regularity. This is followed by some essentially new material
which shows how to write down semifinite index theorems for the pairings
with K-theory elements in the multiplier picture.

Chapter 3 reintroduces the smooth Toeplitz extension, which is an exact
sequence associated to any C*-algebra with a strongly continuous one-
parameter group action. We recall material from [111] where it was identified
as an abstract version of the bulk-boundary exact sequences that are used in
solid state physics and its connecting maps in K-theory described concretely
in terms of the Connes-Thom isomorphisms. In particular, fora C*-algebra
with an additional n-parameter group action and an associated trace one has
natural pairings with Chern cocycles which are dual w.r.t. the connecting
maps. The final section introduces a new exact sequence to be used for
bulk-interface correspondence in the applications and whose connecting
maps are described in terms of the smooth Toeplitz extension. We then
look at the related issue of how to efficiently compute the pairing of a Chern
cocycle with a K-theory class given in the multiplier picture and derive a
simple formula for an important special case.

Chapter 4 begins the main part of this thesis. It introduces an abstract
operator-algebraic setting for solid state physics based on observable alge-
bras which are tracial dynamical systems consisting of C*-algebras .4 with a
R%-action and an invariant trace. In a physical representation, the action is
generated by exponentiation of d commuting position operators and the
trace is an averaged trace per unit volume. The goal of the chapter is to
assign topological invariants to Hamiltonians, i.e. self-adjoint multipliers
of an observable algebra, either as elements of a K-group K;(.A) or purely
numerical as an index pairing of the type described in Chapter 2. Those
topological invariants fall into two categories: gapped invariants which we
associate to Hamiltonians with a spectral gap or gapless invariants which
obstruct the formation of such gap. The definition of gapped invariants
for general multipliers is not always possible, or at least not sensible, for
the simple reason that spectral projections of multipliers do not always
define classes in K;(A) on their own. We handle this with a formalism of
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reference Hamiltonians where the gapped invariants are defined only for
pairs of Hamiltonians with a common spectral gap as the formal difference
of their Fermi projections. Conditions are also discussed under which the
dependence on a reference Hamiltonian can be eliminated. From [111] we
further know that the gapped invariants in tight-bindings models are still
well-defined and admit semifinite index theorem if there is no spectral
gap but only a mobility gap or pseudogap. This result is generalized to
the present setting for Hamiltonians that are perturbations of a spectrally
gapped reference Hamiltonian. Finally we discuss gapless invariants and
their basic properties. It is recalled how to associate a class in K;(A) to
an A-multiplier which is invertible modulo the ideal .A and defines Chern
numbers of that class as numerical invariants. It is shown that non-triviality
of any of those Chern numbers not only obstructs the existence of a spectral
gap, but also of a mobility or pseudogap. This generalizes recent results that
the non-triviality of edge Chern numbers prohibits dynamical localization
at the surface of a topological insulators [103, 29, 111].

Chapter 5 discusses the algebraic approach to bulk-boundary and bulk-
interface correspondence of topological insulators based on the connecting
maps in K-theory. The stated goal is to relate the gapless topological invari-
ants of a Hamiltonian on a system with boundary to the gapped invariants
of a bulk Hamiltonian with a spectral gap. It is clarified that the bulk-
boundary correspondence must be modified if the bulk Hamiltonian is only
a multiplier of the bulk algebra, in particular there can in general only be
a relative bulk-boundary correspondence which compares the boundary
invariants of one Hamiltonian to those of a reference Hamiltonian. But
even such a relative bulk-boundary correspondence does not always hold.
As recent examples from continuum models show [125][59], the boundary
modes can depend heavily on the choice of boundary condition, i.e. self-
adjoint extension of the boundary Hamiltonian, and not all of them fit
together with K-theoretic approach. A distinguished family of self-adjoint
extensions of halfspace Hamiltonians is introduced, the so-called resolvent-
affiliated extensions, for which a relative bulk-boundary correspondence can
be formulated and is stable. After some examples we discuss bulk-interface
correspondence based on an exact sequence introduced in Chapter 3.

Chapter 6 finally discusses bulk-boundary correspondence in special cases
where the bulk Hamiltonian does not have a spectral gap but only a mobility
or pseudogap. The first part on flat bands of surface states shows a relation
between the existence of zero-modes of a chiral Hamiltonian on a halfspace
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with a non-commutative winding number of its corresponding bulk Hamil-
tonian. It generalizes one of the main results of [111] (which in turn was an
improvement of the results of my master thesis [118]) from tight-binding
models to certain unbounded Hamiltonians. The second part proves a
regularized bulk-interface correspondence which relates differences of bulk
two-dimensional Chern numbers across an interface to currents perpen-
dicular to said interface. The main line of the argument follows [51] which
performed that analysis for two-dimensional tight-binding Hamiltonians.
We will use very similar regularizations adapted for compatibility with our
algebraic setting and to allow unbounded Hamiltonians as well as a pseu-
dogaps instead of a mobility gap. The final part of the chapter discusses
examples, in particular a class of continuum models is exhibited which
satisfies some of the more difficult to check conditions of the main results.
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Zusammenfassung

In dieser Dissertation wird der Operator-algebraische Ansatz zur Beschreibung
von topologischen Quantensystemen aus [100][102][103] weiterentwickelt, in die-
sem Rahmen werden Indextheoreme fiir Modelle mit Mobilitatsliicken und Pseu-
dobandliicken diskutiert ebenso wie Ansatze fiir die Rumpf-Rand-Korrespondenz
von niedrig-dimensionalen topologischen Invarianten. Die vorliegende Arbeit
kann man verstehen als Fortsetzung von einem Programm, das in der Monogra-
phie [111] begonnen wurde und welche viele der hiesigen Resultate im Rahmen
spezieller Tight-Binding-Modelle beweist. Im Gegensatz zu [111] beschaftigen wir
uns hier nicht nur mit Tight-Binding-Modellen, sondern sind allgemeiner und dis-
kutieren viele der Besonderheiten von kontinuierlichen Modellen topologischer
Phasen. Wesentliche Komplikationen dabei sind, dass solche Kontinuumsmo-
delle durch unbeschrankte Hamilton-Operatoren beschrieben werden und dass
es manchmal nicht sinnvoll ist, einzelnen Systemen topologische Invarianten
zuzuweisen, im Allgemeinen muss man wenigstens ein weiteres System als Be-
zugspunkt wahlen. Diese Komplikationen wirken sich auch schon auf die Rump-
Rand-Korrespondenz fiir topologische Isolatoren mit spektraler Bandliicke, fiir
welche wir daher ebenfalls wesentlich neue Resultate beweisen.

Es folgt ein Uberblick iiber die einzelnen Kapitel:

= Kapitel 1 behandelt allgemeinere Themen, von denen die meisten wohlbe-
kannt sind, aber es gibt auch ein paar wesentlich neue technische Resultate.
Eine tibergeordnete Thematik dieses Werkes sind C*- und W *-Algebren auf
denen abelsche n-Parametergruppe wirken und die mit einer invarianten
Spur ausgestattet sind. Daher wiederholen wir einige Grundlagen zu C*- und
W*-dynamischer Systemen sowie deren gekreuzten Produkten. Dann wen-
den wir uns eher analytischeren Themen zu, wie dem Zusammenspiel von
Gruppenwirkungen und nichtkommutativen LP-Riumen. Es werden unter-
schiedliche Differenzierbarkeitsbegriffe diskutiert und darauf aufbauend
Sobolev- und Besov-Rdaume. Darauf folgt eine Betrachtung differenzierbarer
Operatoren auf einem Hilbertmodul, die einen neuen Glattheitsbegriff fiir
unbeschrankte Operatoren einfiihrt, der stark genug ist um die Glattheit
der beschrankten Transformation ebensolcher sicherzustellen. Schliefilich
erinnern wir an Grundlagen der K-Theorie, erkldren wie K-Theorie-Klassen
durch Paare von Elementen in der stabilen Multiplikatoralgebra dargestellt
werden konnen und beschreiben die Paarung von K-Theorie mit zyklischer
Kohomologie.
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» Kapitel 2 behandelt semifinite Indextheoreme fiir Wirkungen abelscher
n-Parametergruppen als hoherdimensionale nichtkommutative Analoga
des Satzes von Gohberg-Krein und basiert grofitenteils auf [111]. Das Ziel
ist es eine geometrische Invariante, die nichtkommutative Chernzahl, ei-
ner Projektion oder einer Unitdren in einer Algebra als den Index eines
entsprechenden Operators in einer semifiniten von-Neumann-Algebra zu
schreiben. Das Kapitel beginnt mit einer detaillierteren Beschreibung der
gekreuzten Produkte beziiglich n-Parametergruppen und erklart wie man
diese verwenden kann zur Analyse von kovarianten Darstellungen. Dann
wiederholen wir kurz die Sobolev- und Besov-Kriterien fiir Quantendifferen-
zierbarkeit, die in [111] bewiesen wurden, und erkldren wie diese Indextheo-
reme fiir Symbolklassen mit ausreichender Regularitat implizieren. Den
Abschluss bildet ein Abschnitt mit neuem Material welches zeigt, wie man
semfinite Indexpaarungen fiir K-Theorie Klassen schreiben kann, wenn fiir
diese nur Reprasentanten im Multiplikatorbild vorliegen.

» Kapitel 3 beginnt mit einer erneuten Betrachtung der glatten Toeplitzer-
weiterungen, die man aus jeder C*-Algebra mit einer stark stetigen Einpara-
matergruppenwirkung konstruieren kann. Es wird erinnert an Material aus
[111], wo diese als abstrakte Version der Rumpf-Rand exakten Sequenzen
aus den Anwendungen in der Festkorperphysik identifiziert wurden, insbe-
sondere an die Verbindungsabbildungen in K-Theorie, welche eng mit den
Connes-Thom-Isomorphismen zusammenhdngen und dual sind beziiglich
der Paarungen mit Chernkozykeln. Der letzte Abschnitt motiviert eine neue
exakte Sequenz fiir Rumpf-Grenzflachen-Korrespondenz welche in den
spateren Anwendungen benutzt wird. Es wird auch darauf eingegangen,
wie man die Paarung eines Chernkozykel mit einer K-Theorie Klasse im
Multiplikatorbild effizient berechnen kann.

= Kapitel 4 beginnt den Hauptteil dieser Arbeit. Es fiihrt einen abstrakten
Operator-algebraischen Rahmen ein basierend auf Observablenalgebren
A, die mit einer R4-Wirkung und einer invarianten Spur ausgestattet sind.
In physikalischen Darstellungen wird die Wirkung erzeugt durch d kom-
mutierende Ortsoperatoren und die Spur entspricht einer gemittelten Spur
pro Volumen. Das Ziel ist es, Hamiltonoperatoren, d.h. selbstadjungierten
Multiplikatoren von A, topologische Invarianten zuzuordnen, entweder als
Elemente einer K-Gruppe K;(.A) oder als rein numerische Invarianten als
Indexpaarung wie in Kapitel 2. Diese topologischen Invarianten fallen in
zwei Kategorien: Invarianten von Systemen mit Bandliicke und liickenlose
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Invarianten, welche gerade die Formation einer solchen Bandliicke verhin-
dern. Im Fall mit Bandliicke ist es nicht immer moglich, oder zumindest
nicht sinnvoll, einem allgemeinen Multiplikator Invarianten zuzuordnen,
einfach weil die Spektralprojektionen eines solchen nicht immer Klassen
in Ky(A) definieren. Dies wird umgangen durch einen Formalismus von
Referenz-Hamiltonians, bei dem Invarianten nur definiert sind fiir Paare
von Hamiltonians mit gemeinsamer Bandliicke als formale Differenz ihrer
Fermi-Projektionen. Es werden auch Bedingungen diskutiert, in denen
man auf einen solchen Referenz-Hamiltonian verzichten kann. Aus [11]
wissen wir bereits, dass die Invarianten in Tight-Binding-Modellen immer
noch wohldefiniert sind und semifinite Indextheoreme erlauben, wenn
man keine spektrale Bandliicke hat, sondern nur eine Mobilitatsliicke oder
eine Pseudobandliicke. Dieses Resultat wird fiir die vorliegende Situation
verallgemeinert fiir Hamiltonians, die geeignete Storungen eines Referenz-
Hamiltonians mit echter Bandliicke sind. Dann werden liickenlose Invarian-
ten diskutiert. Es wird wiederholt, wie man einem .A-Multiplikator welcher
invertierbar ist modulo A eine Klasse in K;(A) zuweist und definieren wie-
der Chernzahlen als numerische Invarianten. Es wird dann bewiesen, dass
nicht-triviale liickenlose Chernzahlen nicht nur Bildung einer spektralen
Liicke, sondern ebenso einer Mobiltdts- oder Pseudobandliicke verhindern.
Dies verallgemeinert neuere Resultate, wonach die Nicht-Trivialitdt von
Rand-Chernzahlen dynamische Lokalisierung von Randzustanden verbie-
tet.

Kapitel 5 widmet sich dem algebraischen Ansatz zur Rumpf-Rand- und
Rumpf-Grenzflichen-Korrespondenz von topologischen Isolatoren aufbau-
end auf den verbindenden Abbildungen der K-Theorie. Das erklarte Ziel ist
es, die liickenlosen Invarianten eines Hamiltonian fiir ein System mit Rand
in Verbindung zu setzten mit denen des asymptotischen Rumpfsystems mit
Bandliicke. Es wird klargestellt, dass die Rumpf-Rand-Korrespondenz im
Allgemeinen angepasst werden muss: Wenn der Rumpf-Hamiltonian nur
ein Multiplikator der Rumpf-Algebra ist, kann man oft nur eine relative Kor-
respondenz formulieren, bei der je zwei Systeme mit Rand und im Rumpf
verglichen werden. Aber auch solche relativen Resultate decken die ganze
Phdanomenologie nicht ab: Wie kiirzliche Beispiele von Kontinuumsmodel-
len zeigen [125][59], hingen die auftretenden Randzustande stark von den
Randbedingengen ab, d.h. von der Wahl der selbstadjungierten Erweite-
rung eines Halbraum-Hamiltonian, und nicht fiir alle Wahlen ist K-Theorie
anwendbar. Es wird eine Familie von selbstadjungierten Erweiterungen
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charakterisiert, die so-genannten Resolventen-affiliierten Multiplikatoren,
fiir welche eine relative Rumpf-Rand-Korrespondenz formuliert werden
kann und stabil ist. Nach einigen Beispielen wird auch kurz eine Rumpf-
Grenzflichen-Korrespondenz diskutiert, basierend auf der exakten Sequenz
aus Kapitel 3.

Kapitel 6 diskutiert schliefflich Rumpf-Rand-Korrespondenz in Spezialfal-
len in denen der Rumpf-Hamiltonian keine spektrale Bandliicke besitzt,
sondern nur Mobilitdts- oder Pseudoliicke. Der erste Teil zeigt einen Zu-
sammenhang zwischen flachen Bandern von Randzustdanden eines chiralen
Hamiltonian mit einer nichtkommutativen Windungszahl im Rumpf. Es
verallgemeinert eines der Hauptresultate von [111] (welches wiederum auf
der Masterarbeit des Autors [118] aufbaut) von Tight-Binding-Modellen zu
bestimmten unbeschrankten Hamilton-Operatoren. Der zweite Teil be-
weist eine regularisierte Rumpf-Grenz-flaichen-Korrespondenz, welche die
Differenz von zwei-dimensionalen Rumpf-Chernzahlen auf zwei Seiten
einer Grenzflache in Verbindung setzt zu Stromen die senkrecht zu dersel-
ben flief3en. Die Argumentation folgt dabei stark [51] welches diese Analyse
erstmals durchfiihrte fiir zwei-dimensionale Tight-Binding-Modelle mit
Mobilitatsliicke. Wir verwenden hier eine sehr dhnliche Regularisierung,
welche an unseren algebraischen Rahmen angepasst wird und damit auch
schwache Chernzahlen, unbeschrankte Hamiltonians und Pseudoliicken
abdeckt. Der letzte Abschnitt diskutiert Beispiele; insbesondere demons-
trieren wir, dass es eine Klasse von Kontinuumsmodellen gibt, die die teils
schwierig nachzupriifenden Regularitatsbedingungen der Hauptresultate
erfiillen.
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1 Preliminaries

1.1 Dynamical systems and crossed products

We recall some basic notions about €*- and W*-dynamical systems and their
associated crossed product algebras based on the standard references [92, 122, 21].
In this work we only need abelian groups, therefore G will always be a locally
compact abelian group with additively written operation.

Definition 1.1.1 A C*-dynamical system is a triple (A, G, &) consisting of a C*-
algebra A and a strongly continuous G-action a : G = Aut(A), namely the orbit
t € G » ay(a) is norm-continuous for each a € A.

A covariant representation of a C*-dynamical system is a pair (m, U) with T a non-
degenerate representation of A on a Hilbert space H and U a strongly continuous
unitary (projective) representation of G on Hg such that

n(a(a)) = Ut)m(a) U(t)", a€ A, tea.

Given a non-degenerate representation  : A — B(#,) one can always construct
a covariant representation on L?(G, H,), called the regular representation, by
defining

("8 (@) (t) = m(a_(a))P(t)
(Us (@) (1) = (¢t — 3).
foralla € A, s,t € G, Y € L*>(G, H,).

The compactly supported norm-continuous functions C.(G, .A) equipped with
the operations

@) = Lf(s)as(g(t—s))ds' ff@) = ac(f (=), f,.g€C(G A,
(1.1.1)

are a *-algebra (for integration w.r.t. some Haar measure on G).

11



1 Preliminaries

Given any covariant representation (7, U) one has an induced representation of
C.(G, A) via the the integrated form

(wx U)(f) = fG n(F(O)U ().

The full crossed product A x, G is the C*-algebra obtained by completion of
C.(G, A) w.rt. to the norm

I£1l = sup [[(m x DY)
(mU)

where the supremum is taken with respect to all covariant representations. The
integrated form of any covariant representation extends uniquely to a representa-
tion of A X, G, which is a universal property that almost determines that algebra
up to isomorphism (see [105]). Since G is abelian one has the well-known result

Theorem 1.1.2 If A acts faithfully and non-degenerately on a Hilbert space
then the induced representation m"8x U8 on L? (G, H,) is a faithful non-degenerate
representation of A X, G.

On von Neumann algebras the notion of a strongly continuous action is too
strong to be useful, instead one should require that the orbits under the action
are continuous in one of the weaker operator topologies.

Definition 1.1.3 A W*-dynamical system is a triple (M, G, @) consisting of a von
Neumann algebra M and a weakly continuous action a : G = Aut(M), namely
t € G » ai(a) is weak-*-continuous for any a € M. A covariant representa-
tion of a W*-dynamical system is a pair (m, U) with T a non-degenerate normal
representation of M on a Hilbert space H, and U a strongly continuous unitary
representation of G on H, such that

n(a(a)) = U) () U(t)", aeEM, teag.
All of the usual weak operator topologies are equivalent here, e.g. one could equiv-
alently ask for orbits continuous in the o-strong or g-weak operator topologies
[92].
Definition 1.1.4 Let ("8, U"8) be a regular representation of a W*-dynamical

system (M, G,a) on H = L?(G,H,) constructed from a faithful non-degenerate

12
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normal representation m : M — B(Hy). The W*-crossed product M %, G is
defined as the smallest von Neumann algebra in B(H) containing n**¢(M) and
Urse(G).

A regular representation always exists and the definition does not depend on it
up to isomorphism.

The dual group G = Hom(G, S') acts canonically on a crossed product:

Definition 1.1.5 Let (B, G, a) be a C*- or W*-dynamical system with faithful regu-
lar representation (m, U). There is a strongly respectively weakly continuous action
@ by G on B, G wherey € G acts in such a way that

&, (n(@) fG FOUDE) = n(a) fG FOYOUE

foreach a € Band f € C.(G).

Since the dual action has the right notion of continuity one can iterate the crossed
product, which leads to a periodicity called Takai-duality in the C*-algebraic case
(see e.g. [105] for a simple proof) and Takesaki duality in W *-algebraic case [120].

Theorem 1.1.6 The iterated crossed product Ax,G X ;G of a C*-dynamical system
(A, G, a) is isomorphic to A @ K(L?(G)) where K(L?(G)) denotes the compact
operators on L?(G). The isomorphism iy : Ax, G x5 G - A ® K(L?(G)) can be
chosen in such a way that the second dual action & acts as @ @ Ad,,_, with p; the
regular representation of G on L?(G), i.e. acting by translation.

P’

In the same way the second crossed product M x, G X G of a W*-dynamical
system is isomorphic to M @ B(L*(G)).

1.2 Invariant traces and dual traces

In this section we recall some basic notions of traces on C*-algebra and W*-
algebras. In combination with dynamical systems there are two important con-
structions, the first is the extension of invariant traces on a C*-algebra to the von
Neumann algebra generated by the associated GNS-representation, the other is
the construction of a dual trace on a crossed product.

13
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A weight ¢ on a C*-algebra A is a convex-linear functional ¢ : A* — [0, o], where
A is the cone of non-negative elements. A weight ¢ is called [92]

» atraceif p(xx*) = p(x*x) forall x € A,

densely defined, if ¢(x) < oo for a norm-dense subset of A*,
faithful, if ¢(x) = 0 for x € A" if and only if x = 0.

lower semi-continuous, if the sets {x € A* : ¢(x) < 1} are norm-closed for
all A e R,

normal, if ¢(x) = lim;¢; p(x;) whenever x; T x is an increasing net in
x € A" with limit x € A*.

semifinite, if for every x € A* one has ¢(x) = sup o<y<x $(¥).

P(y)<oo
Traces on separable C*-algebras often be required to be densely defined faithful
and lower semi-continuous. On a von Neumann algebra traces are generally
defined only on weakly dense domains and one needs weak continuity as well,
therefore traces will instead to be required to be normal semifinite faithful (n.s.f.).
A von Neumann algebra for which there exists a n.s.f. trace is called semifinite.

For a trace 7 define A7} as the set of all positive elements a € A* such that
T (a) < . The linear span of A% is denoted Ar and is an ideal in A. The trace
T extends linearly to a tracial functional 7 : Ay — C. The space of square-
summable elements

A3 = {ae A : T(a*a) <},

is also an ideal in A and by the polarization identity one has 7 (ab) = T (ba)
forall a,b € .AZT. Densely defined, faithful lower-semicontinuous traces extend
to n.s.f. traces in GNS-representations and this is also compatible with group
actions if the trace is invariant:

Proposition 1.2.1 ([111, Proposition 1.3.4]) Let (A, G, a) be a C*-dynamical sys-
tem and T be a densely defined, faithful and lower semi-continuous trace on A. If
T is a-invariant, namely

T(ae(a)) = T(a), Va€eA, teag,

14



1 Preliminaries

then A embeds covariantly into a von Neumann algebra denoted by L* (A, T)
and a extends to a G-action @ on this algebra such that (L*(A,T),G,&) isa W*-
dynamical system with a n.s.f. trace on L (A, T) which extends T and is invariant
under Q.

Proof. We only recall the construction. The completion of A% w.r.t. to the a
scalarproduct (a|b) = T (a*b) isa Hilbert space 1 on which A is represented via
continuous extension of left multiplication m; : A — # 7. This representation is
called the semicyclic GNS-representation and is faithful for faithful 7. The action
a extends from A3 to a strongly continuous action on 7; it is implemented by a
strongly continuous family of unitaries (V(t))¢eq. Onesets L (A, T) = m;(A)"
and extends a to a weakly continuous action by setting @; = Ad(V;). The extension
of the trace is constructed by noting that A% is a so-called Hilbert algebra (see
Chapter .6.2 of [46]) and therefore induces a n.s.f. trace on its algebra of bounded
elements L (A, T) which coincides with 7 on Ay = A%.43 and is @-invariant
since the scalar product is a-invariant. O

Knowing that the extension of the trace exists, it is determined uniquely through
normality since A7 is weakly dense.

The other important construction is that a dynamical system with invariant trace
gives rise to a trace on a crossed product, called the dual trace. In view of the
previous proposition it is enough to treat the case of W*-dynamical systems,
the dual trace for C*-dynamical systems then is obtained by restricting to the
C*-algebraic crossed product.

Proposition 1.2.2 Let (M, G, @) be a W*-dynamical system with an a-invariant
n.s.f. trace T and fix a Haar measure p on G. The crossed product M X, G has a
n.s.f. trace 7, called the dual trace, which is invariant under a as well as the dual
action @.

The dual trace is uniquely determined by its values on a weakly dense subset, for
which one can use the following prescription:

Assume that one can write a,, a, € M as SOT-integrals

a = [ mGEEUO®E
G

15
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with compactly supported functions f; : G — M3 which are continuous w.r.t. the
norm of L?(M) and the a-*-strong operator topology, then a;a, is 7,-trace class
and

Ta(aiaz) = fGT(fl(S)*fz(S))d#(S)-

The construction is standard using Hilbert algebras (compare e.g. [122]) and the
interplay with Takesaki duality works as expected:

Theorem 1.2.3 ([120]) IfT is an a-invariant n.s.f. trace on M, then the second
dual trace = (’72)/5‘( on M X, G X4 G is carried by the isomorphism with M &
B(L*(®)) into T @ Tr with Tr the usual trace on B(L*(G)).

1.3  Non-commutative L”-spaces

We recall the definition and the most important properties of the so-called non-
commutative LP-spaces (and refer to [127, 54, 98] for more detailed accounts). Let
M be avon Neumann algebra with a n.s.f. trace 7 and acting on a Hilbert space
‘H. One can associate to M, 7T linear metric LP-spaces LP(M,7T), 0 < p < o by
completing the appropriate subspaces of of M+ in the obvious (quasi-)-norm.
Instead of an abstract completion the elements of those spaces can also be realized
as affiliated operators, which is a much more powerful construction [127, 54].
Recall that a densely defined unbounded operator T on H is called affiliated to
M if each spectral projection of |T| as well as the partial isometry of its polar
decomposition are contained in M.

A closed affiliated operator T is called 7-measurable if 7 (x(|T| > t)) < o holds
for some large enough t [54]. It turns out that for any two measurable operators
S,T thesum S + T and product are ST are densely defined, closable and with the
closure again measurable. In fact, the measurable operators form a topological *-
algebra M with strong sum and product and equipped with the measure topology,
i.e. the topology generated by the neighborhood basis

Nes(x) = {y € M : Iprojection e € M with ||(x — y)e|| <€ T(1—e) < 6}.

The non-commutative LP-spaces are then defined by

P(M,T) = (T € M IITll, := T(lal")? < oo},
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As their classical counterparts they are (quasi-)Banach spaces and satisfy the
Holder inequality

ISTIl, < USIL, 171, (1.3)

X I

for dual exponents

duality LP(M, T)* = LI(M,T) for 1 = % + % with 1 < p < co. Moreover, they
are interpolation spaces w.r.t. complex and real interpolation in the natural way
[48], in particular this gives the log-convexity

= % + é and 0 < r,p, q < oo. In particular they satisfy the

-6 6
ISIL,. < ISIL, IS (132)

forl=ﬂ+9forallo<9<1.
r p q

The trace 7 extends naturally and continuously to L'(M), i.e. [T (x)| < lIxl;.
The extension is a trace in the sense that

T(xy) =Tx)

whenever x € LP(M) and y € LY(M) with 1 = % +

Q|-

The predual M, can be identified with L' (M) since x € M +~ T (yx) isa normal
functional for any y € L*(M) and any normal functional has such a density with
respectto 7.

For the non-commutative LP-norms one has analogous convergence results to
the Lemma of Fatou as well as of monotone and dominated convergence where
the classical almost sure pointwise convergence is replaced by convergence in the
measure topology [54].

Working with the measure topology is often impractical for us. Instead we want
to interface the LP-norms with convergence in one of the operator topologies.
This is approached by noting that for sequences SOT-convergence is the same as
convergence in the weak topology of L?(M).

Lemma 1.3.1 ([111, Lemma A.2.2]) Let (a,)nen be a sequence in M converging
strongly to a € M (and hence the sequence is uniformly bounded in norm).

(i) Let 0 < p < . Ifa, € M N LP(M) and (a,)ney converges in the LP-(quasi-
)norm to some @ € M N LP(M), then a = a.

17



1 Preliminaries

(ii) Let 1 < p < oo. Iflimsup, _ |Ian||p < oo, then (ay)ney converges in the
weak o (LP (M), L1(M))-topology where 1 = % + 3

(iii) One has ||a||p < liminf,_ 4 ||an||p forall1 < p < oo. Ifin addition
s-lim,_,, ay, = a*, then the same also holds for 0 < p < 1.

(iv) For any sequence (b,)pen in LP (M), 0 < p < oo converging in (quasi-)norm
one has lim,,_,, a,b,, = ab, with convergence in LP (M).

Another concept that generalizes to the non-commutative case is the LP-ergodic
theorem:

Theorem 1.3.2 ([133]) Let M be a von Neumann algebra with n.s.f. trace T. Let
S LY(M, T) + M - LY(M) + M be a linear contractive map, i.e. satisfying
||S(x)||Oo < |Ix|l,, and ||S(x)||1 < |Ix|l;, and positive in the sense that S(x) = 0 for
x = 0. Then the ergodic average

=

-1
SE@)
0

==
i

converges in LP-norm for every x € LP(M,T)and 1 < p < co.

Applying this to maps S(x) := Tl ) OTO a;(x)dt for arbitrary T, > 0 an easy conse-
0
quence is

Corollary 1.3.3 Let a be a weakly continuous automorphic R-action on M which
leaves the n.s.f. trace T invariant. Then the extension to LP(M,T) is strongly
continuous, isometric and a, is positive for any t € R.

Hence the ergodic average

1 T
(X)r = ?f ay(x)de
0

converges in LP-norm to some (x),, € LP(M,T) for every x € LP(M) and 1 <
p < oo. Moreover the limit is invariant under the action a.
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1.4 Harmonic analysis

Given a Banach space with an isometric action of R" it is natural to consider
elements that are differentiable with respect to the action and introduce normed
spaces for them. The precise construction must depend on the continuity of
the action for which one can use the norm-topology or different weak or weak-*-
topologies (see e.g. [33]). The relevant notions for this work are (for simplicity
withn = 1)

= If E is a Banach space then the isometric action @ : R X E — E is called
strongly continuous if the orbits under a are norm-continuous. An element
x € E is called differentiable if
. ae(x) —x
lim ————
€-0 €
converges in norm. The smooth (infinitely often differentiable) elements
are norm-dense [31].

» If M isavon Neumann algebra with weakly continuous automorphic action
a: Rx M — M then an element x € M is called weakly differentiable if
there exists some element y € M with

. a(x) —x
Y() = lelggll’(T)

for each Y € M,. The weakly smooth elements are weakly dense in M.
If M acts on a Hilbert space / and «a is generated by exponentiation of a
self-adjoint operator D on H then x € M is weakly differentiable if and
only if x preserves the domain of D and the commutator [D, x] extends to a
bounded operator in M [32].

» If E is a Hilbert C*-module or simply a Hilbert spaceand a : RX E = E
a strongly continuous action then the induced action on the bounded
adjointable operators B(E) is continuous in the strict topology, i.e. the
topology generated by the seminorms ||xe|| + ||x"e|| for each e € E. An
element x € B(E) is called strictly differentiable if there is some y € B(E)

such that
ac(x) —x
—_— | >
6 y

19



1 Preliminaries

in the strict topology. Here «a is extended to B(E) in the obvious manner
ar(x)e = ai(xa_¢(e)). The strictly smooth elements are strictly dense
which follows from the usual smoothing trick just as in the cases above, e.g.
one can approximate any multiplier m € B(E) using the strictly smooth
multipliers ZLO W, * m.

For an operator algebra B this gives different notions of derivative depending on
whether B isa C*-algebra with strongly continuous action, a von Neumann algebra
with weakly continuous action or the multiplier algebra M (A) of a C*-algebra .A
with strongly continuous action (thus a Hilbert-.4-module).

1.4.1  Spaces of differentiable elements

Let « : R" X E — E be an isometric action on the Banach space E which is
continuous in an appropriate sense as in the introduction (i.e. strongly, weakly or
strictly continuous).

An element of E is called differentiable if for each v € R™ the directional derivative

-1 ape(x) —x
Vox = 7 Ll_r)r& — (1.4.1)
converges in the appropriate sense. This gives a linear map V,, : Dom(V,)) = E
which is densely defined and closable in the respective topology. Let e, ..., e,
be the standard basis of R% and set V; := V., then the subspaces of the m-times
differentiable elements is

C™(E,a) = ﬂ Dom (Vi --- Vi) |
0<iq,..inSm
ZkikSm

and the subspace of smooth elements is
C®(E,a) = ﬂ C™(E, @) .
meN

Those subspaces are dense and C™(E, @) is a Banach space in the norm

| )’

Wl = ) Vx

0<|jlsm
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with multi-indices j and V/ = V;, ---V; and supplied with the natural family of
norms C*(E, ) is a Fréchet space [31]. If E is a Banach algebra with strongly
continuous action then V; is a derivation and C™(E, a) again a Banach algebra.

We will use this construction for several distinct cases:

» Let (A, R", @) bea C*-algebrawith densely defined lower-semicontinuous a-
invariant trace 7. Then the trace-class elements .47 are a Banach *-algebra
with the norm [96]

lall- = llall + T(lal). (1.4.2)

Since «a restricted to A is again strongly continuous one has a Fréchet
algebra
Arg = C*(Ar,@)

of smooth and summable elements w.r.t. ||| is dense in Ay w.rt. |||
and thus in particular norm-dense in A.

» Let (M, G, a) bea W*-dynamical system where M carries an a-invariant
n.s.f. trace 7. Then a extends uniquely to an isometric action a : G X
LP(M,T) = LP(M, T) which is strongly continuous w.r.t. the LP-norm for
1<p<oo,

In particular, the strong continuity implies that the smooth elements w.r.t.
the action a are norm-dense in LP(M, 7). For p € [1, ) we define the
non-commutative Sobolev spaces

Wo" (M, T,a) = CT™(LP(M,T),a),

with norms

lallpm = > [[¥x]], - (14:3)
0<|jlsm

Those spaces will often be denoted more briefly as W, (M, @) since any
von Neumann algebra in this work has some distinguished trace; if the
group action is also clear from the context we abbreviate even further to
Wy (M). Analogously one can construct the Fréchet space W,;° (M, a). The
spaces W' (M, ) and W’ (M, a) shall be the spaces of m times weakly
differentiable and smooth elements respectively.

Notably, if T € LP(M, T) is an unbounded affiliated operator then it may have
a well-defined derivative in the Sobolev sense. In a spatial representation one
can show that this implies that the commutators of T with generators of the
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action [X;, T] are densely defined and measurable [44]. Another notion of dif-
ferentiability for unbounded operator will be explored in Section 1.4.3 below.

1.4.2 Besovspaces

In some situations we may want to have finer graduations than merely the integer
Sobolev spaces, but even fractional smoothness is not entirely sufficient; in the
discussion of Hankel operators certain Besov spaces arise naturally. In this section
we briefly recall the definition and properties of non-commutative Besov spaces
on associated to semifinite von Neumann algebras based [111, Chapter 2].

In this section let (M, a, G) be a W*-dynamical system with n.s.f. a-invariant
trace 7, where G = T™ X R™ with n = ny + n, is an n-parameter action. Let
p € [1, ] be arbitrary and denote by ||-||,, always the norm on LP(M, T).

Denote the Fourier algebra by FA(R™) = FL'(R") which is with pointwise
multiplication a subalgebra of Cy(R"). Forany f € FA(R™) a bounded operator
on LP (M) is defined by

y@ = | FIHO@Ed,  xeE (14.4)

in the sense of a Riemann integral for p € [1, ) and as a weak-*-convergent
integral in the case of p = 0. In either case, a; defines a bounded map with

||af(x)||p < |7l Nxll,,  vx € LP(M), f € FACR™,
If the action « is clear from context then we prefer to write
f* X = ap

to highlight its definition as a Fourier multiplier, which acts by convolution of its
Fourier transform of f against the orbit of x. For fixed x € LP (M) one obtains a
representation of the Fourier algebra since

fHAgsx=fsx+Ag+x,  fgrx=g«Fsx)=Ff«(@*x). (145

for the pointwise product on FA(R™).
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One can also define a notion of spectrum with respect to an action [12]:

Definition 1.4.1 The Arveson spectrum of some x € LP(M) is defined as

o,(x) = {AER™ : f(A) =0 forall f € FA(R™) with f  x = 0}.

If x is in an intersection of two LP-spaces it is not difficult to see that the two
spectra coincide. When « is periodic then g, (x) is precisely the set of frequency
components whose Fourier coefficients do not vanish.

Into the definition of the Besov spaces enters a smooth Littlewood-Payley decom-
position consisting of Fourier multipliers from FA(R™) [130, 93]. Let ¢ : R —
[0, 1] be a smooth function with support [—2,—271] U [27%, 2] such that for all

x € R\ {0}
Z<p(2‘jx) =1.

Choosing any such ¢ we fix one dyadic decomposition (W) jey by

Wit) = p7I|t]) forteRe, j>0, W, = 1—ZWJ- (1.4.6)

The support of each W; for j > 0 is the annulus {t € R" : 2/71 < |¢| < 2/*1}
and the Fourier transforms of the W; are an approximate unit for the convolution
algebra since Zjozo W;(4) = 1. One can therefore show that

X = Z W; * x, YV x € LP(M) (1.4.7)
j=0
with convergence in norm- for p < oo respectively in weak-*-topology for p = co.

Definition 1.4.2 Given q € [1,), s > 0 and a dyadic decomposition (W;) jey as
above, the Besov norm of x € LP (M) is defined by

1
— i T a\a _ i 717
Ixllgs caney = (Z 2950 | Wy 5 x018) %, el upey = sup 2” 1775 ]| -
720 =
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The Besov space of scale s and q over LP (M) is then the Banach space

Bjq(M@) = {x € LP(M) ¢ IIellgg (i) < 0}

We conventionally suppress the dependence on « for readability. The definition
is independent of the choice of dyadic decomposition, which is most easily seen
from the characterization by differences, which eliminates it:

Theorem 1.4.3 ([111, Theorem 2.2.1.]) Define the difference operator
A LP(M) - LP(M), Ar(x) = ap(x) —x

and the N-th difference AY = (A; o ... o A;). Then the N-th modulus of smoothness
wp t LP(M) xR, = R; is

wp (x,t) = sup ||A1rv(x)||p : (1.4.8)
|Ir|st

For q < o and any integer N > s > 0, the Besov norm || - ”B{,q(M) is equivalent to

the norm )

dt\«
llxll s = |Ixll, + (f 759 wy (x, t)1 —>
Bp,q(M) 14 [0,1] p

Forq = o and N > s > 0 it is equivalent to

xllzs oy = llxll, + sup (t5 wh (x,0)) .
p,OO t [

There are some obvious inclusions between Besov space, based on the inequalities
of the weighted sequence norms, namely BS ,(/\/l) C By (M) fors < s’ and
q < q'. Likewise, interpolation also extends from the sequence norms:

Proposition 1.4.4 ([111, Proposition 2.1.3]) For parameters sy,s; > 0and 1 <
qo, q1 < 0, one has for the interpolation space of the Besov spaces of order 6 €
(0, 1)

(Bro.ao (M), Bppay (M), = Bjg(M),
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where s = (1 — 0)sy + 0s4, 116, 0 =224 8 Moreover, for
So 51 ? P . ! o "
x € Bpoﬂo (M) n Bppfh (El)’
1-60 0
”x”B,%,q(M) = “x”BS%.qo(M) ||x”Bz‘°311,q1<M>'

The Besov spaces are spaces of fractional smoothness in between the spaces of
differentiable elements:

Proposition 1.4.5 ([111, Lemma 2.3.3-4]) Let | € N and x € W}(M,q) (the
Sobolev space of elements which are | times differentiable w.r.t. a in p-norm).
Fors < land q € [1, ], there is a constant C > 0 such that

”x”BzS,,q(M,a) <C ”x”W{,(M,a) .
In particular there there is a constant C > 0 such that forall j > 1
— _i
W x|, < €277 Nxllyg rg

which shows that Wj*(M) c By ,(M) with continuous inclusion for each s > n,
s€Nand1<q<oo.

Conversely, there exists for each multi-index m a constant such that
77, o], < c2m | x|

forall j > 1 and thus By ;(M) € W,'(M) forall1 < q < ands <n

One also has a few non-standard inclusions that follow from interpolation of
sequence norms:

Proposition 1.4.6 ([111, Lemma 2.3.5]) (i) Ifa € Bj, (M) is norm-bounded,
p

sP
i.e. a € M, then a € By ¢ (M) for all ¢ = p with
) 1P
lall o2 < llallgs llally” -
Bq,q
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p

(ii) Foranyp < q <p+ 1one has W!(M)n M c B&Tipﬂ(/\/l) n M.

The inclusion (ii) will be relevant in Chapter 2 since the Besov spaces of that
form for integer p become important.

1.4.3 Differentiable multipliers

In this section let E be a Hilbert-C*-module over a C*-algebra .4. The results
are for us only important in the two special cases E = 4 or where E = H isa
Hilbert space, which one should keep in mind. We denote by B(E) the set of
bounded adjointable .A-linear map supplied with strict topology, i.e. the topology
generated by the semi-norms ||ae|| + ||a*e|| forall e € E.

Recall that for E = A one hasa canonical identification of B(E) with the multiplier
algebra M (A) and the strict topology is the same as the usual strict topology (also
sometimes called the almost uniform topology, e.g in [132]). For E = H the strict
topology is equal to the strong-*-operator topology.

Definition 1.4.7 Let X be a densely defined regular self-adjoint operator on E,
where all notions are understood in the Hilbert module sense. An operator m €
B(E) is called X-differentiable if

(i) m and m* preserve the domain Dy C E of X

(ii)) [X,m] and [X, m*] extend to bounded operators (which are then automati-
cally adjointable).

Denote the set of all such operators by By (E).

Equivalently these are the operators such that the orbit under the one-parameter
action generated by X is strictly differentiable:

Lemma 1.4.8 In the situation of Definition 1.4.7 define the action
a:RXxB(E) - B(E), a;(m)=e¥tme Xt
One has m € By (E) if and only if there exists an element Vim € By (E) such that

« . ap(m)—m
Vm=s-th

t—oco
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converges in the strict topology.

Proof. By the Hille-Yosida theorem the domain of X consists of precisely those

¢ € E such that

elXt -1

lim
t—0 it

¢

converges in E, the limit defining X ¢.

Forany m € B(E) the orbit t € R = a,(m) is strictly continuous. If m preserves
the domain of X and [X, m] extends to a bounded operator then

) (e‘Xtme'lXt—m)(;b ) e‘Xt(me'lXt(;l)—mqb) +e‘Xtmqb _m¢
lim = lim
t—0 t t—0 t

= —imX¢ + 1Xm¢ = 1[X, m]

for each ¢ € Dom(X), hence the orbit is strictly differentiable at t = 0 and the
derivative Vm is the bounded extension of ([X, m].

Assume for the other direction that the orbit is strictly differentiable. For ¢ €
Dom(X) one has

. eXt—1 . a(m)e™'p —me

lim m¢ = lim

t—0 it t—0 it
~lim ay(m)e™ ¢ — a,(m)p + a,(m)p — mo
- t—0 i1t
=mX¢ —u(Vm)o,

hence m¢ is also in the domain of X. The equality therefore reads Xm¢ =
mX¢ — 1(Vm)¢, thus i[X, m] extends to the bounded operator Vm. O

The extension of strict differentiability to higher derivatives and R%-actions is
obvious:

Definition 1.4.9 Let X4, .., X; be commuting densely defined regular self-adjoint

operators on E with common core DY = Nyso Dom(X{<1 ng). For any operator

m which preserves Dy define V;(m) = 1[X;, m] and iteratively V/(m) for any
multi-index j € N (which is then a multi-commutator).

An operator m € B(E) is called strictly (X-)smooth if

(i) m and m* preserve Dy .
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(ii) V/(m) and V/(m*) extend to bounded operators for each multi-index j (and
are thus adjoint to each other).

Denote the set of all such smooth operators by By (E).

Actually the operators which are smooth in this strict sense are also smooth in an
apparently stronger way:

Proposition 1.4.10 In the situation of Definition 1.4.9 define the strictly continu-
ous action
a:R%x B(E) - B(E), a,(m)=e¥Xtme X1,

One has

BY(E)={m € B(E): t € R* » a,(m) is norm-smooth}.

Proof. Norm-differentiability is clearly stronger than strict differentiability
which gives the inclusion from right to left.

For the other inclusion it is enough to prove that any two times strictly dif-
ferentiable function t € R ~ f(t) € B(E) with bounded strict derivatives
f', f" € L°(R, B(E)) is norm-differentiable. By the fundamental theorem of
calculus one has

t
(F© - 609 = | Ferpde
forall ¢ € E and hence
F© = | < 1s— el £,

which proves that f is norm-continuous. Applying the same reasoning to f’
instead of f one finds using boundedness of the second derivative that f’ is also
norm-continuous. One can therefore write

t
ﬂﬂ=ﬂ®+£fﬁmt

as an operator-norm convergent Riemann integral (since the right-hand side
converges and equals the left-hand side when evaluated on any element of E).
This shows that f is norm-differentiable also with derivative f'. a
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The argument also applies to other weak smoothness conditions, in particular
the Sobolev spaces W’ (M) defined in Section 1.4.1 are also composed of norm-
smooth elements. The equivalence of strong and weak smoothness conditions is
certainly known to experts (see e.g. [9, Corollary 5.A.3]), but surprisingly does
not seem to come up often in the literature compared to the equivalence of strong
and weak analyticity.

The remainder of this section covers smooth unbounded self-adjoint operators.
Obviously there is no single notion of smoothness of an unbounded operator
H that encompasses all use cases, instead there are many possible definitions
of various strengths. For example one could simply require that some bounded
functions of H such as the resolvents (H +z) ™! or the bounded transform F (H) are
smooth. This would not be enough, however, since a main interest in applications
is often control of the (possibly unbounded) commutators [X;, H] which means
that one must also impose domain conditions on H itself to assert the well-
definedness of such commutators. Also the notion should be stable underaddition
of smooth bounded self-adjoint perturbations. A well-known criterion, based on
smoothness of the resolvent is given in [9], however, that is not strong enough for
our purposes since it does not imply smoothness of switch functions, such as the
bounded transform F(H). In a recent work [112] a definition for differentiability
was proposed based on certain compatibility conditions introduced in [64] that are
important in the context of the Kasparov product and which transfers immediately
to differentiability of the bounded transform. This section presents an attempt to
give a notion of infinitely often differentiable elements that is similar in spirit.

Definition 1.4.11 Let H be a regular self-adjoint operator on E and X = X4, .., X4
be the commuting regular self-adjoint operators on E with common core £y that
is dense in Dy w.r.t. the Fréchet topology generated by the graph norms of all X/,
j € N4,

We say that H is strictly (X-)smooth if

(i) There are the inclusions

(H + 1)~ 1€y < Dom(H) N &y,
XJ(H + 1)~y € Dom(H) N Ey,
HXI(H + 1) 1y c &

or all multi-indices j € N% and all u # 0.
J

29



1 Preliminaries

(ii) The densely defined symmetric operators V/H are relatively bounded w.r.t. H
in the sense that
(VH)(H + )™

extends from Ey to a bounded operator for any (and thus all) u # 0 and all
multi-indices j.

(iii) There shall be some 0 < n < % such that (VH)(1 + H?)™" extends from
(1 + H?)™1*1&, to a bounded operator.

To control the size of the commutators we also introduce the quantities

Il = sup [(WHY@A +H?)™].
] =
If the value of m is important we may speak of (X,n)-smoothness.

Due to (i), the operator (V H)(H + ) ~! is well-defined initially on the dense
subspace £y and the multi-commutator can be completely expanded into a sum of
terms X/t HX’2 without domain issues. The condition (iii) is apart from domain
considerations strictly stronger than (ii); if H is a polynomial function of degree
n and X a first-order differential operator then one will try to use the criterion for

n-j

the fractionn = nz—_nl (generically V/H could even be bounded relative to |[H| =
but choosing the power independent of j is sufficient for our purposes).

The following rather technical proof is inspired by techniques from [64]:

Lemma 1.4.12 Let H be strictly X-smooth.

(i) If H is strictly X-smooth with the conditions Definition 1.4.11(i-iii) holding
for some core Ex then they automatically hold for £y = Dy as well.

(ii) Dy = (H +1)~'DY is a core simultaneously for H and all X/, which satisfies
XDy € Dy.

(iii) The maps (H—1u)~*V/(H) and (1+H?)~"V/ (H) extend from Dy to bounded
operators which are then respectively the adjoints of V/ (H)(H + 1)~* and
VI(H)(1+ H?)™,

Proof. For the point (i) one only needs to prove the domain inclusions of 1.4.11(i),
since the bounded extensions of 1.4.1(ii) and 1.4.11(iii) are unique. Let ¢ € DY be
arbitrary, then there exists, by assumption on £y, a sequence (Y,)nen in Ex such
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that X/, - 1 forall j. To prove that one can replace £y with D it is enough to
show that for n — oo one has convergence w.r.t. various graph norms, concretely
we need to show that in the norm of E one has

(H+u) ™y > (H+y)™y
HH +w) ' > H(H +y) ™
XI(H + )™ = XI(H + )™
HX/(H + )™, » HX/(H + 1)~y
XItHX2(H + )~ Y, » X HX2(H + )Yy
for all multi-indices j, j;, j,. Since H and X’ are closed it is sufficient to show that

the limits do exist at all. The first two are obvious and for the third we note that
one can expand

XI(H + 0™ o = Y (H + ) B X* g,
k<)

for some bounded operators By, by iterating

Xi(H +u) ", = (H+ u) ™ (X)) + (H + y) 7' [X, HI(H + y) ™"y, (1.4.9)

and using the boundedness of the operators in 1.4.11(ii). More precisely, each
B,E] )isa product of operators V™ (H)(H + 1u)~? for different m and we never run
into domain issues due to ¢,, € . To reduce the convergence of the remaining
sequences to convergence in graph norm one similarly expands

HXj¢n = Z H(H + lﬂ)_lBIEj)qubn
k=)

and finally

XRHXI2 gy = X0 ) (1= yu(H + y) ' BIXE,

k<jz
= D WGy = ) XH + ) B,
k<jz k<jz
= Z XI+k, — wu(H + )~ 2 2 BV X1 BID Xk,
k<), msj; k<j,
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= Z Xj1+k¢n —(H + lu)_l Z Cl(jpjz)de)n
k<j, Isji+J2
with some bounded operators C l(j 172) gince [X;, B,Ej 2)] is again a bounded operator
(it can again be written as a sum of products with factors V*(H)(H + wu)~1). This
completes the proof of (i).

Clearly Dy := (H +1)"1Dy is a core for H since each 1) € Dom(H) can be written
in the form ¢ = (H + 1) 1 and ¢ can be approximated by a sequence in DY .
From (i) it follows that Dy, is invariant under all X/.

The statement (iii) about the adjoints then follows easily; for all ¢ € Dy and
¢ = (H + 1)~ € Dy one clearly has

(0, VI(H)(H + y) " )p = ((H — y) 'V (H)Y(H + 1), @)

since the multi-commutator can be completely expanded without domain issues.
Hence one has exhibited that (H — w)~1V/(H) is a densely defined adjoint for
V/(H)(H + 1)1, since the latter is bounded the former must be as well.

It remains to show the rest of (ii), namely that Dy, is a core for all X/, which is
done by defining for each 1 € Dy the approximating sequence

Yn=(+-H)'Y, €Dy

and showing that X/, - X/ forall j.
For j = e, this follows from the strict convergence (1 + iH )1 > 1and the fact

that [X,, (1 + %H )~1] converges to 0 in the strict topology due to
Vel + ~H) " p = —(1 + —H) "V (H)(1 + ~H)~
k n n n k n
l l l
=1+ EH)‘lvk(H)(l +H) 1+ H)(A+ ZH)_lgb
which converges strictly to 0 since %(l +H)(1+ %H )~1 > 1 strictly and

sup < oo,

n>0

‘(1 + %H)_lvk(H)(l + H)1
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For larger j one can iterate the argument to expand

Xi(1+ %H)_ll[} - Z By o X*1p

k<)

with bounded operators B, ; that converge to 0 strictly. the argument; expanding
X1+ iH)‘1 one obtains a sum of terms where one can always bracket out

G+H)(1+ %H )~y on the right and the remaining terms factors are uniformly
bounded in n. O

One of our main interests was to find a criterion for bounded functions of an
unbounded multiplier to be smooth. It is clear that the resolvent of a strictly
smooth multiplier is always smooth and using the smooth functional calculus
(see Appendix A) it is possible to write any f (H) for a smooth and rapidly decaying
function f as an integral in terms of the resolvent, hence those functions are
strictly smooth as well. While that integral formula does not generally converge
for functions f that do not decay at infinity, one can use approximation to extend
the range of applicability to functions in a class f € S#(R), i.e. those functions
whose k-th derivatives roughly decay faster than (x)"#~* (see Definition A.1).

Lemma 1.4.13 Let H be a strictly smooth operator for some 0 < n < % and let

f € SP(R) be bounded with § > —1 + 2n. Then f(H) preserves DY and all
V/f(H) extend to bounded operators. More quantitatively, there is for each j > 0
a constant c;, independent of H and f, such that

||ij(H)||SchIfIISI—,fl—zmiup sup | [ A, 1. (1.4.10)
J V2

Proof. By approximation it will be enough to prove the statement for f € C.°(R)
as long as uniform norm-bounds are established. Let i) € Dy and let fix beaan
almost analytic extension for f such that (see Appendix A)

O = fc @F 0@ (H + 2" dz A dz.

Since ||(H +2)"*(H + )7} < c|Sm z|™' (Re z)~? the integral on the right con-
verges absolutely in the norm of E (since we assume that f is compactly supported,
otherwise that only holds for 8 > 0).
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By expanding (H + z)~! into a norm-convergent series around some (H + 1) ™!
with |u| large enough one can verify that (H + z)~! also preserves Dy and
V/(H)(H + z)~! extends to a bounded operator. Due to similar commutator
algebra as in the proof of Lemma 1.4.12 one then finds that the function

z€C\Rw- V/(H)H+2)"¢

is continuous in the graph norm of any X* for ¢ € D¥. Since X is closed that
means one can show that f(H) preserves the domain of X’ by proving that

| @o@xi + 2 dzndz
C

converges absolutely in E forany ¢ € Dy . Likewise, knowing that f(H) preserves
DY and that

f (O ) (DVI(H 4+ 2z)"1dz A dZ
C

converges in operator norm the integral must be a bounded extension of V/ f (H).

The estimates for both scenarios work the same, via the Leibniz identity for
commutators we can expand terms like X/ (H + z) "¢ or V/(H + z)"1¢p asa sum
of terms of the form

k
(H+2)™?! 1_[ ((VmH)(H + z)™t) XJk+1¢h (1.4.11)
m=1

with multi-indices j,, such that anﬂl jm =jand 1 < k < |j|. One then estimates

Il (.4.1)]]

<l + 27 | [le@mma+m) |+ H2yne + 27 xeag)

m=1

< [Sm z|"17KG-2 (1 4 <iReZ)> 1_[ A, || xks1gp]|.
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In particular, taking all allowed combinations into account (those with ji,; = 0)
one has

Ljl 2mn
; —1—m(1— Rez
Wi+ 27 < > G lgmal 0 <1 + fpmz)l)

m=1 >
k

sup  sup WH,,,,
k>0 myq,.., me]. -
Ximi=j =1

for some universal constants C,,. From Lemma A.4 one therefore finds that for
f € SP(R) that

[ 1@ 9/ + 27| dz A d7 < ¢ Il amen
C
if K >r+sand f = —1 — 2n. As argued above, that shows that f(H) preserves

Dy and gives the desired norm bound (1.4.10).

Now we need to extend this to functions without compact support. The argument
above actually produces a bound

Wranell, <e ). 1l 0om 54

k<)

which implies that any f(H) with f € S~(1=2"(R) preserves Dy, since there is a
sequence compactly supported functions with f,,(H) = f(H) strictly and all X/
are closed. Likewise the commutator is bounded by continuity w.r.t. f. O

Let us highlight the following special case:

1
Corollary 1.4.14 The bounded transform F(H) = H(1 + H?)"z of a strictly X-
smooth Hamiltonian is strictly X-smooth.

Proof. The function F lies in N5 551 S B(R), hence F(H) satisfies the condi-
tions of the Lemma forany 0 < n < % O

The following result is sometimes also useful in functional calculus:
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Lemma 1.4.15 If H is strictly X-smooth for some 0 < n < % then the bounded
extensions of
(VH)(H+ )™t

and '
(VH)f (H)
for f € SP(R) with B = 2n are strictly smooth operators with derivatives bounded
in terms Of”f”slz.’l"
J

Proof. It is clear that (V/H)(H + 1)~! preserves Dy and additional derivatives
can again be expanded via the Leibniz identity to bounded operators. To see that
the same holds for the adjoint we note that (H + 1)~*V/H preserves the core Dy
and each V¥((H + 1)"'V/H) extends from there to a bounded operator. Therefore
the bounded extension of (H + 1)"'V/H actually does preserve Dy by a similar
argument as in Lemma 1.4.12.

To check the smoothness of V/(H)f (H) we note that one has for compactly sup-
ported f a norm-convergent integral

(VH)f(H) = L(aEfK)(Z)(VjH)(H +2z)"pdzndz

forall € DY and fi a quasi-analytic extension. Since one can bound

(Re ) )2”

Jj -1 ~ —1+27n
|(VEYH +2)7Y| < ISmz] (1 + Szl

one has, again using Lemma A.4, a uniform estimate || (V/H) f (H) || < c|If]l S2 for

each K > 1 and similarly for derivatives which allows one to remove the condition
of compact support.

One can now follow the same strategy as in the proof of Proposition 1.4.13 and show
that the integral converges in all graph norms, hence V/(H)f (H) preserves Dy,
and also differentiate under the integral sign using the Leibniz identity which
gives norm-convergent expressions for V¥(V/(H)f(H)). For the adjoints one
argues similarly that f (H)V/(H) preserves the core Dy and the V¥(f(H)V/(H))
extend from there to bounded operators starting from the expression

FEV(HYH+ )™t = j(c(ang)(z)(H +2)"W(H)(H + ) P dz Adz.
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Perturbations can be handled similarly:

Proposition 1.4.16 Let H be a regular self-adjoint strictly smooth operator and
V a bounded self-adjoint strictly smooth operator. Then H + V is again a regular
self-adjoint X-smooth operator.

Proof. The sum is regular self-adjoint by Kato-Rellich (see [64] for the Hilbert
module case). Since Dom(H + V) = Dom(H) and

H+V4+uw)rt=H+wyw) = H+uyw) WH+V +w)?, (1.4.12)

the domain inclusions of (i) will follow immediately if one can assert that the
bounded operator V(H + V + 1)~ ! preserves D¥. Let initially be |u| so large
that ||V(H +V+uw)? || < 1, then we write as a norm-convergent sum

VH+V +w) 1= Z (—D)™(V(H + 1;1)_1)m+1 =: z AmtL (1.4.13)
m=0 m=0

The bounded operator 4 is smooth and due to the Leibniz identity one estimates
||VkAm|| < c ||A||m_|k| with ||4]| < 1 by assumption. Since

XAm = Z ek, VE(A™) X7k
k<j

for some universal constants ¢ ; one sees that (1.4.13) maps any sequence converg-
ing in the Fréchet topology of Dy to a sequence that converges in the graph norm
of any X/, thus (H + V + 1) ™! preserves D for large enough p. Then (1.4.12)
implies that V/(H + V)(H + V + 1u) ™! is well-defined and extends to a bounded
operator for any multi-index j. By iteratively expanding (H + V + ) ~! around u
one eventually concludes from this that any resolvent (H + V + 1)~ for |u| > 0
preserves Dy and any V/(H + V)(H + V + 1)~ ! extends to a bounded operator.
[t remains to verify condition (iii), which is equivalent to providing an estimate

IVH+VWH+V+0) | <c||Q+ H+V)DIH+V + )71
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valid forall ¢ € Dy . Inserting a 1 we can bound

IV/(H+V)YH+V+1) ¢
<||VH+VA+HEDT| ||Q+HHTH+V + )71

and inserting another 1 in the second norm on the right-hand side is bounded by
by

11+ HEI A+ (H + V)2 ||(1 + (H + VDT H +V + )71

The second factor has bounded norm due to functional calculus and to see that
the norm of the first factor is also finite we use the smooth functional calculus to
write

A1+ H+WHT"=1+H>)™+ (1 +H*)™"B

with the bounded operator
1 ~
B = o J (Oz/) @A+ H)"(H +2)"WH+V +2)"1dzadz
C

for fi an almost analytic extension of 1 = (1 + A2)~". Hence
1+ (H+V)»)™E c (1+ H?*)™E < Dom((1 + H?)™)

and (1 + H?)"(1 + (H + V)?)™" extends to a bounded operator. O

The boundedness of V was actually not used very much, it could be replaced by
the conditions that V(H + Lu)__1 shall be bounded and smooth, as well as that
V(1+H?)™7,0<y <1land V/(V)(1+ H?)™" extend to bounded operators.

One can also do more quantitative estimates; for that it is useful to simultaneously
do estimates in other operator-ideal norms:

Definition 1.4.17 Let C be a norm-closed *-subalgebra of B(E) and J a (not
necessarily closed) ideal in C. We say that J is a strictly closed operator ideal if J
is a Banach-x-algebra in some norm ||-||j such that

(i) The inclusion J < C is continuous.

(ii) llerxeall ; < llesll Wl liezll forall x € J and ¢, ¢, € C.

38



1 Preliminaries

(iii) Ifasequence x, in J converges strictly to some ¢ € C with uniformly bounded
J-norm, then c € J with

< limi
llell 7 = lim infll, |l ;-

Both conditions hold for ||| 7 theoperator norm but also fore.g. non-commutative
LP-norms |||, + ||-||p (the condition (iii) is more or less the Lemma of Fatou,
compare Lemma 1.3.1).

Definition 1.4.18 Let J be a strictly closed operator ideal in C c B(E).
Let H be self-adjoint strictly smooth multiplier with
(H+z)tec, VH)H+2z)teC VIH)A+H>)TMeC
for each z in the resolvent set of H.
We say that a strictly smooth bounded operator is a [J-smooth perturbation of H
if there is some 0 <y < % such that
(VV)A+H>)YeJ

for each multi-index j. We then define

WVl iy 2= stp (@ +H7, .

Proposition 1.4.19 Let H, V etc. be as in Definition 1.4.18. For any function
f € SB(R) with B > —1 + 2y and any multi-index j (with j = 0 being expressly
allowed) there is a constant c ;,, independent of H and V such that
IV(F(H +V) = F(H)lg < crjy ||f||8|—,|(1—zy)
j
Ljl

k k
sup e [ 14+ sup Vvl | sup VL -
o<k<|jl 1_ miry o<k<lj| 1_ lk|<j
mq,..,ME21 =1 mq,..,ME21 =1
Zimi:j Zimi:j

In particular, f(H + V) — f(H) and all its derivatives lie in J.
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Proof. The proof'is very similar to the one of Proposition 1.4.13, one needs to show
that the smooth functional calculus for V/ (f (H + V) — f (H)) gives an integral that
is bounded absolutely in the norm of 7, such that the strict continuity implies
that the integral (being a limit of Riemann sums) lies in 7. For that one expands
the derivative V/ of

H+V+2)'—H+2)'=H+2)"WH+V+2)71,

and finds it is a sums of terms of the form a; (2)Vik+1 (V)b ik (2) with

k
a;(2) = (H+2)"! n ((VmH)(H + 2)™?)
m=1

bin(z) = (H+V +2)" 1_[ ((Vim(H +V)H +V +2)71)
m=k+2

where Z;ﬂ Jjm = j. We can switch the brackets in a; x(z) and use that
|(H +2)"2(VFV)(H +V + z)_1||J = |(H+V+2)"2(VkV)(H + z)—1||j

2y
- (11— (Re z)
< |Smz| 10~ <1 + 1Szl VI 7 g g,y

The remaining factors are estimated as in the proof of Lemma 1.4.13, but for

simplicity withn = %,

£ Rez) \F 15
H “Tvimp| < (1 1_[ HI||.
[+ o @sml < (1+ a2 ) [T, s
m=1 m=1
and
n
1_[ |(Wim(H + V) (H +V +2)71
m=k+2
(n—k-1)n n
Re z
<(1+152 [T ma+vn, .
|Sm z| Jm3
m=k+2
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forn < k + 2. According to Lemma A.4 one can therefore estimate

IV(fF(H + V) = f(HE)ly
< %fc |GfO@D|[VH+2TWVEH+V +2)7Y|, dzadz

in terms of the norm ||f||811(—zy for K > |j| + 1. For the dependence of the con-

stants on H one must note that, as is implicit in the proof of Proposition 1.4.16, the
constants |||H + V|||j 1 can be bounded in terms of |||H|||j 1 and ||VkV||. Taking
m» m» 2

2
all combinations into account one can bound the integral from the smooth func-

tional calculus by the lengthy expression given in the statement of the Proposition.
d

The norm bound is far from optimal but sufficient for our purposes; the most
important thing for us is that the right-hand-side converges to 0 with the norms
of V/V, which shows locally uniform continuity w.r.t. V under continuous pertur-
bations.

This Proposition has many applications, e.g. if (H + )™ € M(A) and V € A for
some C*-algebra A (orvice versa) then the perturbation of the bounded transform
F(H + V) — F(H) lie in A with all their derivatives. One of the most important
applications is also that if (H + 1)™* € AN LP(A, T) for some non-commutative
LP-space then perturbations of the bounded transform and its derivatives have
the same LP-regularity.

1.5 K-theory and multipliers

In the standard picture the abelian group K,(.A) of a local C*-algebra A can be
written as
Ko() = {lelo — [s()]o, e € | ] Pucal,
NEN
with Py (A) the set of projections in My(A~) and s : A~ — C the scalar part.
Likewise,
Ka(A) = ([uly, we |y,
NEN

where Uy (A) is the set of unitaries u € My (A™) with s(u) = 1. In both cases the
group structure on the formal differences is obtained by taking the Grothendieck
group induced from the respective abelian semigroup of stable homotopy classes
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with the direct sum [20, 107]. If A is unital one can drop the unitizations and
directly work with classes represented by matrices over A (called the unital picture
of K-theory).

For convenience of the reader we recall the definition of the connecting maps:

... i+~ 4q «
Definition1.5.1 Let 0 - £ - A - A — 0 be an exact sequence of local C*-
algebras. Then one has the six-term exact sequence

Ko(€) —=5 Ko(A) =25 Ko(A)

IndT \LExp (1.5.)

Ky (A) 45— Ki () 65— Ki(©)

with the connecting maps Exp : Ky(A) = K1(€) and Ind : K;(A) = Ky () defined
as follows:

For a projection e € My(A™) defining a class [e], — [s(e)]o € Ko(A) choose a
self-adjoint contraction é € My(A™) with q(é) = e, then

Exp([e]o — [s(e)]o) = [e™*™];.

For a unitary u € My(A™) defining a class [u]; € K;(A) choose a unitary w €
M,y (A™) such that q(W) = u @ u* then set

Ind(fu]y) = [W(ly © On)W*]o — [1y © Onlo-

In particular when A is a non-unital C*-algebra one sometimes runs into the
problem that certain constructions naturally yield elements of K (A) that are
difficult to express in the standard picture. For example, it is understood that any
pair of projections p,q € M*(A) = M(A @ K) in the stable multiplier algebra
with p — q € A ® K define an element of K;,(A). The most conceptual way to see
this is in the Cuntz picture of K K-theory. Recall that [20]

KK(A B) = {[¢o, P11 : ¢+ A= M>(B), (o — p1)(A) c BRK}

where the ¢; are *-homomorphisms and [] denotes the homotopy class within
those so-called quasihomomorphisms. For any projection e one has a homomor-
phism ¢, : C - M5(A), A = Ae, thus one can associate to a pair (p, q) the element
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[(¢p, $¢)] € KK(C, A) = Ky(A). Another (equivalent) way to construct such an
element of K;(.A) is by suspension: For u € Cy(R)™ a unitary of winding number
1 the pair (p, q) defines the unitary [(up + 1 —p)(u*q +1—q)]1 € K1(S.A) which
is the suspension of an element in K;(A). Neither construction gives an immedi-
ately obvious representative in standard form [e], — [s(e)], even though it must
exist. Since particular projections are preferred by the physical motivation in our
applications we opt in this work to just carry along the pairs of projections that
define elements of K, (.A) without worrying how precisely it can be represented
in standard form. An efficient calculus for that is given by algebras of pairs:

Definition 1.5.2 Let A be a closed ideal of the C*-algebra I3 then define the algebra

of pairs
P(B,A) ={(b,b,) EBD B: by — b, € A}

with component-wise sum and product.

This is also a rather trivial example of a pullback algebra. The following is obvious
but we state it explicitly for definiteness:

Lemma 1.5.3 If B is unital, K;(B) = 0 for bothi = 0,1 and A is a closed ideal in
B then

Ki(P(B, A)) = Ki(A)
with the isomorphism (I1). : K;(A) = K;(P(B,.A)) induced by the inclusion
I; : a € A (a,0) acting via

[x]; = [s)]; = [(x, s())];
(with the image in the unital picture of K-theory).
Proof. There is an exact sequence 0 - A - P(B,. A) - B - 0 induced by

inclusion as the left component. Since K;(B) = 0 the six-term exact sequence
implies that the inclusion induces an isomorphism. O

The canonical choice here is the inclusion A ® K into the stable multiplier
algebra M5(A) = M(A Q K). Since K;(A) = K;(A Q K) thisyields a very general
multiplier picture of K-theory: Any formal difference

[p]5' — [q]5' == (1) [0, D],
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with p, g € M3(A) such that p — g € A ® K defines an element of K,(.A) and
[ull — WIY = [wv'li — [ = [uv’]; € K1(A)

for unitaries u, v € M*(A) such that u — v € A ® K defines an element of K; (A).
Note that in this picture

[plo = [s@)]o = [PI5 — [s@IF

forany element in the standard form where we naturally identify My (A™) with the
obvious subalgebra of A~ ® K(#%(N)) to handle stabilization. To simplify some
notationswe will alsowrite [p]5 —[q]} € K,(A) formatricesp,q € My (C)Q@M (A)
with p — g € My (A) where matrices are considered as compact operators by once
and for all choosing a countable family of matrix units for K.

For K; (A) there is always an obvious representative in the standard picture, but
that is apparently not the case for K, (.A).

As we will see, it is very convenient to do computations with classes in the multi-
plier picture, in particular, let us examine how to compute the connecting maps
in K-theory without having to find a representative in standard form. Given an
exact sequence

055 A% 450
with A and A separable C*-algebras there is an induced sequence
0 > Ker(q) - M5(A) > M5(A) - 0
since q extendstoamap q : A @ K » A ® K and from there to a unique

surjection of the multiplier algebras g : MS(A) — M*(A) [1, Theorem 4.2]. There
is a commutative diagram with exact lines

0 S £ > A > A >0
4 < o 1
0 = P(Ker(),£ ® K) — P(MS5(A), Ao K) T P(MS(A4), A®K) —> 0

(1.5.2)
where the vertical arrows are of the form x = (x ® e, 0) with e an arbitrary
rank one projection. Since K;(M*(A)) = 0 = K;(M*(A)) the six-term sequence
implies K;(Ker(q) = 0 and hence all vertical arrows induce isomorphisms of the
K-groups by Lemma 1.5.3. The naturalness of the connecting maps therefore

44



1 Preliminaries

implies that one can equivalently use the connecting map of either the top or
bottom sequence. By definition of the multiplier picture we obtain immediately

Proposition1.5.4 Let 0 - & 5 A3 A5 0bean exact sequence of separable
C*-algebras.

For a pair of projections (p,q) € P(M5(A), A ® K) defining a class [e,]} —
[e_]1¥ € Ky(A) choose a self-adjoint contraction (é,,é_) € P(MS(A), A ® K)
with (q(é,),q(é-)) = (e4,e-), then

Exp([e+]8 — [e-16) = [e 7™+ 1Y — [e 7™ ]¢".

For a pair of unitaries (uy,u_) € P(M5(A), A ® K) defining a class [u,]}! —
[u_1¥ € K,(A) choose a unitary lift w = (W, W_) € M,(C) ® P(M*(A), A ® K)
of (uy @ ui,u_ @ ul) then

Ind([u, 11" — [u-11) = [, (Iy © 0WWL]E — [W-(Iy © Op)W2]F.

This formulation already incorporates some of the simplifications from the unital
picture of K-theory and it is without loss of generality unnecessary to involve
larger matrices due to stability.

1.6  Cyclic cocycles and pairings

An important way to assign numerical invariants to K-theory classes is via the
pairings with cyclic cohomology [39]. We only recall as many details as are
absolutely necessary, since our applications of cyclic cohomology are very basic.

Definition 1.6.1 A cyclic n-cocycle on an algebra <7 is an n + 1-linear functional
@ : ™1 > Cwhich is cyclic

@(ao, .., an) = (=D"@(ay, ..., an, ao)

and a cocycle w.r.t. the Hochschild boundary operator b defined by

n
(B (@0r s @nsr) = Y (1 P(@0, ) 411, Cis)
=0

+ (D" 9(an+1a0, a1, ., On) ,
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that is, b = 0.

Any cyclic cocycle naturally extends to a cyclic cocycle on My (/™) via an equiv-
alent formulation in terms of n-cycles. Assume that <7 is an m-convex Fréchet
algebra (thus closed under holomorphic functional calculus) and that ¢ is con-
tinuous. We say that .« is smooth in a C*-algebra A if My (<) is densely and
continuously included in My (A) for each N and the inclusion is spectrally invari-
ant, i.e. g4(a) = g 4(a) forall a € My(/). If &7 is smooth in A then any even
cyclic cocycle on <7 defines a pairing with K,(.A) by setting

<[(p]' [6]0 - [HK]O) = (p(er e, ""e)

for any representative e € My (/™) and any odd cyclic cocycle defines a pairing
with K; (A) by setting

([9) [ull) = ew ' —Lu-Lut-1,..,u-1)

for [u], represented by any invertible u € My («7™) [38].

To prove the spectral invariance one can often apply a useful sufficient criterion
[14]:

Theorem 1.6.2 Let </ be a Fréchet algebra with jointly continuous multiplication

and with topology generated by the increasing family of seminorms (|||l ;) jen-

Assume that </ is densely and continuously included into the C*-algebra A, in
such a way that |||, is the C*-norm.

We say that < is strongly spectral invariant in A if there is a constant C > 0
such that for every j € N there is some D; > 0 and p; € N such that for all
ai, ..., a, € o, one has

n
lasanll, <D;C" D Nl = llaall, (16.)
J1+.+jnspj
independently of n € N.

If o is strongly spectral invariant in A then My () is spectral invariant in My (A)
foreach N € N.

The important point of (1.6.1) is that in the product on the right-hand side at
most p; of the jy, .., j, are larger than zero, thus the norms of a power [|x™| j grow
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with n as C™ ||x||" " which can be used to prove convergence of Neumann series.
While the condition looks complicated at first, it is often straightforward to check
in practice. For example, for a C*-algebra A supplied with a strongly continuous
R%-action @ the algebra of smooth elements is strongly spectral invariant in A
due to

[Vaanls > [ha . [[Pra].

Jitetjn=j

An important construction is the suspension of cocycles which is used to shift
the degrees of the pairings (and which must be contrasted with suspension map
of [39] which would be the double suspension in the terminology here):

Theorem 1.6.3 Let </, A be a Fréchet algebra and C*-algebra as in Theorem 1.6.2.
Denote by S(R, &) the </ -valued Schwartz functions with their natural Fréchet
topology then the inclusion S(R, /) — SA is strongly spectral invariant.

If @ : /™1 5 Cis a continuous cyclic cocycle then its suspension

¢*: S(R, ) - C

given by
©° (for - fr+1)
n+1 | ‘ dt
= Z(—l)”*z" fR o (0 s fj-2(8), -1 (OF; (0, 1 (D, s fri2 (D)) 5
j=1

is again a continuous cyclic cocycle and the pairings with K;(S.A) are dual to the
suspension maps ¥; : K;(A) = K;1(SA) in the sense that

(l9°) W) = (11 ([, )
n+1
with the constants

(211:1)"

T forn =2k,
tn = L(ﬁ:l)k
Tk forn=2k+1.

The theorem is well-known in various forms (see [97, 74, 75, 111] among others)
and the formulation here is drawn from [111, Section 4.4]. One can also absorb
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the normalization constants into the definition of the pairings (as it is done in
[39]) but we do not adopt that convention in this work.
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2  Index theorems for n-parameter actions

In this chapter we considera W *-dynamical system (M, G, @) with avon Neumann
algebra M equipped with an a-invariant n.s.f. trace 7 and where G is an n-
parameter group G = T™0 X R™t. From this data one has natural pairings between
regular enough projections or unitaries in M with cyclic cocycles, which give
geometric invariants that we call Chern numbers. In the simplest case of a one-
parameter action the invariant in question is the non-commutative winding
number. One can establish for these Chern number semifinite index theorems
over the von Neumann algebra M %, G, i.e. write them as indices of certain
operators in M X, G constructed from a symbols in M. This constitutes a non-
commutative analogue of the Gohberg-Krein theorem. Those considerations can
be made in a smooth C*-algebraic setting (see e.g. [81, 96] for the one-dimensional
case, [10] for the higher-dimensional) but also for symbols which have as little
regularity as possible. The classical example is the Toeplitz index theorem

Ind(Pr(w)P*) = Wind(w)

for the partial isometry P : #2(N) - £?(Z) and m(u) the Laurent-operator associ-
ated to a unitary symbol u € L*(T). The equality holds true for a smooth symbol,
but also for a certain quasi-continuous ones, for example the Besov class B,}é,p (T)
for 1 < p < 2 is sufficient to make sense of the winding number and of the index
theorem [39]. An index theorems for such non-smooth elements was first proved
in [16], generalized in [100, 102, 103] to higher and odd-dimensional cases, and,
building on that, extended to semi-finite index theorems with fractional smooth-
ness conditions in [111, Chapter 3]. The motivation was originally to give meaning
to topological invariants in mobility-gapped topological insulators (which we
will study in Chapter 4). The regularity that is present in such a case has no
immediate classical analogue since it requires Sobolev-embedding to fail. More
precise sufficient conditions for the index theorems were derived in [11] and will
be explained in more detail in the following.

2.1  Crossed products with n-parameter groups

In this section G will always denote an abelian n-parameter group of the form G =
T™ @ R™ where n = ny + n, and the torus is parametrized as T = R/Z = [0, 1).
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2 Index theorems for n-parameter actions

Consider a C*-dynamical system (A, @, G) with A acting on a Hilbert space H,.
One can then form the regular representation 7 X U acting on L?(G,H,). The
generators U(t) of G are then explicitly given by exponentiation of the commuting
self-adjoint generators

D; =10;, U(t) = e?™Pt, (2.1.1)

Compactly supported continuous functions f € C.(G) can be written in terms of
the Fourier transform

FH® = fG (k) fOdt,  feL'(6)
with the character (k, t) = e 2"t and inverse
(F'9@®) = L<k' tyg(k)dk, g € L1(6).

Therefore g(D) = (F(F'9))(D) = [, (F*g)(t) e*™ Pt dt defines a multi-
plier of A %, G. Furthermore (a)g(D) is an element of the C*-crossed product
and indeed the linear span of such elements is dense, i.e. any @ € A X, G can be
approximated in operator norm by

N

a= ) n(an)gn(D)

n=1

up to an arbitrarily small error. To see this one recalls that elements of the form
) ¢ f(OU()dt with f € C.(G, A) are norm-dense and that one can approximate

f= ZZ=1 an ® fu.

Let us now consider the case of a W*-dynamical system (M, G, «). Clearly, Mx,G
is generated by m(M) and the set of all bounded Borel functions f (D) of the
generators. In particular Dy, .., D, are unbounded operators that are affiliated to
the crossed product M x, G.

It is important to clarify the relation of the abstract generators D with the genera-
tors of a covariant representation. Often we already have a covariant representa-
tion (p, V) of our dynamical system where V is implemented by exponentiation
of some commuting unbounded operators on a Hilbert space #,. To apply the
crossed product to the study of such a representation one can transform the
regular representation:
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Proposition 2.1.1 Let M act on a Hilbert space H with n commuting unbounded
operators X1, .., X4 such that
a,(m) = e2TXtye=2mX L,

Then the defining representation of M X, G, i.e. one defined from the reqular
representation on L2(G,H,) is unitarily equivalent to the W *-algebraic span of the
operators

R ®
Laey @M,  fd) = L FX — k) dk

on L?(G,Hy) where integration is w.r.t. a Haar measure on G and one uses the
span of all bounded Borel functions f on G.

Proof. We begin with the regular representation on the Hilbert space L (G, H),
given by the generators

(T (@)P) (1) = a_(A)P(t),
(Us*P)(©) = P(t —s)

fory € L>(R,H), a € M, t,s € G. Then 7™ X U™ is a faithful representation
since it is constructed from a faithful regular representation. It is a well-known
trick that a regular representation can be written in terms of an existing covariant
representation (rr, U) = (id, ¢2™X") by applying the involutive unitary

W)(t) = U(=t)p(-t)
which transforms the generators to

Wnt(@Wi)(t) = ap(t),
(WUSBWP)(6) = U(s)p(s + ¢).

After Fourier transform in the first component this becomes

(FWr"s(@WF P)(y) = ap(k),
(FWUSSWFP)(r) = (k, s)U ()P (k).

for € L?(G,7) and y € G. Since

WU (S) = g2mi(X—k)-s
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one has ©
Us := FWUsBWF* = f e2mX=k)sqk
G
and the same direct sum decomposition applies to any Borel function of D. O

Thus the elements of a crossed product are direct integrals of operators with fibers
in the initial spatial representation. In a regular representation (using notation
as in the proof above) the dual action is implemented via conjugation with the
unitary

V(I)P)(t) = (k, typ(t)

under our identification G = Z™ @ R™. In particular one has the relations

V(k)rsV (k)" = n"8, V(k)Us eV (k)* = (k,s)Us®

the second of which is called the Heisenberg commutation relation. In the spatial
picture, the dual action therefore acts by shifting the generators X to X — k.
Sometimes it happens that the representation on H, already extends to a faithful
covariant representations of the full crossed product without having to enlarge
the Hilbert space. From the above one can see that this is the case when X and
X — k are unitarily equivalent for all k € G:

Proposition 2.1.2 A generalized reqular covariant representation of a C*- (or
W*-)dynamical system (B, G, «) shall be a couple (r, U, V) with (w,U) a (normal)
covariant representation and V : G — U(H) a strongly continuous representation
such that

V(k)r(a)V (k)" = n(a), Va€BkeG

and
VIU@®V (k) = (k,t)U(t), Vk€EG,tEGQ.

Assume that 1 is faithful then in the C*-dynamical case the integrated form (m X U)
yields a faithful representation of B X, G and in the W*-dynamical case there is
an isomorphism from B X, G to the W *-algebraic span of m(M) and U.

Proof. Identifying (m, U) with (id, e**™*") we are in the situation of Proposi-
tion 2.1.1. By conjugating in the representation on L?(G, H,) of Proposition 2.1.1
with the unitary

W) (k) =V (k) (k)
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the generators are mapped to
Wo(liziey @ W, = lpzey @ a, WU ()W = T2¢6) @ U(L).

Thus dropping the trivial tensor factor gives the desired isomorphism. O

In other words, if the dual action can be implemented via a spatial family of
unitaries that commutes with M then the span of the generators is equivalent
to the crossed product. This is related to an alternative description of crossed
products with abelian groups as so-called G-products (see e.g. [92]).

One can also compute the dual trace for generators of the crossed product. Let
therefore 7 be an a-invariant n.s.f. trace on M and let 7, be the dual trace
defined using the Haar measure on G which assigns measure 1 to the unit cube,
i.e. u(T™) = 1 in our presentation.

Proposition 2.1.3 For f,g € L*(G) N L®(G) and a,b € L*(M,T) N M one has
Ta(m(Q) F(DYg(DIn(B)) = (f, 9hiz() T(@'b) = Ta(F(DIm(a) m(b)g (D))
and in particular those elements are T, trace-class.

The proof is obvious from the definition of the dual trace and the Plancherel
theorem. Since any a € L*(M) can be factored as a product, a simple corollary is

Corollary 2.1.4 For f,g € L>(G) N L*(G) and a € L*(M, T) N M one has

TeFDY)T(@)g(D)) = (f. 9) 126, T (@.

The order is important here since m(a)g(D) can fail to be trace-class. For such
generators the LP-properties follow closely the Birman-Solomyak theory for the
Schatten-class properties of so-called f(X)g(V)-operators (see [115, Chapter 4]):

Proposition 2.1.5 ([111, Proposition 1.5.5]) Let 2 < p < o and f € LP(G). The
map

(a,f) € (M N LP(M)) X (L®(G) N LP(G)) » m(a)f(D) € M x, G
is LP(M) x LP(G) — LP(M x4, G)-bounded with

In@F D), < Nallpeu 1l - (212)
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For p = 2, one even has equality

Im@f @, = lallzgu 112 (213)

The proof is simple interpolation between the endpoint p = 2 that we saw above
and p = oo which is trivial. Since it is very important for us let us also include the
two-sided version in detail:

Proposition 2.1.6 Let 1 < p < o and f, g € L??(G). The map
(a,f,9) € (M N LP(M)) X (L(6) N L*P(G))?* & f(D)m(a)g(D) € M X, G
is LP(M) x L?P(G)? — LP(M X, G)-bounded with

lf@yr@g |, < Nallpouy Il I9lz - (14)

1 1
Proof. Write a = (u|a|2) |alz as its polar decomposition then

lr@@g®l, < ||f@m(al)

y ||n<|a|%>g(D>||2p

1
<o

2
LZP(M) ”f”LZp(é) ||g||L2p(é)

1 2
and by definition ” |a]z

= [lall . o
L2P(M) LP(M)

The bounded extensions of the above maps make it possible to embed certain
products of unbounded 7 -measurable operators into the 7,-measurable opera-
tors.

Another important use of the crossed products is to express the smoothness of
elements of M in terms of what we call matrix elements. In the following we use
spectral projections of the commuting generators the notation

P = x((Dy,..,Dy) €1) (2.1.5)

where I € R is a Borel set. The basic observation is that elements x € M with
compact Arveson spectrum o, (x) have finite hopping range between spectral
subspaces:
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Lemma 2.1.7 ([111, Lemma 3.1.2]) Let a € M N LY(M) and I,] c R" be closed
sets. Then

Pr(a) = Pn(a) P—cy(a) n(a) P = Pricq(a) m(a) P . (2.1.6)

As an exemplary application one can use this to derive L'-norm estimates for
products of the generators m(a)f (D) which incorporate a limited amount of
smoothness:

Proposition 2.1.8 ([111, Proposition 3.1.3]) Let Q, = y + [—%, %)n be the unit
cube with center y. Then 1 = ZyEZ" Xo, (1) for all 2. Now £ (L?(6)) is defined as
the closed subspace of L?(G) with

gy = (D o)) < o
yEL™

n

Fora € Mn Bfl(M) and f € L*(G) n £1(L*(G)), there is a constant C > 0
independent of a and f such that

(@) fD)|, < CIIaIIB% 1Nl gy - (2.1.7)

1,

Proof. Writea = },_, W; x aand f, = x,f. Then

r(@f, (D) = ) 7« (D) = D Koy ssupptny (W * )fy (D)
. Z

j=0
and from Proposition 2.1.8 one has

—

ey 15l 15

n i —
22|« al 15

(W + @) f,(D) < || xq,+supptw))

IA

L2(&)

such that one obtains the norm of Bfl respectively £1(L?) by summing over j and
Y. O
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2.2 Hankel operators and quantum differentiation

The n generators of the crossed product combine naturally into a self-adjoint
Dirac operator

D = Zn@Di =y-D, (2.2.1)

where y;, ..., ¥, are generators of an irreducible representation of the complex
Clifford algebra Cl,,, i.e. they are matrices in My (C) with N = |n/2] which satisfy
the commutation relations

*

i =Y, Vi = vy forizj. (2.2.2)
Following the convention of [111] we assume that y; -y, = lnTl]l for odd n since
there are two inequivalent representations and the right-hand side is otherwise
only fixed up to a sign which would reappear in some of the index formulas.
The Dirac operator is affiliated to ' := My(M %, G) which means that in
particular its phase F = sgn(D) and positive spectral projection P = (g o lie
in V. By construction of the crossed product there is a canonical inclusion

m:M->Mx,G.

Definition 2.2.1 Given an element a € M one defines the (one-sided) Hankel
operator
H, = Pn(a)(1-P) € N,

the two-sided Hankel operator
A, = [sgn(D),m(a)] € N,
and the Toeplitz operator are
T, = Pr(a)P € NV

where we identify m(a) € M X, G with 1y @ n(a) € N, i.e. m(a) in particular
commutes with yy, .., V. We call a the symbol of the respective operator.

For odd n we are interested in the computation of the indices of above Toeplitz
operators. Let us recall the necessary definitions briefly. To any semifinite von
Neumann algebra \ with trace T one associates the ideal of T-compact operators
K (N, 7). It is defined as the operator-norm-completion of L'(N) N A, thus it
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isa C*-algebra. A bounded operator T € A/ whose image in the Calkin algebra
N /K (N, 1) is invertible is called Breuer-Fredholm (after [34]) or 7-Fredholm and
it has a real-valued index [96]

7-Ind(T) = t(Ker(a)) — t(Ker(a*)) € R

with the kernel projections of the respective operators. The index is finite, since
any compact projection is automatically trace-class. Like the usual Fredholm
index the t-index is invariant under norm-continuous homotopy, t-compact
perturbations and unitary equivalence.

For a unitary symbol u € M the Toeplitz operator T, is T,-Fredholm on the
hereditary subalgebra PA'P in particular if the associated Hankel operator H,, is
7-compact. The most practical criterion to decide that is to impose conditions for
which the Hankel-operator is more strongly in some space LP (\). Moreover, large
enough LP-regularity enables computation of the index via the Fedosov-Calderon
formula (for a proof that generalizes to the semifinite case see [102]):

Theorem 2.2.2 Let a € N such that (1 — aa*)"* € L*(NV, 1) and (1 — a*a)" €
LY(N, 1) for somen € N \ {0}. Then a is t-Fredholm and for allm > n,

t-Ind(a) = (1 —a*a)™) — 7((1 — aa*)™). (2.2.3)

Thus arises the problem of finding criteria which determine whether a Hankel
operator is an element of some LP-space in terms of its symbol. A special case are
the classical Hankel operators which are recovered by using M = L*(T) repre-
sented as Laurent operators on £2(Z) with D the position operator D|n) = n|n).
The question of Schatten-class membership of Hankel operators was conclusively
answered by Peller [95] (also in the vector-valued case [94]), namely there is a one-
to-one correspondence with the Besov-regularity of its symbol. While there is no
unique higher-dimensional generalization of those classical Hankel-operators for
symbols in L* (R%), one can consider more broadly so-called paracommutators
which associate to a symbol an integral operator with a certain kernel [69]. One
then has a very similar relation between Schatten-classes and Besov regularity of
the symbol depending on the asymptotics of the integral kernels. Those ideas
were picked up in [111] to characterize the LP-regularity of Hankel-operators with
non-commutative symbols:

Theorem 2.2.3 [111, Theorems 3.1.5,3.2.1,3.3.1] Forn = 1anda € M N B;,é,p(M)
the Hankel operator satisfies Hg, H, € LP(N) forall1 < p < oo.
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Forn>0anda € Mn Bg,{,p(/\/l) the Hankel operator satisfies Hy, H, € LP(\N)
foralln < p < oo.

For the same combinations of n and p one has conversely, that the norm
lall, + 1Hallp vy + 1Har e vy

is an equivalent norm for B;,l,{,p (M), i.e. if the Hankel operators H, and H- lie in
LP(N) for a € LP(M) N M then a is in the corresponding Besov space.

Instead of Besov-regularity one often prefers Sobolev-regularity since the Sobolev
norms can be estimated simply by computing derivatives. While one can use the
various relations between Sobolev and Besov classes there is also a more direct
relation to the commutator with a Dirac-operator. Instead of classial techniques
it is based on estimates for double-operator integrals and was first proved in [83],
which as noted in [111] is a special case of the setup here.

Theorem 2.2.4 [111, Theorem 3.4.1] Assume that 2 < n < . There is a bounded
map from W,t(M, @) —» L) (N) extending the map a € W (M,a) N M »
[sgn(D), (a)] € N.

The spaces L) (\) here are so-called weak LP-spaces which are characterized by
the asymptotics of their singular value function. They occur in the real interpola-
tion scales between the usual non-commutative LP-spaces, in particular by a gener-
alized Marcinkiewicz interpolation theorem [48] one has LP (N) © N NLM»*®) (N
forall p € (n, o]. Thus there are nonstandard embeddings:

Corollary 2.2.5 There is a continuous embedding M NW,}(M) - Mn Bnlﬂ (M)
foreachp € [n,n+1]ifn>1andp € (1,2] forp = 1.

Here one also applied the inclusions of Proposition 1.4.6. Since our symbols in
index theory are projections or unitaries those inclusions always apply and thus
there is rarely a need to work with Besov norms directly.

2.3 Index theorem for Chern numbers

For the purposes of index theory one generally requires matrix-valued symbols
which have (n+ 1)-summable commutators with the Dirac phase F. Furthermore,
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2 Index theorems for n-parameter actions

it will be useful to also have (n + 1)-summable commutators with the phase of
the shifted Dirac operator

Fy, =sgn(y - (D + xo))

for all x, € R™ such that one can average over the offset x,. The natural algebra
of symbols which has those properties are the matrices over the unitization of
the algebra

Cn = Bifinss (M) N M = fa € MO L™L(M) : Ay € L)),

It is a x-algebra by the Leibniz property of the commutator and a consequence
of Proposition 2.1.5 that the commutators of such symbols with F,  are also in
L™1(N) since the function A € G ~ sgn(y - 1) —sgn(y - (1 +x,)) lies in L**1(G).

Thus the triple (C,(M), N, Fy,) defines aso-called (n + 1)-summable semi-finite
Fredholm module (see [35] for a formal definition). Moreover, the Fredholm mod-
ule is even in even dimensions, since the matrix y, = (—=1)!"?ly; ...y,, commutes
with (C,,(M)) (by definition since we identify 7 = 1y @ ) and anticommutes
with F, . In the grading induced by y, one then has

0 G;
Fy, = < "°>.
Gy, O

Computation of indices via the Fedosov-Calderon formula can be done via the
some cyclic cocycles that are canonically associated to any (n + 1)-summable
Fredholm module [39]:

Definition 2.3.1 The Chern cocycle for the bounded Fredholm modules given by
F,, is a cyclic cocycle on the algebra C, (M) defined for any x, € R™ \ Z" by

Chr o (@0 e @) = En Tor ey (M(@0) [y, w(@1)] -+ [Frp (@n)])

Z Tal(roFx, [Frps (@) [Fryy (@] = [Fr w(@n)])
(2.31)
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2 Index theorems for n-parameter actions

with normalization constants

i = (=DF, forn =2k,
" (—1)k+1272k1  forn=2k+1,

and with the supertrace

s 1 .
771,x0 (@) = 2 E(Fxo dxo (Yoa)) ’

the graded commutator dy a = Fy a— (—1)"aF, andy, = (—1) In/2ly, ..oy, forn
even respectively yo = 1 for n odd such that yoFy + (—1)"Fy yo = 0. Furthermore,
the integrated cocycle is

Chy o(ag, ..., an) = f[ | @T,a,xo(ao, e, Gy) dxg (2.3.2)
0,1]"

Since 7, is invariant under the dual action of G = Z™ @ R™ the offset x, is
irrelevant in the case of ny = 0 since the cocycles CTlT,a,xo = CTIT_(X all coincide.
For ny > 0 they are not identical, the purpose of the average is to remove the
dependence on the base point.

If A isa C*-subalgebra of M in which C,,(M) N M is norm-dense, then there are
the index pairings

([Frplys [uly) = To—Ind(Py TPy, + 1 Py, (233)

with K; (A) in the odd and
([FxoJo, [elo = [s(e)]o) = Ta—Ind(m(e)Gy,m(e) + 1 — 7(e)) (2.3.4)
with Ky(A) in the even case. Here P,, = ™% and one has representatives

u,p € Myr1(A™) of K, 1mod 2(A). Technically wezuse the extension of the trace to
N' = NM-dimensional matrices but that is notationally suppressed. Note that in
particular the indices are well-defined since the compactness of the commutators
with F,  extends to the C*-closure A. The index does not depend on the offset
Xo € (0,1]™ due to norm-continuous homotopy.

For (n 4+ 1)-summable symbols computation of the index is then standard using
Theorem 2.2.2:
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2 Index theorems for n-parameter actions
Proposition 2.3.2 ([111, Proposition 3.4.8]) Ifnis odd and u € My/(C,(M)™)
a unitary with scalar part s(u) and hence u — s(u) € My (C,(M)), then

TorInd(Py, m(WPy, + 1 =Py ) = Chrgy, (W' —s@), ..., u —s()),

1+Fy,

with P, = 5 for any xo € R™. Ifniseven and e € My(C,(M))™~ a projection
with e — s(e) € My(C,(M)), then

TorInd(m(e)Gy,m(e) + 1= 1(€)) = Chrgu(e = s(e), ... = 5(e),

0 G

with G, defined by F, =
X0 ﬁ y X0 (Gxo 0

1 0
) in a basis such that y, = <0 ) and

any x, € (0,1]™.

Since the index almost-surely does not depend x, € (0, 1]" one can also average
over the right-hand side, thus compute the index using the cocycle Ch. A major
problem with the cocycles Ch is, however, that it they not suited for practical
computations, whether analytical or numerical evaluation using discretizations or
finite-dimensional approximation. In practice our primary definition is therefore
based on differentials in L”-norms:

Definition 2.3.3 Let V4, ..., V,, be the derivations (1.4.1) on W} (M, a) w.r.t. the
unit directions of G. Also let p € [n,n + 1]. The Chern cocycle for the action a is a
cyclic cocyle on M N W' (M) defined by

Chrq(ag, ..,ay) = ¢y Z (-D* T(aOVp(l)al ...Vp(n)an) , (2.3.5)
PESH

where the normalization constants are given by

k
% , forn =2k,
Cn = l(ﬂ-.’l)k
ek forn=2k+1.

The cocycle properties are rather easily checked on a dense subalgebra consisting
of elements that are smooth w.r.t. the LP-norm such that one can freely use the
partial integration identity 7 (V(a)b) = —7 (aV(b)). The cocycle is well-defined
forany p € [n,n+1]and there do exist relevant examples where Sobolev regularity
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2 Index theorems for n-parameter actions

holds at neither endpoint of the interval [n,n + 1] but for all values inbetween,
hence there is not always a canonical choice.

Nevertheless, Ch , isforeachp € [n, n+1]anatural n-cocycle that is constructed
from the data 7 and a. It is therefore not surprising (though a complicated
computation) that it coincides with the other natural cocycle:

Proposition 2.3.4 ([111, Proposition 3.4.7]) For ay, ..., a, € W;'(M) N Cp(M),
p € (n,n + 1], one has

ChT,a(am "'Ia'n,) = (_1)?’1—1 alT,a(ao, ...,an) .

The main result of this section, or rather of [111, Section 3.5], is that those Chern
numbers can be written in terms of a semifinite index theorem:

Theorem 2.3.5 ([111, Sobolev index theorem 3.4.9]) Ifnisoddandu € My:(M)
a unitary in My (Wp1 (M)™) for somep € (n,n + 1], then

Chr o', .., u",u) = —To-Ind(Py,m(u)Py, + 1 — Py ),

with Py~ = %(1 + Fy,) for any x, € (0,1)". Ifnisevenande € My/(M) a
projection in My (W} (M)™) for some p € [n,n + 1], then

Chrq(e,...,e) = ﬁ-lnd(n(e)Gxon(e) +1—-mn(e)),

0 G
for any x, € (0,1)" with G, defined by F,, = (G x") in a basis such that
Xo

0
(1 0
7o 1)

This is just the combination of Proposition 2.3.2 and 2.3.4. Let us note that the
regularity conditions simplify since W, (M)NM c C, (M) holds forp € (n,n+1]
by Proposition 1.4.6 and for p = n if n = 2. Thus the required Besov regularity is
only ever in question for the extreme case p = 1 = n. That will rarely be an issue
in applications.
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2 Index theorems for n-parameter actions

2.4 Pairings with multipliers

Let A € M be a C*-algebra with [A, F, ] € K(NV) as in the previous section,
then there are the index pairings (2.3.3) and (2.3.4). Both are defined in terms of
representatives in the standard picture of K-theory. For a representative in the
multiplier picture one can immediately write down the odd pairing

([Fxoln, [us ] = [u_]1) = To—Ind(Py, w(usul )Py, + 1~ P)

based on the canonical standard picture representative [u, ]} — [u_]¥ = [u u]y

and compute the index using one of the Chern cocycles. The required Sobolev
regularity of u,u” holds under a very simple sufficient condition:

Lemma 2.4.1 Let uy,u_ € M be unitaries with u_ weakly differentiable and for
whichu, —u_ € W,'(M) then uyu —1 € WH(M).

Proof. Clearlyu,u’ —1 = (uy, —u_)u> € LP(M)NM. Foraweakly differentiable
element the difference quotients converge in the weak-*-topology with norm-
bounded derivatives. Thus the weakly differentiable elements are two-sided
multipliers of W' (M). In particular

Vwuiu) =V, (uy —u)ul + (uy —u_)v,,(ul)

isin LP(M). O

For A the C*-completion of M N W' (M) for some p € [n,n + 1] with n even one
has a pairing with classes in the multiplier picture

([Fx,lo. [e+]0' — [e-10")

which is obviously defined by representing the class [e, ]} — [e_]} € Ky(A) in
the standard picture. While a representative in standard form [e], — [s(e)]o with
e € My(W,'(M)™) must exist, there is apparently no simple general algebraic
expression to determine it. In practice this also means there is no feasible way
to compute the pairing using an even-dimensional Chern cocycle. An easy and
well-known way to avoid that problem is to suspend the cocycle to the algebra
SM := L®(R) ® M (with W*-algebraic tensor product) using Theorem 1.6.3:

Proposition 2.4.2 Let n be even, e, e_ € My(M) be projections with e, —e_ €
My (Wy (M) for some p € [n,n + 1] and e_ weakly differentiable. Then [es M —
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2 Index theorems for n-parameter actions

[e_]y determines a class in Ko(A) for the C*-algebra A = C*(M N W, (M)). one
has a well-defined index pairing

([Fxolo. [e+10" — [e-10").

Let f € S(R)™ be the function f(4) = :2283:

the unitariesuy = f @ ex + 1 ® ey € (SM)2. One has

([Fxlo. [e+10" — [e-10") = (Chr,q [e+ 10" — [e-]5")
= (Chrs axa [0 0Z]1)

of winding number 1 and define

where T* = fR dt @ T with integration w.r.t. the Lebesque measure and A :
L*(R) x R = L”(R) left translation.

Proof. Since weakly differentiable elements preserve W,! (M) N M under left
and right multiplication one finds that e_, e, are naturally included into M$(A)
and hence the class [e, ]} — [e_]Y € K,(A) is well-defined. Let [e], — [s(e)]o
a representative in standard form with e € My (W, (M)™~) which exists due to

spectral invariance. With the suspensiont = (f Qe+1Qe) (FQs(e)+1Q®s(e))
Theorem 1.6.3 implies

([Fx,lo, 410" — [e-18") = (Ch7.q, [e]o — [s(e)]o)
= (Chs axp [1]1)

with slight abuse of notation since the suspension cocycle (Chy ,)® while given
by the same formal expression (2.3.5) has a different domain than Chrs 43,
namely one requires spaces of mixed smoothness; the derivatives with respect
to a lie in LP(SM) while those with respect to the suspension variable lie in
LP(SM) n L®(SM). The suspension # lies in that domain and @, 7" as well and
since both represent the same class in K, (S.A) the proof is finished. O
In particular the suspension is immediately regular enough to compute the sus-

pended cocycle. However, one cannot directly apply the index theorem since

that requires regularity in Bﬂ;,l,gi(zn”) (SM) which is stronger than the input of

W, (M). For an index theorem with an explicitly computable Fredholm operator
we must therefore ask for more regularity which is often not an issue:
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2 Index theorems for n-parameter actions

Corollary 2.4.3 Let n beeven and e, e_ € My(M) be projections withe, —e_ €
My (Wp: (M) NW,L (M) for somepy € [n,n+1], p, € [n+1,n+2]and e_ weakly
differentiable. Then

([Fxo]Or [e+]1(‘)/1 - [e—]I(\)/I) = (/’T\S)axflnd(ﬁxon(u+ui)lsxo +1- sto)

where P, = x(D + yX) > 0 with X the multiplication operator by the function id
on L®(R) andy = (=)™ 2ly,..y4-1.

Proof. Lemma 2.4.1 implies that 71, i_ € My(SM N W, (M)™) which is regular
enough for the Sobolev index theorem and the value of the cocycle obviously does
not depend on the domain. O

Instead of the suspension to L (R) ® M one could as well have suspended to
L*(T) ® M, the Chern cocycles on the suspension are numerically equal up to a
reparametrization.
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3 Toeplitz extensions for one-parameter
actions

A common situation in index theory is that one deals with a C*-algebra .4 and
studies an extension containing the C*-algebraic span of elements Pt(A)P ina
representation 7 with P a projection that is not a multiplier of A. An important
special case is that of a C*-algebra with an R-action where P is the spectral
projection of the generator in a covariant representation [70][81][96]. Then the
obtained extension may be called the Toeplitz extension associated to a flow since
it is generated by operators of the form Pr(a)P exactly as the discrete Toeplitz
extension that e.g. features in the Pimsner-Voiculescu sequence. The K-theory
of such a Toeplitz extension can be very difficult to compute. By modifying the
construction to use instead of a sharp spectral projection a continuous switch
function one obtains a much more accessible algebra, the so-called smoothed
Toeplitz extension [70], which is intimately related to crossed products and offers
very simple connecting maps in K-theory.

Toeplitz extensions play an important role in K-theory but also in solid state
physics where they feature prominently as bulk-boundary exact sequences that
link phenomena on the surface of a system with those in its bulk. From that arises
also the need for an analogue of the smoothed Toeplitz extension for an action of
the torus. In [111, Chapter 4] those two versions were treated on the same footing
as the so-called smooth Toeplitz extension for a one-parameter group. In this
section we recall the construction and its properties for use in Chapter 5. Some
related algebras and exact sequences are also introduced for use in bulk-interface
correspondence. In the final section we explore a variant of the extensions based
on stable multipliers.

3.1  The smooth one- and two-sided Toeplitz extension

In this chapter let (A4, G, ¢) bea C*-dynamical system with a one-parameter group
G,i.e. G = Tor G = R. Weassume that A acts faithfully and non-degenerately on
a Hilbert space # and identify A>¢ G with its image in the regular representation
7 X Uon#H = L?(G,H,). The action ¢ is implemented by exponentiation of the
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3 Toeplitz extensions for one-parameter actions

self-adjoint generator D as above in (2.1.1). One can then write A ¢ G as then the
C*-algebraic span of

AxeG = C*{n(a)f(D) : a€ A, fEC(G)} < BH).

Here G = Z, or G = R. Let Co () be the continuous functions which vanish in
—o0 and admit a limit in +oo, respectively C, ((G) those who vanish in +c0 and
admit a limit in —co. Similarly let C, , (é) be the functions which admit finite,
but possibly different limits at +c0. The smooth Toeplitz extensions are obtained
by supplementing the crossed product algebras with further functions of the
generator:

Definition 3.1.1 ([81, 70]) The smooth Toeplitz extensions associated to a C*-
dynamical system (A, G, §) as above are defined by

T_(A§6) = C'{n(a)f(D) : a€A, f€CG)} c BH). (311)
or

T (A§G) = C'{n(@)f(D) : a€A, fEC.(O)} € B(H). (312)
or

T(A§,6) = C {m(@f(D) : a€A, fEC.O} c BH).  (313)

and are called the left, right or two-sided Toeplitz extension respectively.

It is easy to see that the left and right extension are canonically isomorphic to
each other by inverting the action & » &1,

Let O be a continuous switch function converging to 1 at +0 and 0 at —co. It is
sometimes convenient to assume further that ©’ is compactly supported. The
functions P, = (D) and P_ = 1—0(D) are multipliers of Ax¢G. For consistency
one needs to show that the Toeplitz extensions arise by complementing the crossed
product with elements P, m(a), P_n(a) and P,m(ay) + P_n(ay). This is well-
known for the right Toeplitz extension [81, 70] and for completeness we lift the
proof of [111, Lemma 4.1.2] to this slightly more general setting:
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3 Toeplitz extensions for one-parameter actions

Lemma3.1.2 Let a € A and P, be constructed as above. Then [P,,m(a)] €
A g G and hence A X¢ G is a two-sided ideal in T(A,G,$). Furthermore, the
elements of T(A, G, &) are precisely those operators which can be written in the

a=mn(a;)Py +m(a_)P-+é&
with unique a; € A, é € A X G.
Proof. For the first part it is enough to show that [P,,w(a)] € A > G fora €

C*(A), the dense subset of norm-smooth elements w.r.t. £. By Proposition A.5
one has as a norm-convergent Riemann integral

1 _
dzAdz
-z

N L
(Poal = 57 | @80 510,01

fora suitable function @. Since [a, D] € A the integrand lies in A x ¢ G pointwise,
hence [Py, a].

That implies that A X; G is an ideal in T(A, G, §) since, e.g,,
0D)(r(a)f (D)) = [0(D),n(a)]f (D) +m(a)(Of)(D) € AX:G,

foralla € A, f € Co(G) and 0 € C,.(G) due to Of € Cy(G).

It also follows that the linear span of elements

K
&= n(a)Ps +n(@ )P+ ) fiD)n(a) (3:1.4)
i=1
with f; € C.(G), a; € A is already norm-dense in T(A4, G, §).
Let fA be the dual action, then it is not difficult to see in the standard regular

representation that qy (@) := s-lim;_, 7, £.(4) = ay for each such a. Moreover,
one can easily show that

K
7(a,)P; + 1@ )P+ ) fiDyn(ap)|| = max(lia,ll, lla_I)
i=1

with any a; € A, f; € C.(R) by translating trial vectors to +oo (see the proof of
[111, Lemma 4.1.2]). One concludes that the norm-closure of elements of the form

68
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(3.1.4) must be equal to AP, + AP_ + A x¢ G since a sequence of elements of
form (3.1.4) can only converge in norm if all three terms converge individually.
Hence

T(A G E) = AP, + AP_+ AX: G

and themap q = (q_,q;) : T(A4,G,§¢) - AP Aisasurjective homomorphism
with kernel A ¢ G. O

This immediately implies:

Proposition 3.1.3 There are the exact sequences

0> Ax; G O Ty(AEG) B Ay - 0. (3.1.5)

and
0 - A% G & TAEG) > A®A, -0, (3..6)

where A, = A are two copies of A.

Each of these Toeplitz extensions includes naturally into the multiplier algebra
M(A %z G), which makes it independent of the regular representation used
for its construction. Furthermore, any representation of A x; G gives rise to a
representations of the Toeplitz algebras.

3.2 Connecting maps

This section aims to describe the connecting maps in K-theory induced by the
Toeplitz extensions. As the primary object of study we consider the maps for
T, (A, &, G) which will be denoted by

Ind : Ky(A) - Ko(AxeG),  Expl : Ko(A) — Ky(AxgG).
The connecting maps for T_(4, ¢, G) are obtained via a natural isomorphism
2: AN G > AXe1 G

which extends to a map which flips the sign of the action, for T(A,¢,G) the
exponential map is then

(Exp) o (4), + . o (BxpS ) o (). = (Expt) o (). — (72).)
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and the index map

(Ind%) o (), + Z, o (Ind§, ) o (r_). = (Ind§) o (). — (7_).)
withmy : AL D A - A

Since the smooth Toeplitz extension is constructed naturally and functorially in
terms of A and « it is not difficult to verify that its connecting maps satisfy the
axiomatic characterization of the Connes-Thom isomorphisms [37]:

Proposition 3.2.1 ([111, Proposition 4.2.3]) The connecting maps of the smooth

Toeplitz extension T (A, &, R) written as Expr and Indﬂi are related to the Connes-
Thom isomorphisms by

ExpS, = — (@05,  (ndp)f = — (305

In particular they are isomorphisms and replacing ¢ with ! one indeed has

-1
Expp = —Z. 0 ExpﬂfR due to the way in which a choice of orientation of R enters
into the axiomatic characterization of the Connes-Thom isomorphism. In the
case G = T we can first apply the result for ¢ considered as an R-action and then
factor:

Proposition 3.2.2 ([111, Proposition 4.2.6]) Consider a given T-action ¢ on A
as a R-action by setting ;.1 = &;. Then the connecting maps of T, (A, &, R) are
given by

Ind% =1, o Ind} , Exp% =10 Exp]}i, (3.2.1)

withI1: Axg R » AXg T the natural surjection defined by

0 <f]Rf(x)e2mDRx dx> - fT (Z Flx+ k)) e2mDTx gy

KEZL

forall f € C.(R,.A) with Dy and Dy generators of the respective actions in a faithful
representation of the respective crossed product.

While the connecting maps for G = R are always isomorphisms this is rarely the
case for G = T as one can already convince oneself from the case where ¢ is the
trivial action.
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The usual (discrete) Toeplitz extension and the Wiener-Hopf extension are special
cases of the smooth Toeplitz extension with the dual action:

Lemma 3.2.3 ([111, Lemma 4.2.7], [70]) For a C*-algebra B with Z-action B, the
exact sequence

0 - Cy(Z, B) Xr®p Z > Cy.(Z,B) Xr®p8 Z - B Xp Z - 0
with right translation A is naturally isomorphic to the smooth T-Toeplitz extension

N II
0 > BxpL)»T & Ty(BxgZLp,T) > BxgZ - 0.

Likewise, for a C*-algebra B with R-action f, the exact sequence
0 - Co(R,B) Xi®8 R < Cy.(R,B) X108 R - BNB R -0

isomorphic to the smooth T-Toeplitz extension
5 n
0 = (BXgR)x; R & T,(BxgR,BR) > BxgR - 0.

The connecting maps in the discrete case are therefore equivalent to those of
the Pimsner-Voiculescu sequence[20, 10.2] and in the continuous to those of the
Wiener-Hopf extension.

3.3 Chern numbers and duality

Let the C*-algebra A be now equipped with a faithful densely defined lower
semicontinuous trace 7 and an additional R" !-action 8. Assume that 8 and &
commute and leave 7 invariant. Define @ = 6 X ¢ as an R™-action.

Definition 3.3.1 The Chern cocycle for the action a is a cyclic n-cocycle on the

domain (A1 q)"** defined by

Chrq(ag, ..,ay) = ¢y Z (-D* T(aOVp(l)al ---Vp(n)an) ,
PESH

where V4, ..., V,, are the derivations (1.4.1) on A, w.r.t. to an orthonormal basis
eq, ..., ey of the Lie algebra R™ of G, S,, is the symmetric group and (—1)? the signum
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of a permutation o € S, and the normalization constants are as in Definition 2.3.3
given by

k
% , forn =2k, (31)
Ch = 4 () 3.3.1
ek forn=2k+1.

Here At , is the Fréchet algebra introduced in Section 1.4.1. The cocycles are given
by the same expressions as the Chern cocycles in Chapter 2 but with different
domains and notions of derivative.

For the smooth Toeplitz extension one has a duality result for the Chern cocycles:

Theorem 3.3.2 ([111, Theorem 4.5.3]) Let A be a C*-algebra with two commut-
ing actions, namely a strongly continuous R™-action 8 and a strongly continuous
G-action &, where G is a one-parameter group. Let T be a densely defined faithful
lower semicontinuous trace on A that is invariant under 6 x §. With the connecting

maps Indg and Expi of the smooth Toeplitz extension, one has

(Chroxg [elo — [s(e)]o) = (Chf—f,g;EXPg([e]o — [s(e)]o))

fornodd and [e], — [s(e)]o € Ko(A), respectively

(Chrox, [V]1) = —(Chy, g IndE[v],)

forn even and [v]; € K{(A).

It is a generalization of similar duality results for the Wiener-Hopf extension
[75, 52] and the discrete Toeplitz extension [91, 74, 103] which are special cases
of the smooth Toeplitz extension as seen in Lemma 3.2.3. The proof is based on
a natural duality for crossed products with R: If <7 is a Fréchet subalgebra of
A which is strongly spectrally invariant in the sense of Theorem 1.6.2 then one
can construct a smooth crossed product </ Xz R which is spectrally invariant
in A x¢ R. If ¢ is a cyclic n-cocycle on & then one has a natural (n + 1)-cycle
(Pe, dé, A X¢ R) on the crossed product, which pairs dually with respect to the
Connes-Thom isomorphisms

(#£0,(0.2)i(0) = (=DXp,x)
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for x € K;_;(A). The general formula is not important here, but assuming 6 and
¢ commute it reduces to

(#¢Chrg) = Chy g6

with the dual action €. The Theorem above in the case of R follows by dualisation

with Takai duality (see Theorem 1.1.6) since Ch (o 3 and Chy gy¢ result in

equivalent pairings with K;(A ®¢ R ®; R) = K;(A ® K). In the case G = T one
then applies Proposition 3.2.2 and uses that pairings of K-theory classes with
Chern cocycles are unchanged under the map II...

3.4 Multiplier Toeplitz extension

Motivated by our applications in physics we will have need for an analogue of
the two-sided Toeplitz extension which connects two multipliers instead of two
elements of A. Such an algebra can be more or less naturally constructed as a
subset of the multiplier algebra of two-sided Toeplitz extension, which is chosen
small enough to have a well-behaved K-theory.

Proposition 3.4.1 Let (A, ¢, G) be a C*-dynamical system with separable A then
there is an exact sequence

0> Axe G- TY(AEG) » P(M(A),A) -0

involving the C*-algebra T (A,§,G) = M(A) + AP, + A X G.

Proof. The proof that T" (4, ¢, G) is closed and a C*-algebra can be done similarly
to Lemma 3.1.2, since mP,a = m[P,,a] + maP, and [A, P,] € Ax¢ G as well
as M(A) € M(A x; G).

For the exact sequence we note that T (A4, ¢,G) € M(T(A,§,G)) and thereisa
surjective extension § : M(T(A,¢&,G)) » M(A, @ A_) = M(A) @ M(A). Foran
element of TY (4, ¢, G) one has G(m + aP, + é) = (m 4+ a, m) € P(M(A), A) and
the kernel Of(?lTM(A'f'G) is A X G. O

It is important here that the two elements at infinity differ by only an element
of A to constrain the K-theory. As an application we can extend the Toeplitz
extension to multipliers in a way that interacts nicely with the multiplier picture
of K-theory:
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3 Toeplitz extensions for one-parameter actions

Proposition 3.4.2 The multiplier Toeplitz extension TV (A Q K, &, G) extends the
Toeplitz extension to a commutative diagram

OHAX56—>T+(.A,5,G) >~A+ > 0

Nz g A Jps
0= A% GRK = T"(ARKEG) —> P(M(A),ARK) —> 0

(3-41)
with p(x) = xQe for some rank-one projection e and p, (x) = (xQe, 0). Moreover,
both the left and the right vertical arrow induce isomorphisms in K-theory.

Proof. It is clear that the diagram commutes by construction of the map g. The
tensor product with a rank-one-projection implements the natural isomorphism
Ki(AXg G) = Ki(AXg G ® K) and p, induces an isomorphism in K-theory by
Lemma 1.5.3. O

Similarly, there is a commutative diagram

0 —> A% G — T(A§6) ——> A @A, —> 0

\1/0 \Lp . \lﬂ—@lh
0> Ax:GRK = T"(A®KEG) > P(M(A),AQK) —> 0

(3-4-2)
with p_(x) = (0, x ® e) which shows that the connecting maps are also equivalent
to those of the two-sided Toeplitz extension. From that and Theorem 3.3.2 we
immediately conclude

Corollary 3.4.3 Consider the multiplier Toeplitz extension T" (AQ K, &, G) in the
case where A carries an additional R™-action 6 that commutes with & as well as a
0 x é-invariant densely defined lower semi-continuous trace T .

Ifnis odd and (ey,e_) € P(M(A), A ® K) a projection then
<Chff€,erEXP([(€+,e_)]0)) = (Chygxe [e+]Y — [e_]M))

for the exponential map of the bottom exact sequence from Proposition 3.4.2.

Likewise, for n even and (u,,u_) € P(M*(A), A ® K) a unitary one has

(Chj, g, Ind([(us, u)]1)) = —(Chrpxe [wilt — [u-]1)
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3 Toeplitz extensions for one-parameter actions

for the index map of the same exact sequence.

Thus we are lead to compute the Chern numbers of classes in K;(A) expressed by
representatives in the multiplier picture. In the odd case those can be computed
rather easily by going to the standard picture and in the even case one can use
suspensions as it was done in Chapter 2. Here we give another approach which
sometimes results in much simpler formulas. The idea is to define the Chern
cocycles directly on a smooth subalgebra of P(M*(A), A @ K).

Proposition 3.4.4 Let A be a C*-algebra with densely defined faithful lower-
semicontinuous trace invariant under some R"-action 6. Then define

P(AT,0)
={(m,m+a) € P(M*(A), A ® K) : mis norm-smoothw.r.t. 8, a € Ayg}.

This algebra is a Fréchet *-algebra w.r.t. the family of seminorms

||(m,m+a)

», = [V/m] + (V7] .,

for all multi-indices j, that is dense and spectral invariant in its C*-completion.

Proof. The only point in question is the spectral invariance. We note that for
x; = (m;, m; + a;) one can write

||x1...xn||33j = ||ij1...mn|| + ||Vj((m1 +ay)..(my +a,) — ml...mn)”T

= ||ij1...mn|| i\ z VikyYnky,
Zki>0 T

with y; = (m;, a;), i.e. y;0 = m;, ;1 = a;. Denote by ||-||, the operator norm and
I-Il; = II-Il then

ZIQI DAL | = S S 1
kq,..kn€{0,1} Jitetin=j
Y ki>0 T
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3 Toeplitz extensions for one-parameter actions

since at least one k; is equal to 1. Note that ||Vjiyiki||k < llxill ,,, and thus
1 1

berally <20 ) llly, el
Jitetin=J

The increasing norms ||x||% = ZI jlem ||x||(@j are therefore seen to satisfy the
strong spectral invariance of Theorem 1.6.2. O

The operator-norm completion of &7(A4, T, ) has the form P(B, A ® K) with B
the norm-completion of the algebra of smooth elements in M*(.A), thus

B={meM5(A): t € R §,(m) is norm-continuous}.

It is not difficult to see that K;(B) = 0, indeed, the Eilenberg swindle argument
used to prove that K;(M*(A)) = 0 (e.g. [20, Proposition 12.1.1]) generalizes
verbatim, since all necessary elements are automatically also contained in 5.

Thus K;(P(B, A ® K)) = K;(A).

Definition 3.4.5 On Z(A, T, 0) define the derivations
Vi(m,m +a) = (V;m,V;(m + a))
and the trace T4 (m, m + a) := T (a). Then the Chern cocycles
diff i
ChhCxo, e 0) = € Y (=1 T (xo¥pay 21 Vi an)
PESH
are cyclic n-cocycles on Z(A,T,0)"+1.
To see that they are well-defined and cyclic cocycles is as easy as for the usual

smooth subalgebras, since 7" diff js a trace which satisfies the partial integration
identity 79 (xvy) = —74iff((Vx)y).

Corollary 3.4.6 Let n be odd and [u, ]} — [u_]} € K,(A) be represented by a
couple (uy,u_) € 2(A,T,0)" 1, then

(Chrg, [us]¥ — [u_1¥) = (Ch$S, [(uy, u)]p)

=Cn Z (—1)'0 Tdiff(uivp(l)qu Vp(n)ll:_ - u*_Vp(l)u_ Vp(n)u*_).
PESn
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3 Toeplitz extensions for one-parameter actions

Let n be even and [e, |} — [e_]} € Ky(A) be represented by a couple (e,,e_) €
P(A, T, then

(Chr g, [e4 14 — [e_1¥) = (ChS™, [(es, e_)]o)

=Cn Z (=1° T4 (e4Vpyer - Vompes — e-Ypwpe- -+ Vpme-).
PESy

Proof. The two pairings obviously coincide fora K; -class represented by a unitary

(s(),s() + (u—s(u)))

with s(u) a scalar matrix, respectively a Ky-class (s(e),s(e) + (e — s(e))). As
argued before Definition 3.4.5, one has K;(P(5, A ® K)) =~ K;(A) and thus every
class has a representative of this form with a € A 4. This fixes all possible values
of the pairing. O

Let us finally note that the domain of the difference cocycle as defined above is
not natural in some cases. In applications one may want to use LP-spaces different
from L!, e.g. to handle decay at infinity properly. In this smooth setting here one
can always choose a regular enough representative and then relative it to various
regularizations via continuity of the Chern cocycles w.r.t. LP-norms.
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4 Invariants of solid state systems

The object of study in this work are quantum-mechanical solid state systems
in the free-fermion approximation, where an effective one-particle picture is
used. We follow the C*-algebraic approach which goes back to [15], thus a system
is described by a Hamiltonian that is affiliated to a C*-algebra. This makes it
possible to classify topological invariants that are stable under carefully restricted
homotopies of the Hamiltonian by labels in the K-theory of said algebra. There
will also be situations where C*-algebras will not be enough and one must pass to
von Neumann algebra, e.g. if one needs to work with exact spectral projections.
Then K-theory alone will not be helpful anymore, but the operator-algebraic
approach still provides an access to index-theoretic methods.

The basic building block of observable algebras for a such a system will typically
be a tracial dynamical system (A4, 8, T) consisting of a separable C*-algebra A
carrying a R%-action 6 and a densely defined lower semicontinuous trace 7. In
the semi-cyclic GNS representation induced by 7 the action is generated by d
commuting self-adjoint generators (X, .., X;) which one may think of as abstract
position operators. The number of commuting generators is only a lower bound,
which is not directly related to the physical extent of the system. For example, the
edge of a d-dimensional system might be considered to be (d — 1)-dimensional
while one has in fact d independent position operators.

The importance of tracial dynamical systems as observable algebras is that in the
analysis of topological quantum systems one encounters many different algebras
which one can roughly split into algebras of more or less directly measurable
observables and multiplier algebras, that are only observed through theirs action
on observables. Using K-theory we can associate stable topological invariants to
any projection or unitary in any C*-algebra. Depending on the choice of algebra
those K-groups will often be too small since they allow too many homotopies or
too large in the sense that they have many classes that are distinguished only by
invariants that are not physically interesting or depend subtly on the choice of
algebra. For an observable algebra based on a tracial dynamical system (A4, 6,7),
on the other hand, one can always compute at least a subset of the topological
invariants canonically via the Chern number cocycles associated to n-parameter
subgroups of 6 and also associate index theorems to them which assure their
stability under certain "rough” perturbations. Moreover, the trace also has an
important role in justifying at least some of the Chern numbers as transport
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4 Invariants of solid state systems

coefficients since that is based on linear response theory (a similar algebraic point
of view is taken by [44]). Let us also emphasize that in this work we are only
concerned with the complex K-theory and even there mostly with the smaller
part that can be labeled by Chern cocycles. Clearly, this sector of the theory of
topological invariants is the most accessible and probably also the most stable one,
especially since one has well-controlled computable numerical expressions for
all invariants. Other invariants which require additional fundamental or spatial
symmetries for stabilization or are Z,-valued will likely be much more susceptible
to disorder. One can make meaningful statements, e.g. about the stability of
Z,-invariants of mobility-gapped topological insulators (see e.g. the recent work
[22]) but they require a considerably different approach and some basic questions
are still unresolved.

4.1 Multipliers and unbounded Hamiltonians

The time-evolution of a system is generated by a self-adjoint operator H, called the
Hamiltonian. Forour purposes it is not sufficient that the group of automorphisms
generated by H defines a strongly continuous action on some C*-algebra .4, we
more strongly require that H is a (possibly unbounded) multiplier affiliated to .4
(since we are interested in classifying its spectral projections). In the special case
that A is unital, the Hamiltonian is always bounded and an actual element of A
itself.

Definition 4.1.1 Let A be a C*-algebra. An A-multiplier T shall be an operator
affiliated to My (A) in the sense of [132], i.e. a regular adjointable operator on the
Hilbert module A ® CN.

A self-adjoint A-multiplier is always a reqular self-adjoint operator on the Hilbert
module A ® CV.

Usually it is preferred to deal with operators on a Hilbert space since the domains
of the unbounded operators are more accessible. There is an equivalent charac-
terization (see [132, Example 3,4]) for adapted to that situation:

Proposition 4.1.2 If A acts faithfully and non-degenerately on a Hilbert space H
then the A-multipliers are in one-to-one correspondence with the closed operators
T on H" such that

(i) T*(1+T°T)"2 € M(My(A)).
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4 Invariants of solid state systems

1
(ii)) (1 +T*T) 2My(A) € My(A) is norm-dense.
For further use we also want to highlight some special multipliers.

Definition 4.1.3 An A-multiplier T is called resolvent-affiliated if
(T + Z)_l € MN(.A)

forall z € Cin the resolvent set of T.

An A-multiplier T is called strongly affiliated if

F(T) € My(A™),
where F(T) =T*(1 + T*T)_% is the bounded transform.

Depending on the physical situation to be modeled resolvent-affiliation of an
unbounded Hamiltonian may be a fairly common property. If it does hold then
one has very good stability under perturbations since additive perturbations in
M (A) will then lead to perturbations of the bounded transform in .A. Strong
affiliation is also a good property to have, since its presence makes it easier to use
T in the construction of lifts and preimages necessary for K-theoretic boundary
maps, as we will see in Chapter 5.

In the following we will usually just write A instead of My (A) and similarly for
derived spaces L' (A) instead of L' (M (A)) since the dimension of the matrix fiber
is usually obvious from context or irrelevant entirely (since one can often simply
replace A with My(A)). Any bounded A-multiplier is canonically included into
the stable multiplier algebra M*(A) but the latter only features at intermediate
steps since A-multiplier are for us always finite size matrices (which has slight
technical advantages).

A Hamiltonian will in this chapter always be a self-adjoint multiplier of a C*-
algebra A. If A carries a R%-action 6 then we say H is 8-smooth if H is strictly
smooth in the sense of Definition 1.4.11 w.r.t. to the generators X, .., X5 of 6 in
some faithful covariant representation of (A, R%, ) (and only use consequences
of that property which are representation-independent).

Concrete Hamiltonians are specified as (unbounded) operators in a Hilbert space
representation but are then independent of it, since any representation of A
comes with a canonical representation of its unbounded multipliers. A priori
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4 Invariants of solid state systems

there is nothing wrong with an algebraic interpretation of quantum mechanics
where A consists of observables which are related to measurement results using
expectation values with respect to a trace 7, but one should always attempt to
make explicit the connection of the algebraic approach to more functional analytic
approaches to the analysis of (random) Schrodinger operators: In those concrete
situations it is very common to have a preferred family (7,),eq of representa-
tions of .4 on some Hilbert spaces (H,,),eq, Where the elements of #,, have
a direct physical interpretation e.g. as wave-functions of quasi-particles. The
parameter space () can describe different realizations of a system, for example
when the Hamiltonian is a random operator or depends on additional (determin-
istic) parameters. In that situation a single algebraic Hamiltonian H corresponds
to a whole family of physical Hamiltonians (7, (H))eq and it can be difficult
sometimes to translate algebraic statements into pointwise statements.

This problem becomes worse when one wants or needs to go beyond C*-algebras,
for example, to consider spectral projections or the polar decomposition of a
Hamiltonian which does not have a spectral gap. We will then go over to the nat-
ural von Neumann algebra L* (A, 7) constructed in Proposition 1.2.1, i.e. we take
the completion L*(A,7) = nr(A)" in the (unbounded) GNS-representation
associated to 7. This has the advantage that 6 extends to a weakly continuous
action and 7 extends to a f-invariant n.s.f. trace. Neither would be guaranteed
in an arbitrary representation of .A. This puts us at the risk of losing contact with
physical representations: It can happen that no 7, extends to a normal represen-
tation of L (A), or worse that L* (A) is an unphysical completion whose elements
have little relation to e.g. spectral projections of actual physical observables , (a).
One way to alleviate this danger is to make certain that the GNS-representation is

unitarily equivalent to the direct integral representation |, s? m,dP(w), where O
now has a measurable structure with some measure P. This is often just a matter
of choosing (1 large enough initially. It is then guaranteed that L* (A) is decom-

posable, i.e. thatany a € L*(A) decomposes as a direct integral ff a,dP(w)
with fibers that act on a physical representation of #,,. This is enough to translate
algebraic statements about an element a € L*(.A) into statements about physical
observables a,, that must hold on sets of positive measure w.r.t. P, respectively
must hold almost surely if P is ergodic in some sense. To consider semifinite
index theorems for Chern numbers we must further go over to the auxiliary von
Neumann algebra L (A xg R™). If L (A) is decomposable into a direct integral
and the fibers r,, are 6-covariant representations then L* (A Xy R™) is again
decomposable as a consequence of the spatial representation constructed in
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4 Invariants of solid state systems

Proposition 2.1.1. Thus the elements of L (A x4 R™) are again direct integrals
with fibers acting on the physical Hilbert spaces.

4.2 Examples

The best-understood observable algebras take the form of (twisted) crossed
products C(Q) x G with G = Z% or G = R? depending on whether one considers a
model on discrete or a continuous space and () describes an additional parameter
space, e.g. a configuration space for random disorder. The crossed products here
can be seen as special cases of groupoid C*-algebras which are more flexible and
can among other things also describe observable algebras where the real-space
models live on uniformly discrete aperiodic sets (Delone sets) or quasicrystals (see
e.g. [71,17, 28, 27]). Yet, as is the line of argument in this chapter, the underlying
structure as a crossed product or groupoid algebra does not really matter, it is
only important for us as far as it is used to construct an action 6 and a trace 7.

We describe in more detail two examples for observable algebras, the disor-
dered non-commutative torus, which is used to handle random operators on
£2(Z%) covariant under magnetic translations, as well as an observable algebra
for continuous-space models, where the Hamiltonians are differential operators.
Those two cases together with derived algebras, such as suspensions, edge or
halfspace algebras already cover almost all of the expected phenomenology of
topological insulators.

4.2.1 Disordered non-commutative torus

The disordered non-commutative torus is by now rather well-understood; we
recall only as much detail as necessary and refer to [99, 103, 111]. It is most
conveniently described as a twisted crossed product:

Definition 4.2.1 Let G be an (additively written) discrete abelian group, B a C*-
algebra acting on a Hilbert space H. Furtherlet § : G X B = B be a continuous
G-actionand p : G X G - S a group 2-cocycle.

The twisted crossed product B Xp , G is the universal C*-algebra generated by B
and a set of unitary generators (u®)se satisfying

uSut = p(s,t)ut*s, bu’ = uspy(b), s,tEG,bEDB. (4.2.1)
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4 Invariants of solid state systems

If B € M4(C) is an anti-symmetric matrix then define the twist
pp 2% X 7% —» S1,  (x,y) v eHXBY)
and define the non-commutative torus
C(T) := C g, Z°

as a twisted crossed product with trivial action but magnetic twist. The notation
is chosen on account of the natural Fourier isomorphism C(T%) = C(T%) for
vanishing twist (hence C(T$) is rather what the algebra of continuous functions
on a non-commutative torus should be). This algebra, in a natural representation
on £2(Z%) describes tight-binding models on the lattice Z% which are covariant
under magnetic translations induced by the magnetic field B. They are still as
translationally invariant as possible in the presence of a magnetic field.

Definition 4.2.2 Let G be an abelian group. A measurable ergodic dynamical sys-
tem (Q, T, G, P) consists of a probability space (Q, P) with Q a compact metrizable
Hausdorff space and P a reqular Borel measure with full topological support. Let
Q be equipped with a continuous action T : G X Q0 = Q under which PP is invariant.
The action T shall be ergodic, i.e. any measurable set A c Q that is Z%-invariant
up to sets of measure zero must have P(A) = 1 or P(4) = 0.

The action is denoted by T, (w) for x € Z% and induces an action T* on C(Q) by
f v f oT,. Hence C(Q) is a separable C*-algebra on which integration w.r.t. P
defines a continuous finite faithful trace that is invariant under 7*. The disordered
non-commutative torus is then the crossed product

C(T§q) := C(Q) - g Z.

Each elements of C(T§ ) has a formal Fourier series representation

with continuous coefficient maps ¢ : C ('H'%’Q) X Z% - C(Q). There is a strongly
continuous action

01 C(Te) X T4~ C(The), 6,(@) = Y ™5 (@)™
x€z4
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4 Invariants of solid state systems

The correspondence with tight-binding models is provided by a family repre-
sentations on the Hilbert space #2(Z*)N where u; is represented by a magnetic
translation and C(Q) acting as multiplication operators [15, 103]:

Proposition 4.2.3 A family (7,),ecq of *-representations of A4 on £2(Z%) is on
the generators given by

mo@) = elaBNSE () = ) (T,

xezd

where SY denotes the shift operator acting by S”|x) = |x+y), f € C(Q) and X =
(X1, .+ Xg)T is a vector containing the unbounded position operators )2]-|x) = xj|x)
on £%(Z%). The representations are non-degenerate and faithful for P-almost all
w € (.

An element a of C (T%’Q) therefore corresponds to a random family of operators
a = (n,(a)),eq Where the dependence on w is weak-operator-continuous. The
best-known example for a Hamiltonian of that form is the magnetic Anderson
model

To(h) = ) () + wyl)x]

|x|=1

with i.i.d. random variables (w,),cz¢ € Q = [-1,1] <z forming a random
on-site potential. In that representation the dual action is also generated by
exponentiation of the commuting position operators X;. An element a is smooth
w.r.t. 0 if and only if the matrix elements ||1/)(a) x|| ~ |(x|nw (a)|0)| decay faster
than any inverse polynomial in (x) corresponding to operators that have matrix
elements with rapid off-diagonal decay in the standard basis.

Being a crossed product algebra there is a canonical trace induced by the trace
E: C(Q) - C, namely

T:C(Tgy) = C  T(a) = EWy(a)).

It is a finite continuous trace which is invariant under 6. Thus C(T§ ) forms a
tracial dynamical system with 8 and 7. By virtue of ergodicity the trace 7 can
be evaluated almost surely on fixed random configurations by a trace per unit
volume:

a.s. 1
T@® G ), Cma@x)

x€[-L,L]4
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Let us also discuss the generated von Neumann algebra in the GNS-representation
w.r.t. T, which we denote by L*(T§ ). By construction of the dual trace the
GNS-Hilbert space is canonically isomorphic to L?(Q x Z%) = L*(T§ ) and since
the L2-norm is given by

T hel@Wy(@) = ) Ele@[) = ) Elxlz@l0)*  (422)

x,y€Zl xezd xezd

it is not difficult to see that the GNS-representation unitarily equivalent to
féB n,dP(w) via identification of 1o ® |0) € L?(Q x Z%) with the cyclic vec-
tor 1 € L*(T§ ). Thus we are in the situation described above and elements of
L (Tﬁrﬂ) still correspond to measurable families of random operators acting on
the physical representation #2(Z%).

If Q is Z%-equivariantly contractible to a point then K; (']I‘glﬂ) = K;(T%) and the
latter is computable via iteration of the Pimsner-Voiculescu exact sequence, one

obtains
Ki(T§) = 2477,

fori = 0,1 (but K, and K; are not canonically isomorphic to each other). We
can associate to each projection 24~ even Chern numbers corresponding to a
subset of {X1, .., X;} with an even number of elements and to a unitary 2¢~* odd
Chern numbers for subsets of the generators with an odd number of elements.
The values of those Chern cocycles are a complete list of invariants, i.e. they are
in one-to-one correspondence with the K-theory class [103].

4.2.2 Continuous models

Many (effective) models in solid state physics are described by an unbounded
Hamiltonian which acts on L?(R%) and which is of the form

H=D+V (4.2.3)

with some differential operator D and a potential VV which depends on space and
may be (matrix-valued) constant, periodic, quasi-periodic or random. We call
such models continuum models to distinguish them from tight-binding models
which act on a Hilbert space #?(A) for a discrete set A. They are described by
twisted crossed product algebras and for the brief presentation here we draw in
particular from [76][29].
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4 Invariants of solid state systems

Due to its role in the Quantum Hall effect one of the most important examples is
the magnetic Laplacian

VZ = —(V+14)*(V +14)

for a covector field A that is the vector potential of a magnetic field. We assume
the magnetic field B is constant in space such that one can encode it as above into
an anti-symmetric matrix. In the symmetric gauge one then has

d
1
Ai(x) = ) Z Bijxy.
k=1

The covariant derivatives V, = V + 1A generate a projective representation of R%
with
Vat

Va's — el(t,Bs)eVA~s VA~t'

e'ate e
The magnetic Laplacian is the Hamiltonian for a free non-relativistic particle
in a constant magnetic field. Being unbounded this Hamiltonian cannot be an
element of an observable algebra, however, its resolvents belong the twisted

crossed product

C(RE) := Cx,, RY = C* {f f®e"4tdt, f € Cc(Rd)}
R4

with the twist as above determined by an anti-symmetric matrix B, except now for
an R%-action. For d = 2 this algebra is sometimes called the non-commutative
Euclidean plane. There are many more Hamiltonians affiliated to this algebra, e.g.
the magnetic Dirac-Hamiltonian D = ¢ - V, for ¢ a representation of the Clifford
algebra C; and others that we will study below in more detail.

Wealsowant to allow periodic orrandom potentials. In that case our Hamiltonians
will again be covariant families (H,,)eq indexed by an ergodic dynamical system
(Q, T,R%, P). The admissibile Hamiltonians will then be of the form

Hy,=D+mn,WV)

where V € C(Q) is represented on L?>(R%) as the multiplication operator by a
uniformly continuous function

(NP () = V(T_x)P(x), P € L2(RY).
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This representation is covariant with respect to the magnetic translations
elvA'x”w(V)e_lvA'x =TMr.w )
from which one sees that 1, integrates to a representation of the crossed product
d y.— d
C(Rpq) := C(2) X7+ py RE

This algebra has a R%-action 8 dual to pg with leaves the natural trace 7 invariant
(the dual trace induced by the expectationvalue E : C(Q) — C given by integration
over a probability measure PP).

If @ = {x} is only one point and the magnetic field vanishes then C(RE,) =
C*(RY) = Cy(R?) is the group-C*-algebra of R, i.e. the C*-closure of the convo-
lution algebra L*(R%) which is via Fourier transform isomorphic to Co(R%). In
this case a differential operator D also corresponds via Fourier transform to a poly-
nomial in d variables. If that polynomial has no flat directions, then the resolvents
of D are Cy-functions and resolvent-affiliation holds. In this momentum-space
representation the action 6 is given by translation and the trace 7 is the integral
over the Lebesgue measure.

It is more difficult than for the non-commutative torus to explicitly construct good

spaces 0 which yield realistic random models. Forexample, if @ = T¢x[—1, 1]*Z°

then one can describe a random Hamiltonian such as the Anderson model with
i.i.d. random variables and a periodic potential [76]

Hy= V3 +m( =1+ ) wup(—y-7)
yezd

where v, is a Z%-invariant function, ¢ € C,([0,1]%) and w = (1, (Wy) yeza)- Here
the action on Q is given by

Ty(r' (wx)xezd) =(r+y mod Td' (wx+[y])xEZd)
where [y] is the integer part of y € R%. The lift of the above potential to Q is then
V(r,w) = vy(r) + wgp ().

Dropping the random part one can of course also have purely periodic potentials
with Q = T4
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To describe the trace in the magnetic case or with a non-trivial potential, one
notes that any regular enough element of C (]Rg,ﬂ) can be written as an integral
operator on L?(R%) with smooth integral kernel denoted by

Ka(w, x,y) = (x|, (a)]y)-

Then the trace is the expectation of the diagonal term 7 (a) = E(0|m(a)|0) and
the L?-norm equal to

T(a*a) = fRd E [{0}m(a)|x)|” dx. (4.2.4)

From this equation it is also easy to see that |, !? n,dP(w) is equivalent to the
GNS-representation on L? (]Rg’ﬂ) by identifying the kernel (0|, (a)|x) with an
element of L?(R%). The GNS-representation is only semi-cyclic, i.e. there is no
cyclic vector (though the distribution 1, & &, formally plays the same role). As
in the discrete case, one can also write 7 as a trace per unit-volume that almost
surely does not depend on the configuration w [80].

We can now examine the smoothness of elements of C (R ;) and affiliated Hamil-
tonians in the covariant representation on L2(Q X R%) where the action 6 is
generated by the position operators

X;$)(w,x) = xjp(w,x), Vo € L2(Q x R%).

There is some potential for confusion since the partial derivatives w.r.t. X (denoted
V in the previous chapters) must be distinguished from the .A-multipliers. For
that reason we will write the derivatives w.r.t. 8 as commutators with X in the
following.

It is easy to see that elements of C(R§ ) with a rapidly decaying kernel function
are smooth, since the position operators act via

Ol[Xy m(a)]|x) = —x{0|m(a)|x).

Forunbounded Hamiltonians one needs to verify the conditions of Definition 1.4.11.
For example, the Pauli-Hamiltonian

H=—-(V+14)"(V+14)
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satisfies the required domain inclusions and with the derivatives

[X;, H] = —2(V; +14))

1
the product [X;, H](1 + H?)™ % extends to a bounded operator (it is know that

[X;, H](1 + H)™! extends to a bounded operator [23] and (1 + H?)"4(1 + H)2

is bounded and invertible). Hence Definition 1.4.11 is satisfied with n = ;- For
trivial magnetic fields the smoothness of a more general Hamiltonian

H=P(Vy,..V))+V

with P a matrix of multi-variable polynomials and V a bounded potential is usually
easy to verify with n depending on the order of P.

Let us point out that since C(R§ ) can be written as an iterated crossed product
with d copies of R one always has (due to the Connes-Thom isomorphism)

Ki(C(RE 0)) = Kita mod 2(C ()

hence the K-theory depends heavily on the allowed family of potentials. In the
absence of potentials or if the disorder space Q is R%-equivariantly contractible
one has in particular

Z, ifd =i mod 2,

K;(C(R&,)) =
i((C(Rg,.)) 0, otherwise,

with the single generator being a projection or unitary with non-vanishing top
Chern number. On the other hand for periodic potentials all one has

Ki(C(R§q)) = Ki(C(TH) = K1;(C(TY)

and the class of each projection or unitary is specified precisely by the collection
of 2471 even or odd weak Chern numbers generated by independent subgroups
of 6.

4.3 Gapped topological invariants

In this section we work with an observable algebra .A based on a tracial dynamical
system (A,08,7). We use the von Neumann algebra L*(A) as constructed in
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Proposition 1.2.1 and the LP-spaces L?(A) where both may also refer to their
matrix-valued versions My (LP(A)) if the size of the matrices is obvious from
context. The same convention is used for Sobolev spaces W' (A) since there is no
ambiguity possible.

As stated above, the time evolution of a non-interacting fermionic quantum
system described by observables in or affiliated to M (A) is fixed by a bulk one-
particle Hamiltonian H which is a self-adjoint A-multiplier. If H is bounded from
below the ground state of a system at 0 temperature is described by the Fermi
projection

erp = Y(H<Ep) € L*(A),

with the Fermi level Er € R being a given real number. For unambiguity it will
often be necessary to assume that Ey is not an eigenvalue of H, though Er € o(H)
is permissible. If E is not in the spectrum of H, i.e. if there is an actual spectral
gap then e € M(A) lies in the multiplier algebra.

One sometimes also considers Hamiltonians which are bounded neither from
above nor below. Such models usually arise either from effective models using
Dirac-Hamiltonians or from differential equations of classical field theories that
can be cast into a Hamiltonian formulation, most prominently the Maxwell
equations and the shallow-water equations. In that case one must be careful
with the interpretation of the Fermi projection as a ground state but it is still
well-defined as an element of the multiplier algebra at least.

In most previous works on topological insulators assumptions were made that
implied that the Fermi projection is not just an A-multiplier but an actual matrix
over the unitization .4~. Indeed this is always the case automatically for a unital
observable algebra, since all multipliers are bounded. For unbounded H, however,
this is a subtle condition which sometimes fails, e.g. for Dirac-type Hamiltonians.
There is an obvious reason why this issue rarely came up in previous works:
Schrodinger-type operators are resolvent-affiliated to .A and bounded from below,
therefore their spectral projections are always matrices over .4~ (since one can
write the bounded transform F (H) = 1+ g(H) fora Cy-function g). However, even
for bounded Hamiltonians of the tight-binding type one may run into problems
if the observable algebra is non-unital and thus the Fermi projection is only a
multiplier. For an example of the latter type see Section 4.3.5 below.

A problem with a topological classification of such Fermi projections is that the
multiplier algebra can be very large and therefore might have too small K-groups
and also not admit interesting cyclic cocycles to use as numerical invariants. In
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the extreme case of a stable algebra A the K-groups of M(A) of course vanish
outright. Thus there might be no topological invariants that are preserved under
unrestricted Riesz-continuous homotopies of unbounded Hamiltonians. How-
ever, arbitrary homotopies are also not physically relevant; it is often the case
that we look at classes of Hamiltonians which are additive perturbations of a
fixed kinetic term H,. Here the background Hamiltonian H, fixes an asymptotic
dispersion relation, e.g. it tells us if we are dealing with a Schrodinger-type quasi-
particle, a Dirac-type quasi-particle or something else entirely. Changing the
asymptotic dispersion relation would be a very disruptive change and indeed one
should not expect that any topological invariants survive such a shift. A good
class of perturbations that allows topological classification should instead consist
of operators that are bounded relative to H.

Motivated from the above discussion formulate our theory in terms of a reference
Hamiltonian:

Definition 4.3.1 A Hamiltonian H is a self-adjoint A-multiplier. We say that a
Hamiltonian Hy is a reference Hamiltonian for H w.r.t. a spectral interval A if
o(Hy) NA=@and F(H) — F(Hy) € A

The bulk topological invariants will always be defined in comparison to some
reference Hamiltonian and therefore depend on it, however, sometimes (and if A
is unital then always) one can take H; to be a constant matrix, which is then the
natural preferred choice.

It will often be that case that H = Hy + V with V € M(A), but the perturbation
could also be an unbounded symmetric .A-multiplier. In many cases there is a
natural choice of H, as the topologically trivial kinetic part of the Hamiltonian
which becomes gapped at the Fermi level through introduction of a large mass
term. If both the Hamiltonian and the reference Hamiltonian have a common
spectral gap then the distinction is of course arbitrary and their roles can be
interchanged. Note, however, that the definition is not symmetric since we
require the reference Hamiltonian to always have an actual spectral gap, while we
can also handle Hamiltonians that have only a mobility gap or a pseudogap. For
the purposes of index theory alone one can also weaken F(H) — F(H,) € Atoalso
allow differences in a larger subalgebra of L*(A). Nevertheless, the condition
is imposed here for simplicity and since it ensures that the gapped topological
invariants in the spectrally gapped case are actual pairings with K;(.A).
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The strongest results can be obtained when the Hamiltonian also has a spectral
gap:

Definition 4.3.2 (Bulk gap hypothesis (BGH)) The BGH is satisfied for a self-

adjoint Hamiltonian H if the Fermi level Ey is contained in a spectral gap of H and
Hy , i.e. there is a compact interval A with Er € Aand AN o(H) N o(Hy) = Q.

For odd topological invariants it is well-understood that the Hamiltonian must
have an additional symmetry, namely it must anti-commute with a self-adjoint
unitary /, which we will in the remainder of this work for simplicity assume is just
a scalar matrix /] = 1y @ (—1y) of appropriate size.

Definition 4.3.3 ( Chiral hypothesis (CH)) The CH holds for H ifH and H, are
odd in the grading of A, i.e. H and Hy anti-commute with J.

Physically a chiral symmetry can be present for different reasons, e.g. due to a
sublattice symmetry. The CH implies symmetry of the spectrum o(H) = —od(H)
and therefore it often makes sense to fix the Fermi level Er = 0 if a chiral symmetry
is present. The importance of a chiral symmetry is that it allows to reduce out
from the Fermi projection a unitary building block, called the Fermi unitary. We
can now define the main algebraic objects of interest:

Definition 4.3.4 Let H be a Hamiltonian for which Er € R is not an eigenvalue
and H, a reference Hamiltonian for H with a spectral gap that contains Ef.

Define the Fermi projections
er = X(H < Ep), eo = X(Ho < Ef)

and if the CH is satisfied and Er = 0 define the Fermi unitaries ug, u, as the
off-diagonal parts of

0 up 0 wup
sgn(H) = w o) sgn(Ho) = -
F 0

in a grading where | = diag(1, —1).

If the BGH also holds for a common gap Er € A of H and H,, then we associate to
the gap the class
ler]§ — [eo]o’ € Ko(A)
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and in the chirally symmetric case also

[upl) — [wolY = [urugly € Ki(A).

Here we use the multiplier picture of K-theory as it is defined in Section 1.5. Note
that here
Y(H<A)—xy(Hy<AeA

and up —uy € Asince the assumption F(H) — F(H,) € A implies that f (F(H)) —
f(F(Hy)) € Aofall functions f which are bounded and continuous on o(F(H))U
a(F(Ho))-

Under the BGH (and CH) numerical topological invariants are well-defined as
pairings between K-theory and cyclic cohomology

(Chra [erld’ — [eold),  (Chrg [upli — [uoll)

for a any restriction of 6 to an n-parameter subgroup. The pairings do not require
any smoothness and integrability assumptions on H, since one can always choose
a regular enough representative of the respective K-theory class.

A related construction for the relative pairings was proposed in [13] for pairs of
translation-invariant Hamiltonians affiliated to C (Rgl*) ~ Cy(R%) whose Fermi
projections ey € My(Cp(R%)) are asymptotically equal. They can then be com-
bined intoa class in K (S%) by gluing them together along the boundary at infinity
and a numerical Chern number can be defined via the canonical Chern cocycle
on the sphere. The approach here using stable multipliers generalizes much
more easily to the non-commutative case and gives equivalent invariants. It was
developed in the course of a parallel work [77]. The point of view that topological
phases may only be defined relatively with respect to a reference state is particu-
larly natural in van Daele K-theory and has also been emphasized in other recent
works (e.g. [2, 24]).

For some technical points we need to track in which LP-spaces the difference of
Fermi projections lies. Since in the general case e € L*(A) is the only inclusion
into an LP-space available, all regularity will need to come from the perturbation:

Definition 4.3.5 We say that H is a p-smooth perturbation of the reference Hamil-
tonian Hy if H and H,y are strictly smooth in the sense of Definition 1.4.11 and
F(H) — F(Hy) is in W, (A).
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We say that V = V* € M(A) is a p-smooth potential if V is strictly smooth and
there is a fraction 0 < s < 1 such that V(1 + H?) 2z € LP(A).

If H= Hy + V for a p-smooth potential then H is a p-smooth perturbation of
H, by Proposition 1.4.19. In particular, if the resolvent of H is in LP (A) then any
strictly smooth potential V is a p-smooth potential. Nevertheless, one can also
have perturbations for which H — H, is unbounded.

Irrespective of further regularity assumption we can then control certain smooth
functions of the Hamiltonian:

Proposition 4.3.6 Let © € C*([—1, 1]) be a smooth function. If H is a p-smooth
perturbation of a reference Hamiltonian H then

O(F(H)) — O(F(Ho)) € Wp°(A).

Proof. Follows immediately from the smooth functional calculus since

(F(H) = 2™ = (F(Ho) = )™ = (F(Hy) = 2) ™ (F(H) = F(HO) (F(H) = 2)
and thus
i
[V -2 - FE) =7, < ) 1smal ™
m=1

for constants c; depending only on |\V/ (F(H) — F(Hy)) ||p. O

Notably, if H and thus F (H) has a spectral gap then the Fermi projection can be
written as such a smooth function.

If H does not have a spectral gap in A we can still consider the Fermi projection as
an object in the von Neumann algebra L* (A) and may sometimes still define the
Chern numbers as topological invariants to serve as proxies for K-theory. Without
a spectral gap there is in general no way to recover from the Fermi projection/uni-
tary a class in K;(.A) anymore, hence one needs to carefully ensure that the Fermi
projection/unitary already lie in the domain of some or all Chern cocycles, i.e.
Sobolev spaces of the correct order. By referring to the case A = Cy(R%) it is easy
to see that a spectral projection for an arbitrary spectral interval will often have
similar smoothness properties as a function with jump discontinuities (unless
the endpoints of the interval lie in spectral gaps). Therefore we will eventually
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require additional properties for the spectrum around the Fermi level to avoid
those pathologies: The two main settings of interest in this work are that of
pseudogap where there are only very little states around the Fermi level such that
singularities in the Fermi projection are dimensionally suppressed, the other is
that of a mobility gap, i.e. we stipulate a spectral region which consists only of
localized states and where the Fermi projection has rapid off-diagonal decay in
an averaged sense.

A crucial point is that one needs to control the difference between an approxima-
tion and an actual spectral projection in terms of LP- and Sobolev norms. One
notion that will be important in both of the pseudogapped and mobility gapped
setting is the density of states:

Definition 4.3.7 Let H be a self-adjoint A-multiplier. We say that the spectral
interval A c R is T-finite if y(H € A") € L'(A) for each compact interval A’ c A.
Then one has the integrated density of states (IDOS)-measure as the unique regular
Borel measure such that

T(FH)) = fRf(H)dvA,H. Vf € Co(b).

The DOS of H is y-Holder continuous at E if there is an open interval I, Ey € |
and a constant C such that for all € > 0 with [Ey — €,Ey + €] C |

Vau([Eo —€,Ey+€]) < Cev. (4.3.1)

Often the density of states is the limit of the actual number of eigenvalues per
unit volume in finite-volume approximations of H.

4.3.1 Mobility gaps

A spectral interval A of a random Schrodinger-type Hamiltonian (H,,),eq is
called a mobility gap if H,, almost surely has only dense point spectrum A with
exponentially localized eigenfunctions. States from the localized region do not
contribute to the direct conductivity and it is understood that e.g. in the situa-
tion of the Quantum Hall effect mobility gaps support almost the same physical
phenomenology as a true spectral gap [16], in fact may be required for a full
description. On a technical level there are different overlapping notions that
one can use for a mobility gap, but a central aspect is that the time evolution
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e Yty(H € A) should have matrix elements whose disorder-averaged norm

decays exponentially with rates that are uniform in t. Indeed, one can usually
establish the slightly stronger property that for Borel functions f the decay rate of
the matrix elements of P, f (H)x(H € A)P, does not depend on the smoothness
of f. By matrix elements we mean as in Section 2.1 that one should sandwich
functions bounded function of H with indicator functions of the position opera-
tors P,g(H)P,. This will be made more precise further below and it will also be
show that this decay is already characterized completely by the Sobolev norms of
W,* (A) without a need to consider matrix elements. Thus we are lead to a similar
definition as in [28]:

Definition 4.3.8 We say that H has a mobility gap in the T -finite spectral interval
A if the density of states of H is y-Holder continuous in A for some 0 <y < 1 and
for eachr € [1, ) the map

f €B() = f(H) € W*(A) (4.3.2)

is bounded where B(A) are the bounded Borel functions which vanish outside A.
Here the left-hand side is supplied with the supremum norm and the right-hand
side with the natural Fréchet topology.

It is important here that the norms of W, (A) for r # oo are defined in terms of a
trace which includes some form of disorder average (see e.g. (4.2.2) or (4.2.4))and
is therefore significantly weaker than decay in operator-norm. As we will show
further below it is actually enough to establish (4.3.2) forany single 1 < r < oo
since one can interpolate using the finite density of states. In practice the formu-
lations with r = 1 or r = 2 fixed are easiest to relate to other characterizations
from the literature. In particular, the mobility gap condition here is easily implied
by exponential decay of the disorder-averaged eigenfunction correlator as it is
used in [6]. For random tight-binding models on #2(Z%) that condition reads

Z oHIx=Y] f sup [[(xIf (Ho) Iy dP(Q) < .
Q fEB(B)

d
X.YEL I£llos1

and implies that the random Hamiltonians H,, have at most dense pure point
spectrum in A with exponentially decaying eigenfunctions under mild additional
assumptions on the spectral degeneracy (see e.g. [7]).

We included y-Hoélder continuity of the density of states into the definition of
a mobility for technical convenience; for some results having a density of states

96



4 Invariants of solid state systems

measure without atoms in A is sufficient. The latter is necessary to exclude the
possibility that H has an eigenvalue in A (note however that if H represents a
random family of operators then this only excludes the possibility that any fixed
energy is an eigenvalue with positive probability).

Proposition 4.3.9 If H is a p-smooth perturbation of some H, with spectral gap
in A and H has a mobility gap in A then

er — ey € W7 (A).

Proof. Write y(H < Er) = O(F(H)) + g(H) as the sum of a smooth function 0
whose derivative is compactly supported within A and a bounded Borel function
g supported in A. Then obviously

er — ey = g(H) + O(F(H)) — O(F(Ho)) € Wp°(A)

by Proposition 4.3.6 and the definition of a mobility gap. O.

If one has a smooth family of perturbations which preserves the mobility gap
then the Fermi projection is also continuous:

Proposition 4.3.10 Lett € [0,1] = H(t) be a path of the form H, = Hy + V; for
H, a reference Hamiltonian with spectral gap A, with a norm-continuous family of
p-smooth potentials V € M(A) which are such that there is a common mobility
gap A in the sense that the maps of (4.3.2) are uniformly continuous w.r.t. t and
the the density of state measures are uniformly y-Holder continuous in the sense
that

vauw([Eo E1]) < C |E; = Eol”, VEo E; €A: Ey < Ey,

with constant C independent of t.
Then the difference of Fermi projection t = erp(t) — eq is continuous w.r.t. the

topology of W, (A).

Proof. From Proposition 1.4.19 one concludes that O(F(H(t))) — O(F(Hy)) is
continuous w.r.t. to the topology of W,;”(A) for any switch function @ as in
Proposition 4.3.6. Choose for each § > 0 a positive switch function 0 < g5 < 1
of the form gs = O o F such that g is supported in the interval (Er — 6, Er + 6)
within A. Due to the uniform Holder continuity we can ensure that

lgs () ~ ex (@], < (2va e (e — 8, Ep + D)7 < e
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for a constant independent of t. By a g—argument t = ep(t) — eq is therefore
continuous in the norm of LP (A).

Let j be a multi-index and yg the indicator function for the interval Er + (-6, §),
thus

9s(H(t)) —er(t) = xs(H (1)) (gs(H (1)) — ep(t))
which implies
[V (gstH@) = el < D" [V CasC@) - ex@], [VersH @],
Jitjz=j

.1 1,1 . . ..
for any combination o= + m with 1 < r,q < oo. Since y; is idempotent we
have

IV2xs(HED, = V2 (s HED ) < Cllxsl 110

with a constant depending only on the norms ||V")(5(H)|| Ual+1)q fork < j,
2

and those are bounded independent of § by the mobility gap assumption. We
conclude

IV (s (H () = e, < C6 T
and thus
IV (er() = eo)ll) < V(g5 (H(©)) = eo)l,, + V(g5 (H (E) = ex(eD)|
< [V(gs(H®) = geHo)|l,, + CoTDa

implies continuity of t ~ ep(t) — ey w.r.t. each seminorm of W,*(A) via an
g—argument since gs(H(t)) — gs(H(0)) is continuous for each §. O

The remainder of this section is slightly outside the main line of development but
important for Chapter 6 and to understand the relation with other localization
criteria. The goal is to derive consequences from the mobility gap for (averaged)
matrix elements. Define for x € Z¢ the projection onto a cube

P,=y(X€x+[0,1)% €L*(A) xy R4

for X = (Xy,.., X4) the generators of the action (denoted D in Chapter 2). From
Proposition 2.1.1 we know that if L (A) acts on a Hilbert space H with 6 the
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action of some commuting position operators X, ..., X4 then the abstract matrix
element P,aP, € L®(A 9 RY) is the direct integral of all translates

xXer+xr+x+1)DaxyX e[r+y,r+y+17)9.

Therefore a decay estimate for the matrix elements in the algebra L (A x4 R%)
is practically the same as a translation-invariant (averaged) decay estimate in a
physical representation.

Using L*-quasi-norms allows an operator-algebraic formulation of the so-called
Aizenman-Molchanov fractional moments bound [s, 6]:

Definition 4.3.11 We say that the self-adjoint multiplier H satisfies a fractional
moments bound if for any smooth function ¢ supported in A, there is some frac-
tional power 0 < s < 1 such that

_ S
sup ||Pep(H)(H + 2) 1Py||LS(AX ray (% = <Ay <o
x,y€L 0

and

— S
sup [|Pep(H)(F(H) + 2)7 Byl o gty (6 =9V < A < o0,
x,y€zs o

This or a very similar version of a localization bound is widely used in the analysis
of topological insulators (e.g. [4, 100,103, 99, 29, 1] since it rather easily translates
into decay estimates for the Fermi projection via contour integral representations.
Unfortunately, it is not exactly clear how ubiquitous it is, since especially for
continuous models one often uses methods for establishing spectral localization
that do not directly imply a fractional moments bound, most importantly the
multiscale method of [55]. On the other hand, the recent result [110] shows that
already a deterministic analogue of Definition 4.3.8 implies a fractional moments
bound for the energy-averaged resolvent. The goal for the remainder of the section
is to show that the fractional moments bounds as above in fact can be derived
from our notion of mobility gap due to the Holder-continuity of the density of
states. This will be instrumental in Section 6.1.

The following characterization will be useful:

Proposition 4.3.12 Let X4, .., X4 be the position operators affiliated to L* (A >y
R%) and denote
P,=x(X € x+[0,1D)%.
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We call an element a € LP(A) N L* (A) spatially p-smooth for 0 < p < oo if
_ N
S;:I)II:) ||anpy||Lp(A)q9]Rd) (x }’) < (433)

foreach N > 0.
Any element of L”(A) N W,°(A), 1 < p < oo, is spatially p-smooth and the

converse holds for all integers p € N.

Proof. Assume that a is in L*(A) N W,;”(A), then by Proposition 1.4.5 and
Proposition 2.1.5 there is for each k a constant such that

”anpy” = ”Px(Wj * a)Py” < 27

LP (AxgR%) LP (AxgR%)

whenever |x — y| > 2/*3. Since

sup 2—klog|x|(x>N < oo
[x]>1

for k > N this implies (4.3.3).

On the other hand, if (4.3.3) is finite for each N and p = m then we can write the
L™-norm using Corollary 2.1.4 as

lall}n sy = TPy lal™ By) < lla™ Byl

< [P, @Pr, P, abo |
X1, X ELG
= D lRaanll,, IPaars - (1Pqan,,
X1, X €L
= 1B absl| 1B, apoll. - IBahs]|
V1,YmELE
m
= > IB,anl,
yezd

where the second-to-last equality used that invariance of the trace under the dual
action 6 implies the shift-invariance ||anPy||m = ||Px_ZaPy_Z||m.
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Since P, is #-invariant we also have

1P+ B, = 17+ eaB)ll < IPaB],

LP(A)

which shows that each piece in the dyadic decomposition is also spatially p-smooth
with the same constants. Hence it is easy to see that

I xal, < > IBanl,

yEZd
2 1g|y|<2 3

decays faster than 27/¥ for any k, which implies that a is in any Besov space
By, (A) and thus smooth w.r.t. to the topology of W, (A) by Proposition 1.4.5.0

This characterization implies that indeed it is sufficient to require that (4.3.2)
from Definition 4.3.8 only holds for any single r € [1, o), since

1P DR sy < 1P (P, IIL,,(ANM) NS,

by interpolation for any p € [r, ) and suitable 0 < 6 < 1, likewise

0
”PXf(H)P ||Lp(.A>4]Rd) = ”PXf(H)P ”LT(AX]Rd) ”f(H)”LV(Ax]Rd)
< PSRy, 1S V(B

forp € [1,7).

The smoothness alone already implies rapid decay of matrix elements in operator
norm:

Proposition 4.3.13 If H is 8-smooth then (H + z)™! and (F(H) + z)™! are -
smooth with

K+d

sup (1427 =) < G ), [smal™ (1+ (m”))m
xyEZ K — |JH1Z|
and
sup |P(F(H) + 2)7 P || (x — y)K < Cx ISm 2|79

x,y€zZl
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For the off-diagonal elements the first bound can be strengthened to

sup ||Px(H + Z)‘le” (x — y)¥
[lx=yllo>2
K+d

(1= Re z) \ 72D
< Cg Z |Sm z| A2 <1 + —|(sz)|>
m=1

. 1 . .
with0 <n < > the fractional exponent from Definition 1.4.11.

Proof. From the boundedness of seminorms of Proposition 4.3.12 one can read
off
ot +27,_ < ) Ivic+27]
ljlsK
and similarly for the resolvent of F(H). For the refinement we notice that the
off-diagonal components can be estimated in terms of W\j *(H+z) Ywithj > 1
alone, thus the 0-th order term drops out to give

lec + 7B, -y <ce Y W+
' 1<[jI<K

The natural estimates for ||Vj (H+2)™t || in terms of ||| H||| in then give the result.
O

This result is an abstract version of a so-called Combes-Thomas estimate. It
characterizes the expected behavior of the off-diagonal matrix elements, namely
they decay in operator norm faster than any polynomial but with rates that blow
up as one approaches the spectrum. The mobility gap in contrast asserts that in
the LP-norms for 1 < p < oo the norms are at worst proportional to the height
of the resolvent ~ |Im Z|_1 but with otherwise uniform decay. We can control
that better by taking into account that the resolvent becomes sharply peaked for
|3m z| —» 0 and using Holder-continuity of the density of states:

Proposition 4.3.14 Assume that H is a 6-smooth multiplier with a mobility gap in
A and has a y-Holder-continuous density of states in A. Foranyk €N, 0 <s <1

and 0 < € < 1 there is a constant Cy, ; . such that for any bounded Borel function
f supported in an interval A’ c A one has

1- ny=a- _
1Pef PN, < Crose 1T o IS 1815 O (= )75
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Proof. Forany 0 < s < 1 fix the unique K € N for which 1 < s2 and define

the characteristic function y = y(H € A") suchthat f = f )( f x%. Then the
Holder inequality gives

N

lefanplis > xf(H)lel_[szX(H)

zl,...,zKHEZd s
ZK+1=Y

K
< D e, ] [Inaanp,, e
k=1 1

Z1pZK+1 EZd
ZK+17Y

Forarbitrary 0 < € < 1,m € Nand 1 < p < 2 we estimate

1P.a 0PI, = [IPf R Per e, I

< gl Gy 1915, Chptx =)

—me

for the Borel functions g = f or g = . By assumption on the Holder continuity
Y

XN Ay o) < €187 Choosing m large enough and combining the polynomial

decays yields the stated result. O

Corollary 4.3.15 Under the conditions of Proposition 4.3.14 H satisfies a fractional
moments bound for any 0 < s <.

Proof. We prove the estimate for z = 1 € 1R \ {0} since it is trivial to shift
the real part and further assume w.l.o.g. that A = [—%, %]. The strategy for the
estimate is to decompose

(H o+ u)™ = > (H + )™ ()
j=1
into the dyadic pieces x;(1) = x(|14| € [27'71,27Y). Then
|t + ) o UDR 2 < ) [ + w0 xy (@B |

j=1
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and since ||(H + 1)t xi(H)p(H )||Oo < ¢,2/ uniformly in y the Proposition gives
- s i o— iy (1— _
[(H + u) " (D eH)|| | < €22 277707 (x — y)=*s,

The sum over j is absolutely convergent provided y(1 — €) > s (which can always
be satisfied by choosing € small enough due to y > s) and then

1P + )T o (H)P || < c5(x =y~

uniformly in u as we wanted to prove. The same argument applies to the resolvent
of the bounded transform. O

4.3.2 Pseudogaps

We say that a Hamiltonian H has a pseudogap if there exists a point E in the
spectrum at which the density of states vanishes like some fractional power of
the energy. In particular, if the DOS-measure is absolutely continuous then its
density should behave as

‘ dVA,H

15 (E)‘ < C|E—-Ey|"?

for some y > 1. More generally we do not require absolute continuity:

Definition 4.3.16 Let H be a self-adjoint A-multiplier with A a T -finite spectral
region. If there exists a point E, € A where the density of states of is y-Holder
continuous withy > 1, i.e.

vau((Eo — €, Eg + €)) < CeY

for small enough €, then we say that H has a pseudogap at E,, of ordery.

It has been shown in [111] that in a von Neumann algebra with finite trace a
pseudogap of positive order implies that the (unbounded) inverse (H — E,) ™!
lies in certain LP-spaces. In the general semi-finite case this can at most be the
case for a local inverse:
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Proposition 4.3.17 (cf. [111, Proposition 5.3.8]) Assume that the DOS of the
self-adjoint A-multiplier H is well-defined in a spectral interval A and y-Holder
continuous at Eq with y > 0. For k € (0, 1) introduce the imaginary double-cone

Dy = {Re'? €C : |Rcos(9)| < % and |cos(8)| < «}.

(i) For e, = y(H € A) there is a local inverse = ZA — € LP(A) forallp € (0,y)
—Eo
for which
L S— (H—Ey+2) =ey =ey(H—Ey+2)————
H—Ey+z ° 0 AT A 0 H—Ey+z
and its LP-norm is bounded uniformly for all z € Dy .
(ii) Forallp € (0,y) andr € (0,y — p), one has
ep ep s
- < K. |3 3.

with s = min{%, 1} and a constant K,. uniformly for all z € Dy .

Proof. The y-Holder continuity implies
TOH = Eg)) < limvi([Eo — € B + €]) = 0

and since 7 is a faithful trace Ej is therefore not an eigenvalue of H. Since one
can easily rescale H as needed we assume without loss of generality that Eq = 0
and A = [-1,1].

(i) As 0 is not an eigenvalue the local inverse is well-defined using unbounded
functional calculus and we only need to bound L?.norms of eH 1. One notes
relation

Xap)(HIT) = xa 1, (HD = x_a_1,(H) + xa1,(H) .
b’a a’ b b’'a
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To make use of the density of states we decompose the interval A = [—1, 1] into
dyadic components to estimate

T (ealHI™) < Z Ky, y([~27%, ~27K-1) U (271, 27K)))

CZZk(p Y) < oo,

Hence e, |H "t erLp (A) and to get a uniform bound for z € Dy, , one shifts with

the resolvent identity
= | o vaa(@d

T<€A
< fl <1+ i >p L (dD)
~ ) Ism(2)|/) AP "

f_ll (1 +(1— Kz)—§>p I/'Ill” vau(dd)

lp>_

IA

1
H+z

IA

IA

(1 +(1- KZ)_%>p T(eA o

The final line used the two elementary estimates

1 (1 z )1 || <(1 gyl
= _—) = _— - 2,
A+z A+z) A |3m(2)| S

(ii) For r = p the estimate is a simple consequence of the Holder inequality

HH H+z _||||H+ZH|| |Z|||H+z

since y > 2p. Forr < p one appliesto a € LP*"(A) N L*(A)and b € LP(A) N
LP*7T(A) first the Holder inequality and then log-convexity (1.3.2) of the p-norms
to bound

T‘ T

llabll, =< llall, 2y 16l < lallper llallo 1Bl - (43.5)
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In the situation here this gives

1T r
5 -7l = vl < e el sl
H H+z H+z H H+ H+zllpyr WH Iy,
z e 7 e
< || A P ||lea .
|3m(z)|1—5 H + Z p+r H p+r

|z
|3m(2)|

1
< (1 —k?)"z forz € Dy, and p + r < y item (i) completes the proof.

With the bound of Proposition 4.3.17 we can control holomorphic approximations
to the Fermi projection if the pseudogap occurs exactly at the Fermi level:

Proposition 4.3.18 If H has a pseudogap at Er € A of order y = mp + § with
p =1 m € Ny and § > 0 and is a p-smooth perturbation of the reference
Hamiltonian H, then

er —ey € WM(A).

Proof.

Since Er cannot be an eigenvalue we may use the representation of ey as a Riesz
projection for F (H) from Lemma A.6. Without loss of generality Er = 0 and with
a smooth function ¢ supported in A we write

ep— ey = s—li%nf (F(H) + z)"Y(F(H) — F(Hy))(F(Hy) + z)"'dz
€0 Jo-
= s;l_i){)n _L_ (F(H) +2)™* (1 — p(H))(F(H) — F(Ho))(F(Ho) + z)~'dz
+ S-liIOnJ. (F(H) + 2) Y@ (H)(F(H) — F(Hy))(F(Hp) + z)"1dz
€0 Jo-

The term containing (1 — ¢ (H)) is uniformly smooth due to the cutoff and the
invertibility of Hy, hence it is easy to see that the integral converges in the topology
of W,” (A) with seminorms bounded uniformly in €. The difficult part is therefore
the remainder

C_(F(H) +2)"tp(H)(F(H) — F(Ho))(F (Ho) + z)~'dz.
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From the resolvent bound of Proposition 4.3.17 it is clear that

I(F @) + 2)7 () (F (H) = F(Ho))(F(Ho) +2)7']|,
< [FEE) D], 1F(H) = FHQ| [|(FHo) ™ < o0

and that the integral is therefore bounded for € — 0.

To complete the proof it is sufficient to bound for each finite € > 0 and |j| < n
the p-norm of the integral

f_ VI ((F(H) + 2)" (F(H) — F(Hp))(F(Ho) + 2)™1) dz.

€

Via the Leibniz rule we can expand the integrand as a sum of terms of the form

A 2!
[ [an +27e, |Fan + 27 BE@) + 271 | | du (P + 27
i1:1 i2:1

where B is a derivative of F(H) — F(H,y) and the c;,d; are derivatives of F(H)
and F (H,) respectively. The resolvents of F (H,) are uniformly bounded on the
contours C; and therefore unproblematic. We decompose each occurence of the
resolvent as

(F(H) +2)™" = (F(H) + 2) "o (H) + (F(H) + 2)7*(1 — 9(H))

and multiply out. The factors (1 — ¢(H)) have uniformly bounded operator
norm and it is sufficient to explain how to deal with the extreme cases. The one
extreme is where one only has factors (1 — ¢ (H)) in which case the product can
be bounded by ||B||p times a constant. The the other extreme is where one has
lj1| factors of ¢ (H) and thus one has to deal with

Ll
p(H)c;, | (F(H) + 2)"'o(H)B g(2)

l1

E F(H)—z
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where |j;| < mand g is an operator-norm bounded function of z. Choosing any
5 . .
r = 7 log-convexity (1.3.2) and the standard resolvent estimate allow us to bound

lj1l+1 [jal+1
P ey || S ||z H)
by FUH) =2z , F(H) =z (2 l+1)p
p-r lialp+r
< ||| ||l
SC — Q@ — Q
F(H)—z w ||[F(H)—z Ulp+r
lj1|p+r
_pr 1
< c|x P || —@(H 3.
sclsm@| 7|l gy @30
lj1lp+r

and that final norm is uniformly bounded on all curves C, due to the DOS-estimate
Proposition 4.3.17(ii).

O

Examples of Hamiltonians with pseudogap will be given later. Let us remark that
if the resolvents of H,H, lie in LP(A) then there is a close analogue to Proposi-
tion 4.3.10 for paths of Hamiltonians with a common pseudogap, i.e. automatic
continuity of the Fermi projections in some Sobolev norms. For a proof, we note
that for y, the function from Lemma A.6 one can similarly as above estimate the
difference of y.(F(H)) — er in Sobolev norm using the pseudogap and then con-
tinuity follows similarly as in the proof of Proposition 4.3.10 using an =-argument.
In the case of a finite trace one does not even have to assume that the path itself
is smooth, for automatic continuity a uniform mobility or pseudogap is sufficient
(see [100, Proposition 6] or [111, Proposition 5.3.13]).

4.3.3 Index theorems

With those perturbative results in place there are well-defined relative pairings
between H and H, with Chern cocycles:

Theorem 4.3.19 Let H, Hy be 8-smooth self-adjoint A-multipliers. Assume that
Hy has a spectral gap A and that H is a p-smooth perturbation of the reference
Hamiltonian Hy. Let a : R™ X A — A be a restriction of 8 to an n-parameter
subgroup. If either
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(i) H also has a spectral gap in A,
(ii)) H has a mobility gap in A,
(iii) H has a pseudogap of order y > p in Eg € A,
forsome p € (n,n + 1] for n € N then we have well-defined relative pairings

» for n odd assume the CH is satisfied and set
<ChT,a' [uFu6]1> ER

with the Fermi unitaries (ug, uy) of (H, Hy) and which can be in the notation
of Theorem 2.3.5 written as an index over L* (A) %, R™ as

= for n even set
(Chra [er]y — [e0]d)) = (Chys axa [Urlg]1) € R

with the suspensions of the Fermi projections 1, = f(D)e. +1 — e, of H
respectively Hy and notations as in Proposition 2.4.2. If either (i) or (ii) holds,
or additionally (iii) with y > n + 1, then it can also be written as an index

75— Ind(Py 01pts Py + 1 — Py ) = (Chys g, [0rt]1)

as in Corollary 2.4.3.

In the case (i) those are pairings with classes in K;(A) respectively K;(SA) =
Ky (A), otherwise they are pairings with the K-theory of any C*-subalgebra of
L™ (A) respectively L (R) @ L” (A) which contains the respective elements.

Proof. In the odd case the perturbative results Proposition 4.3.9 respectively
Proposition 4.3.18 yield uzug € W, (A) with p € (n,n + 1], hence Theorem 2.3.5
applies. Similarly, in the even case the conditions for Proposition 2.4.2 are satisfied
and under the stated additional conditions also those for Corollary 2.4.3. O

As one can see, in the pseudogapped case a bit more regularity is required for
the index theorem than to just define the pairing with the culprit being the
suspension which increases the necessary LP-regularity (in the spectrally gapped
or mobility gapped case this additional regularity is always present automatically).
The numerical evaluation of the pairings proceeds as described in Section 2.4,
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namely using suspensions in the even case. In concrete situations it is sometimes
possible to also evaluate those relative pairings as formal differences of Chern
numbers

Z EDP(T ] Tr)(eva(l)eF “Vpomyer —eoVpeo vp(n)eo)
PESy

with the Fermi projection eg, e, in the even and

z (=P (T ® Tr) (usVp s *+* Vpmythr — UV p(1yUo *** Vp(mytho)
PESH

with the Fermi unitaries ug,u, in the odd case. In the spectrally gapped case there
are always representatives for which the formulas are true by Proposition 3.4.4,
but outside of that regime e.g. in a mobility gap it is a quite subtle problem
to establish that these formulas are the same as the indices of Theorem 4.3.19
whenever they make sense (whether in terms of LP-regularity or under even
weaker regularizations).

If the Fermi projection/unitary by itself is already a matrix over the unitization
of a Sobolev space of sufficient regularity then one can eliminate the reference
Hamiltonian and write down an index pairing in terms of H alone.

Definition 4.3.20 We say that a 8-smooth self-adjoint A-multiplier H is strongly
p-smooth if F(H) is a matrix over W,”(A)~.

A strongly p-smooth reference Hamiltonian also has a Fermi projection which is
a matrix over My (A™):

Proposition 4.3.21 Let H be a strongly p-smooth Hamiltonian with spectral gap
A then the associated Fermi projection y(H < A) is also a matrix over W,”(A)~.

Proof. The resolvent (F(H) + z)~! for a strongly p-smooth Hamiltonian lies in
Mpy(LP(A)™) since LP (A) N A is spectrally invariant in .A. Subtracting the scalar
part s : My(A™) = My(C) does not affect commutators with X;, e.g.

V(FH) +2)  —s((F(H)+2)™Y)) = (F(H) + 2)"Y(VF(H))(F(H) + z)*

which implies that (F(H) +2z) "t —s ((F(H) + z)71) lies in W,* (A) with operator
norm bounded in terms of a power of dist(z, a(H)). Due to the spectral gap one
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can write y(H < A) as a Riesz projection in terms of resolvents (F(H) + z)™1
which makes it easy to complete the proof. O

The results derived above immediately give criteria for when the perturbations of
a strongly p-smooth Hamiltonian are again strongly p-smooth. They need to be
seeded with the strong p-smoothness of some reference Hamiltonian H, which
in many cases can be asserted via an explicit diagonalization. In the easiest case
the reference Hamiltonian is bounded from below:

Proposition 4.3.22 Let H be a 8-smooth self-adjoint A-multiplier which admits
a lower bound H > m for some m € R. Assume that (H +1)"! € LP(A) for all
p € (po, ], then H is strongly p-smooth for all p € (pgy, ]

Proof. Due to the lower bound we can write F(H) = 1 — g(H) with a function g
that decays as 0(172) at +o. We therefore have the resolvent representation

1

H_ZdzAdz

1= [ (5
Pan-1=3- | G00@)

and applying the log-convexity (1.3.2)

1 1-€
H-—z

€

1
H-—z

1
H-—z

o)

1-€ <me Z) (1_6)
1+ ISmaz|
p(1-€) Smz

the integral is seen to converge in L? for each p € (py, ] by choosing € so small
that p(1 — €) > p, and applying Lemma A.4 with the knowledge that g € S#(R)
forall g < 2.

p(1-¢)
1
H+1

p

|—E

<|¥mz

Similarly one checks that the derivatives exist by differentiating under the integral.
g

To construct a strongly p-smooth Hamiltonian which is not bounded from below
one can take, for example, some H which is bounded from belowand set H = c @H
fora self-adjoint unitary o which is also strongly p-smooth since F (H) = c @ F (H).
From then one can argue via perturbations and add p-smooth potentials or certain
unbounded perturbations.

Once one adds to a strongly p-smooth reference Hamiltonian (random) potentials
which lead to spectral gaps, mobility gaps or pseudogaps one can assert via the
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above perturbative results that one still has a Fermi projection which is at least
scalar matrix over a Sobolev space. For such a perturbation of a strongly p-smooth
Hamiltonian one can define its Chern numbers without a reference Hamiltonian
simply via the pairing with the Chern cocycles. They are then protected by the
semi-finite index theorems of Section 2.3:

Theorem 4.3.23 Let H, Hy be 8-smooth self-adjoint A-multipliers. Assume that
H, has a spectral gap A, is strongly p-smooth and that H is a p-smooth perturbation
of the reference Hamiltonian H,. Let a : R" X A — A be a restriction of 0 to an
n-parameter subgroup. If either

(i) H also has a spectral gap in A,
(ii)) H has a mobility gap in A,
(iii) H has a pseudogap of order y > p in Ep € A,
forsomep € (n,n + 1] forn € N and the CH is satisfied for odd n then we have
the index pairings
To—Ind(PugP + 1 — P,) = (Chy g, [upl;) € R
in the odd case with the Fermi unitary up of H respectively

To-Ind(epGy,er + 1 — ep) = (Chr g, [er]o)

with the Fermi projection ep = y(H < Ef). In the case (i) those are pairings with
classes in K, 04 2(A).

Proof. Due to Proposition 4.3.21 and Proposition 4.3.9 respectively Proposi-
tion 4.3.18 one has ez € My (W, (A)), which implies ur € My, (W, (A)) in the
odd case. Hence one can apply Theorem 2.3.5. O

The reference Hamiltonian does not appear in the index pairings anymore, it
is only used to assert regularity of the Fermi projection. The relative indices of
Theorem 4.3.19 are simply the differences between the respective absolute indices
for H and H,, (to see this one notes that both are pairings with the K-theory of a
Banach algebra K;(W,' (A) N L*(A))).

Let us discuss stability properties of those indices both in the relative and abso-
lute case. Being semi-finite Fredholm indices they are invariant under norm-
continuous homotopies of the representatives as long as the Fredholm property

13



4 Invariants of solid state systems

is preserved. In the presence of a spectral gap correct notion of homotopy of a
pair (H, Hy) that preserves the K-theory classes is that

» (H,Hy) change continuously in the Riesz-topology (i.e. (F(H),F(Hy))
changes continuously),

» the constraint F(H) — F(H,) € My (A) is satisfied,
» the common spectral gap A of H,H, does not close.

Those conditions imply that the K-theory class [ez]Y — [e]} respectively [up]}f —
[ug]i! does not change (for the latter one also requires that the chiral symmetry
remains intact).

In the absence of a spectral gap for H, however, bounded perturbations of the
Hamiltonian will not result in norm-continuous perturbations of the Fermi pro-
jection; one only expects continuity in the weaker operator topologies ones. As
long as one has a uniform mobility gap along a deformation the relative (and
absolute) Chern numbers must nevertheless change continuously due to Propo-
sition 4.3.10 and the continuity of the Chern cocycles. There is some evidence
that in physically relevant situations the Chern numbers will often be invariant
under homotopy also in the mobility gapped case even if there is no immediate
K-theoretic reason for that. One can make the argument rigorous for some special
algebras including C(T§ ) under a slightly stronger mobility gap assumption, as
will be sketched in Section 4.3.4.

A similar continuity result is true for pseudogapped Hamiltonians. One must,
however, take the term topological invariant with a grain of salt, since the Chern
numbers will at most be invariant under a restrictive class of homotopies and
in the case of a pseudogap vary freely under perturbations. Only the fact thata
Hamiltonian does have non-trivial Chern numbers at all is perturbatively stable.
This is sufficient for some purposes since the precise values do not matter for the
expected phenomenology, e.g. any non-vanishing value predicts the occurrence
of boundary states.

On another note, the index theorems show that the Chern numbers still make
sense and are stably for Hamiltonians affiliated to the algebra L® (A x4 R%). This
can be used e.g. to extend bulk-boundary correspondence to certain non-smooth
Hamiltonians that still have a spectral gap (see [111, Proposition 5.4.5] for an
example).

Let us finally comment on the values of the indices. A priori they can take values
in all of R, however, if A is separable and thus has countably generated K-groups
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then the possible values must also be countable in the spectrally gapped case
though they may be dense in R. Depending on the algebra .4 they can take largely
arbitrary values. For the algebras C(T§ ,) and C(R§ ) the strong Chern numbers
(i.e. those which involve all d generators @ = 0) are always integers. The reason is
that the auxiliary von Neumann algebra L* (A x4 G) of Chapter 2 is then a doubly
crossed products and can be written as a type-I,, algebra due to Takesaki-duality
Theorem 1.1.6. Thus the semifinite Fredholm modules of Section 2.3 decompose
as direct integrals over some measure space (Q, P). The semifinite index of some

ff T,dP(w) is then just the average over the (usual Hilbert-space Fredholm)
indices of its fibers | o [Ind(T,)dP(w). Since we assume ergodicity for Q2 the index
of T,, almost surely does not depend on w, thus the average can only take values Z.
Examples where this process has been worked out (also for half-space algebras)
can be found in e.g. [74, 103, 11]. Combined with the continuity of the Chern
numbers asserted above, this implies in particular that integer-valued Chern
numbers must also be exactly constant in the mobility gapped regime.

4.3.4 Examples: Tight-binding models

We begin with the example of the non-commutative torus A = My(C (']I'%JQ)).
Since it is unital one can as reference Hamiltonian always fix Hy = 1 or Hy = 03
with o; some matrix that anti-commutes with J (to stay in the chiral symmetry
class).

Therefore, any spectrally gapped Hamiltonian H € My (.A) defines canonically
a K-theory class in K;(A) which is (for contractible disorder space) completely
determined by the set of weak Chern numbers

<Ch7’,v1><...><vn' ler]o) (ChT,le...xvn’ [url1),

where v; X .. X v, denotes the R"-action obtained by restricting 8 to span of
the orthonormal vectors vy, .., ,,. The countably many possible values of those
pairings can then also be computed in terms of the magnetic field B [103]. For
large enough disorder (which preserves the chiral symmetry if there is one) there
will often not be an actual spectral gap in the spectrum but only a mobility gap
in the sense of Definition 4.3.8. In that case all weak Chern numbers are still
well-defined via the Chern cocycles for Sobolev spaces. Let us now sketch an
argument that at least for the non-commutative torus the Chern numbers will
often stay constant under perturbations that preserve a fixed mobility gap, even
though the K-theory class of the Fermi projection changes.
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The idea is based on the fact that if the disorder space is a product space (0 = Q%d
and the magnetic field B is rational then one has well-defined finite volume
approximations [99], i.e. C(T§ ) is a projective limit

C(T%,ﬂ) = 12’ ”A(C(Tg,n))

A—> o0

where 1, describes finite-volume representations of C ('H‘g’ﬂ) on a finite lat-
tice A with periodic boundary conditions. While the range of m, is not finite-
dimensional it consists of finite-size matrices over C(£,) for the product space
Qp = (Qp)A. In particular, the Chern numbers are well-approximated by rapidly
converging finite-volume approximations, hence they are also computable in
practice. The lattices A do not actually have to be finite, one can also use semi-
infinite strips on slabs of shape A, := Z" x [—L, L]%" with periodic boundary
conditions in the finite directions. Let (h;)¢[o,1] be a smooth family of smooth
Hamiltonians with a common mobility gap and assume that furthermore one has
a fractional moments bound that holds uniformly for periodic approximations,
for example

N

(x| ly)| dPp(w) < oo

sup sup sup e“'x_”Af
Q

A te[0,1] x,yEA Trw(he) +2

A

for some u > 0, 0 < s < 1, z as in Definition 4.3.11 and where |x —y]|, is the
#1-distance on A which takes periodicity into account. Let us now consider the
stability of the n-parameter Chern number Ch,, for directions ey, .., e,. Let us
claim that the finite-volume error in

(Chy, [x(he < Ep)lo) = lim(Chyp, [X(7a,,, (he) < Er)]o) (4.3.7)

can then be controlled with bounds independent of t. However, for the smooth
family m, , (hy) of quasi-n-dimensional mobility gapped insulators the corre-
sponding n-dimensional Chern number is a strong Chern number and therefore
can only take quantized values in c;Z due to ergodicity (though on a scale ¢; =
0(L~(@=M)). Therefore the right-hand side of (4.3.7) is a limit of t-independent
constants. In combination with the uniform error bound this implies that the
infinite-volume weak Chern numbers must all be constant on such a smooth
path. A detailed argument will be presented elsewhere since it is lengthy and only
applies in a rather special setup. Let us also point out that in contrast the K-theory
class of the Fermi-projection in any of the Sobolev algebras (W' N L°°)(’]I‘ﬁrﬂ) will
practically never be unchanged under such a deformation since the density of
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states 7 (x(hy < Ef)) is not quantized in a mobility gap. This is no contradiction
to the claim above, the argument above also fails for the 0-dimensional Chern
number since it is not quantized as an integer in finite volume approximations
(due to the averaging over the disorder space which takes place).

We can also give an example of a Hamiltonian with a pseudogap and nonvanishing
weak Chern numbers which arises naturally as a tight-binding model for graphene
in the semimetal phase [103]

H = 0 1+u, +uqu)
1+ uj +uju, 0 '

For that model one has a linear pseudogap and the non-trivial one-dimensional
weak Chern number Ch; (up) = § This number is highly sensitive to perturba-
tions, if one changes the hopping coefficients of the model continuously with-
out opening a gap it will change continuously. A similar example for a three-
dimensional Weyl semimetal with non-trivial two-dimensional weak Chern num-
bers will be given further below in Section 6.3. There is apparently no realistic
model of a disordered semimetal which is rigorously known to have a pseudogap
and numerical computations are ambiguous. Regular diagonal disorder is known
to not allow pseudogaps [65] and there are heuristic arguments that any pseudo-
gap is filled up by disorder due to so-called rare-region effects [9o]. In any case, if
one could add pseudogap-preserving disorder to the model above then it would
have to have a non-vanishing weak Chern number at small disorder. Let us also
note that it may be easier to find such disorder not in the class of random ergodic
perturbations, but rather in the quasi-periodic ones [84].

4.3.5 Examples: Tight-binding models (multipliers)

Another application of the reference Hamiltonian formalism are substrates. In
practice, a two-dimensional topological insulator will not exist in a free form,
but is e.g. supported on a three-dimensional substrate and one cannot avoid
at least a weak coupling. For another example, in the quantum Hall effect the
system under consideration is usually not an actual two-dimensional electron gas,
but rather a thin interface layer between two semiconductors. While one may of
course argue that an effective two-dimensional description is perfectly sufficient,
one may wonder if the coupling to the bulk material can affect the topological
classification. With the reference Hamiltonian approach one can see that in fact
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4 Invariants of solid state systems

this is not the case as long as the combined system consisting of surface layer and
substrate has a spectral gap.

Weset A=C ('I[‘glﬂ) ® K(£?(N)) and note that this algebra can be represented
as acting on £2(Z% x N) with a dense subset given by those observables which act
only on finite slabs Z¢ x [0, L]. One may think of A as an algebra of observables
which sits on the surface of a (d + 1)-dimensional system.

Let us choose a reference Hamiltonian Hy € M (.A) which lives on the halfspace
Z% x [0, 0] and has a spectral gap A (in particular it is an insulator, but not a
strong topological insulator). The perturbations H = H, + V with spectral gap
in Aand V € A can therefore be thought of as (possibly topological) insulators
realized on the surface of a substrate described by H,.

If V acts only on a finite slab Z% X [0, L] and commutes with H, then one just has a
d-dimensional topological insulator on top of H, without interaction, hence one
can eliminate the substrate and go over to a purely d-dimensional description.
One can then compute the surface topological invariants of H from the surface
part of its Fermi projection. However, this is not a stable procedure, since any
generic perturbation will couple V with the substrate, therefore one cannot split
the Fermi projection as a direct sum of a surface part in .4 and a substrate part
in M(A) anymore. In the relative formulation the surface topological invariants
stay well-defined as the relative Chern numbers

(Ch7@ra [er]y — [eoll)

for a as in Theorem 4.3.19 where one compares the Fermi projection of H with
that of the undisturbed substrate described by Hy. This shows that they actually
are stable unperturbatively, i.e. invariant under homotopies that do not close
the gap of the combined (d + 1)-dimensional system. Moreover they are still
classified by K;(.A), no matter what exactly the substrate is.

Likewise, the bulk-boundary correspondence (see the later sections) can be
pushed through if one e.g. realizes an interface between different topological
phases on top of the same substrate.

4.3.6 Examples: Continuous models

In this section we will consider examples affiliated to the observable algebra
A= My(C (Rgﬂ)), i.e. matrix-valued differential operators with potentials but
no magnetic field.
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4 Invariants of solid state systems
The easiest example are Schrodinger-type Hamiltonians

d
H=—v2+V=—Zv$+V

=1

with some random or periodic potential that leads toa spectral gap in some interval
A. As a reference Hamiltonian one has the canonical choice H, = —V? + m for
a constant m which is larger than sup A. Since the Fermi projection of H, then
vanishes for the common gap A, the relative formulation of the gapped topological
invariants immediately drops to an absolute one, where no comparison is required
and the Fermi projection of H is naturally a matrix with elements in .A.

Being bounded from below this example Schrodinger-type Hamiltonians allow no
chiral symmetry; for that examples are most easily found in the class of Dirac-type
operators, e.g. the one-dimensional Hamiltonian

0 V,+m
H, =
-V,+m 0

with spectral gap in (—m, m), as one verifies by Fourier transforming to a matrix-
valued multiplication operator. Here the bounded transform F(H,,,) and thus
Fermi projection are only in the multiplier algebra M (A4), thus one needs to choose
a reference Hamiltonian. More precisely, H,, is not strongly affiliated since its
bounded transform is the function

cR 1 0 x+m
x o —_—
Vm2 +x2 \—ix—m 0

which is not a matrix over the one-point compactification C(R)™ = C(R U o)
but just over the bounded functions C, (R).

Due to the symmetry there is no natural choice for a reference Hamiltonian, but
for any m # 0 it makes sense to look at pairs (H,,, H_,;) of which either can
be considered as the reference and which leads to a well-defined K-theory class
[umuZmli € Kq(A) where u,, € M(A) is the phase of the off-diagonal component
of H,,. For opposite masses this unitary has winding number

(Chr g, [umli' — [u-mli') = sgn(m).
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4 Invariants of solid state systems

Those one-dimensional Dirac-type Hamiltonians are well-known for their robust
zero-energy bound states that appear in domain wall configurations with opposite
masses at +oo [68]. That is an expression of bulk-interface correspondence and
follows from the non-vanishing relative Chern number (see Section 5.4 below).

A similar example in two dimensions is the massive Dirac Hamiltonian

m V,+1V
Hp = o (4.3.8)
=V, +1V,, -m

alsowith spectral gap in (—m, m). Here onealso hasa gapped topological invariant
if one compares two Hamiltonians of opposite mass, it is the Chern number of
the class

[X(Hm < 015" = DX (Hom < 015 € Ko(A)

and can be computed using either the multiplier version of the Chern cocycle
from Section 3.4 or by resolving the multiplier picture using a suspension into
K1 (SA). Using either way one obtains a relative Chern number of +1. In the case
here one can also show that the Chern number can be computed by regularization

<Ch’7',6' [X(Hm < 0)]84 - [X(H—m < 0)]1(\)/1>
= c lim T (xre [[X e4] [, e4]] — xre-[[X,e-] [V, e_]])

where yg € L®(A) = L*(R?) is the characteristic function of the ball B and X, Y
the two position operators (i.e. the momentum-space derivatives after Fourier
transform). This can be derived as a consequence of Corollary 3.4.6 since one
can mollify the projections such that the difference e, — e_ becomes compactly
supported and ends up with the above expression in a limit where the regular-
ization is removed. The two terms in the sum evaluated individually converge to
i%, hence one sometimes says in physics that the Hall conductance of a massive

Dirac-Fermion is 3 (for a discussion of this point see e.g. [19, 8.2.3]). Nevertheless,
1. . .
the value - is not expected to be stable under perturbation (in fact the integral

generically becomes ill-defined except for very special perturbations).

One can obviously construct such massive Dirac-type Hamiltonians from Clifford
algebras in any dimension and they are chirally symmetric in odd dimensions.
They always give examples of a non-vanishing top Chern number.
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4 Invariants of solid state systems

Another useful source of examples is a class of quadratic Hamiltonians
H=0V*+D+V

with ¢ a self-adjoint matrix with 2 = 1, D a first-order symmetric matrix-
differential operator and a potential V' € M(A). Such a quadratic Hamiltonian is
strongly p-smooth forany p € (%, oo] since it is iteratively built by modifying the
Laplacian as sketched under Proposition 4.3.22. One can still use the reference
Hamiltonian H, = (V? — m), where one chooses m large compared to A.

The most prominent member of this family is the regularized Dirac-Hamiltonian

H_(6V2+m V. +19, )

= (4.3.9)
—Vy+1V, —(eV2+m) 39

whose Fermi projection has the Chern number %(sgn(e) + sgn(m)) [125].

Another much-studied example arises from a Hamiltonian formulation of the
shallow-water equations and has recently become relevant as a counter-example
to some formulations of bulk-boundary correspondence [124, 125, 59, 126]. It is
given by the two-dimensional differential operator

0 -1V, -V,
H=| -V, 0 —i(f — €V?) (4.3.10)
-1V, 1(f — €V?) 0

with some constants f,e # 0. It is strongly affiliated to A = C(R{,) which is
easily verified by an explicit computation in momentum space (indeed making
the Chern numbers of the bands well-defined was part of the motivation for the
introduction of the second order term in [124] which physically represents an odd
viscosity). The spectrum consists of three bands, one infinitely degenerate flat
band with energy 0 and two bands with dispersion relation

Er(k) = £Jk2 + (f + €k?)2.

The central band has Chern number 0 and the other bands have Chern number
+(sgn(e) + sgn(f)) respectively. As one can conclude from the flat band this
Hamiltonian is somewhat of an edge case of our formalism since it is strongly
affiliated but not resolvent-affiliated; an explicit computation shows that (H +1) ™1
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4 Invariants of solid state systems

is a matrix in M3(A™) \ M3(.A). For that reason the strong affiliation need not be
stable and indeed adding a general first-order differential operator will perturb
the bounded transform into the multiplier algebra. There is, however, a limited
stability under perturbations V € M3(.A) whose upper left entry vanishes since
most matrix entries of the resolvent (H +1)~! are in \A. This includes in particular
all perturbations which preserve the off-diagonal shape of H.

One can also study the model without the odd viscosity term, i.e. for € = 0, which
then requires a reference Hamiltonian. The obvious choice is to consider a pair
(Hg, H_¢) with opposite values of the Coriolis parameter and which then has a
relative Chern number of value +2.

4.4 Gapless topological invariants

The previous section was concerned with topological invariants that could be
associated to spectral gaps of (pairs of) Hamiltonians. In contrast, this section
will abstractly discuss topological invariants associated to spectral regions A
that obstruct the formation of a gap in A. Most prominently this concerns the
boundary topological invariants that can be associated to topological insulators
with a bulk gap, but there are also other examples e.g. Dirac Hamiltonians which
carry topological charges.

One of the takeaways from the theory of gapped topological invariants was the
fact that they can also be well-defined without a true spectral gap in the presence
of a mobility or pseudo-gap. For the gapless invariants one can analogously derive
no-go results in the same vein: Their non-triviality may not only prevent the
formation of spectral gaps but also that of mobility gaps or (too strict) pseudogaps.
This generalizes existing results which show that the boundary states associated to
half-space restrictions of topological insulators cannot be dynamically localized

[103][29][1m1].

Let A again be a C*-algebra and for the numerical invariants we assume that
it is part of a tracial dynamical system (A,6,7). A Hamiltonian H is again a
self-adjoint A-multiplier, however, instead of a spectral gap we require to have
invertibility up to A:

Definition 4.4.1 Let H be a self-adjoint A-multiplier of an observable algebra A
with A c R a (possibly infinite) spectral interval. We say that A is an A-essential

gap if f(H) € Aforeach f € C.(A).
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4 Invariants of solid state systems

For bounded H this is equivalent to the A N a(H + A) = @ with the image in the
Corona algebra M (A)/A. For unbounded H a typical way to assert the existence
of an A-essential gap is to find a symmetric v € M(A) such that (H — E)? + v
is strictly positive for E € A and v(1 + H?)™! € A. In fact, if such a v exists at
all, one can always use v = f(H) € A for a non-negative function f which is
compactly supported within the essential gap A.

Definition 4.4.2 Let H be a self-adjoint Hamiltonian with A-essential gap A. Let
Xa € C*(R) a smooth function with y,(t) = —1 below A and y(t) = 1 above A.
We associate to H the class [up]1 € K;(A) represented by

uy = e™al+) e My (A7),

If H anticommutes with the chiral symmetry ]| and 0 € A then choose 0 € A = —A
and y to be anti-symmetric. We then associate to H the class [ex]o — [s(ea)]o €
Ky (A) represented by

- In
“tyxa(H) | 2

en = e etz e proAy.

0 On
2

For any restriction a of 6 to a R™-action we associate to H the numerical gapless
invariants
(Chra [xal:) € R

as a pairing with K;(A), i =n mod 2.

If H is bounded then those K-theory classes are by construction just images of the
Fermi projection respectively Fermi unitary of H mod .4 under the K-theoretical
boundary maps of the exact sequence

0->A->M(A) - M(A)/A-DO.

It is therefore easy to see that the K-theory classes are well-defined and inde-
pendent of the switch function, though the latter can be easily seen directly via
homotopy. One could also extend the range of applicability by defining the gap-
less invariants for pairs of Hamiltonians (H, Hy) which have an interval A with
f(H) — f(Hy) € Aforall f € C.(4), but this will not be pursued further here.

One obtains numerical Chern numbers by pairing with appropriate Chern cocy-
cles and does not need to worry about smoothness or summability conditions as
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4 Invariants of solid state systems

one can always find a regular enough representative by spectral invariance of the
domain ./47'_3.

For the pairings with the Chern cocycles one can easily formulate index theorems
using Theorem 2.3.5. Those numerical invariants are also stable and stay well-
defined even under nice enough perturbations from larger subalgebras of L*(.A)
than M(A). Let us also mention another elegant way to obtain an index theo-
rem for the gapless invariants, which involves H directly without any functional
calculus, thereby highlighting the naturalness of the construction:

Theorem 4.4.3 Let (A, 0,T) be tracial dynamical system and assume that 0 is
an even-dimensional action. As in Chapter 2 one construct the von Neumann
algebra N = L® (A xg R%) with trace ’7? and the canonical Dirac operator D from
Chapter 2. If H is a 6-smooth A-multiplier with A-essential gap A containing 0
then the operator kD + 1H is affiliated to N and ’f}—Fredholmfor small enough k.

For uy as in Definition 4.4.2 one then has

(Ch7e, [uals) = lim Te—Ind(xkD + tH).
K—

Proof. The subalgebra of smooth elements .44 of a A together with the semifinite
von Neumann algebra N and the Dirac operator D constitute a so-called semifinite
spectral triple ([35, 112] for definitions). Since H is strictly smooth and invertible
modulo A it isan unbounded Callias potential in the sense of [112] and the present
statement is exactly the main result of loc.cit. applied to the current situation. O

A similar index theorem exists for the even classes as well. If H is resolvent-
affiliated to A the Callias operator kD + tH (for any x > 0) usually also represents
the Kasparov product between unbounded cycles defined using from D and H
(which is then independent of k).

The most important examples for gapless invariants are the boundary invariants
of topological systems for which there will be plenty in the following. Let us
therefore look at an example for a gapless invariant in the bulk.

The massless Dirac Hamiltonian
H=10-V

for ¢ = (0y4,..,04) a representation of the complex Clifford algebra is an .A-
multiplier of the algebra A = C(R{,). Its resolvent lies in My(A), hence any
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interval A is an A-essential gap for H. If d is even then H anticommutes with
the chiral symmetry ] = o04,,. Via Fourier transform H becomes a function
k € R Hy, =0 -k € My(C(R%)) and one can compute the gapless invariants
via the Chern cocycles, but this is rather hard to do explicitly since it involves
smooth functional calculus. Since we are here in a situation of commutative
geometry an alternate path is to use the Callias respectively Boutet de Monvel
index formulas which give more convenient expressions, for example the odd
invariant is [58]

(Chr,g, [uals) = lim Cdf Tr(Q(dQ) @Dy,

dBR(0)

with Q@ = sgn(H) and ¢, a normalization constant. The even or odd top Chern
number of [u,]; respectively [ep]o is equal to +1 [112] (depending on conventions
for o).

Coming back from the example, let us next discuss basic stability properties of
the gapless invariants:

Proposition 4.4.4 Lett € [0,1] = H, be a gap-continuous map of Hamiltonians
with common A-essential gap A. Then the gapless invariants do not depend on t.

Proof. By gap-continuous we mean that t = f(H;) is norm-continuous for any
f € Cy(R), which implies that the representatives of the K-theory classes of the
gapless invariants also change norm-continuously, hence the classes are constant.
O

The question is therefore simply one of asserting that certain perturbations do
preserve the A-essential gap. The easiest criterion is

Proposition 4.4.5 Assume that H has an A-essential gap AandV = V* € M(A)
is such that V(H + 1)~ € A. Then A is also an A-essential gap of H + V.

Proof. For any function f € Cy(A) one has f(H) — f(H + V) € A and thus
f(H + V) € Awhich is one of the equivalent criteria given above. O

A special case is that of resolvent-affiliated H, i.e. if (H +1)~! € A then the gapless
invariants are stable under arbitrary additive perturbations in M(.A). Since on
the other hand one has at least (H + 1)1 € M(A) the gapless invariants are
always stable under perturbations in 4 itself. Hence there is always a large class of
perturbations that cannot open a spectral gap if the K-theory class is non-trivial.
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We will now show that if one of the Chern numbers is non-trivial then it is also
impossible to have mobility or too extreme pseudogaps. The strategy is to find a
family of representatives whose Sobolev norm tends to 0 which therefore requires
triviality. The argument presented here is a generalization of [111, Proposition
5.5.5] which proves delocalization of boundary states of topological insulators:

Proposition 4.4.6 Assume that H is a smooth A-multiplier and ifn < d is even
then H = —JH] is chirally symmetric with Fermi level Er = 0.

(i) If H has a mobility gap then all Chern numbers must vanish for u, respec-
tively ep.

(ii) If H has a pseudogap of order y > n anywhere in the T -finite interval in A
for odd n, or at 0 for even n then all weak Chern numbers with n generators
must vanish.

Proof. Let « c 6 be an n-parameter action with odd n and let E, € A be arbitrary.
Write yp = y(H € A) and set

uA,E — eznlexp,E(H)’

forany 1 > € > 0 and gy € C*(R) a choice of smooth functions which take
the value 0 below E,, 1 above E, and converge to y(E > E,) as € = 0 for an
arbitrary, but fixed Ey € A. Then (Chy 4, [e"(P)],) is independent of € > 0.

In the case (i), the mobility gap regime, ||Ve™/<(*) ||n+ , is bounded uniformly

in € and due to the regularity of the DOS one finds that ||1 — '™/ ||n+1 isalso
uniformly bounded. Moreover, one has

lim [|2 - e™@]| = lim [lp(H)(1 - ™| =0

€-0 n+1

where we inserted a compactly supported function ¢ which is equal to 1 on
N1ses0 supp(fe) and then used ¢ (H) € L"*1(A) together with continuity of the
trace, Lemma 1.3.1(ii). Continuity of the Chern cocycle implies

(Chy g, [e"eD],) = (Chy g, [1]1) = 0.
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In the pseudogap regime of case (ii) we may assume that the pseudogap is at
Ey = 0 and instead bound

(Chy g [ e] )| < [[1 — el [|vermfet|” .

We can always choose f; in such a way that the compactly supported functions
ge = 1 — e'™e are just rescalings g.(1) = g;(e"*F~1(1)) for F~! the inverse
of the bounded transform and some suitable g;. From the smooth functional
calculus one gets

Vet — L f (€"F(H) + 2)" (e \VF(H)) (e 'F(H) + 2)~dz A dZ
21 J¢

and thus
vt | < ¢, e 1vran].

Since 1 — e/ is uniformly bounded in operator-norm and supported only on
an interval of length Ce around 0 one further has from the density of states

[1 - ee@]| < Ce.

Hence the pairing with the Chern cocycle must vanish if y > n.
The same arguments apply almost verbatim in the odd case. ]

There are some caveats here which are difficult to improve with this method: The
first is that we assume that the density of states is at least Holder-continuous. This
is not always the case and there are are indeed examples where the even gapless
invariant is non-trivial since H has an actual eigenvalue at 0 in the chiral case
(this is generic for one-dimensional models, higher-dimensional examples can
be found in Section 6.1). The second is that the mobility gap bound is assumed to
hold uniformly, hence it could e.g. be possible in a chiral model that every interval
not containing 0 is mobility gapped. Also there are weaker localization conditions
such as the fractional moments bound which are not in obvious contradiction to
the non-triviality of Chern numbers.

We observe that the massless Dirac-Hamiltonian in d dimensions H has a pseudo-
gap: In the Fourier picture one simply has |Hy| = |k|, from which one concludes
that 7 (x(|H| € [—¢,€]) = V€% with V,; the volume of the d-dimensional unit
ball. Thus there is a pseudogap of order y = d, which is not only consistent with
Proposition 4.4.6 it more strongly demonstrates that the derived lower bound
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y > d is sharp. Comparing with Proposition 4.3.18 a gapped n-parameter Chern
number becomes well-defined based on a pseudogap when y > n, which is exactly
when the corresponding gapless Chern number must become trivial.

About the massless Dirac-Hamiltonian we can now also say, since it is resolvent-
affiliated to C(R¢ ), that the addition of a random or periodic potential from
M(C (Rg,ﬂ)) (preserving the chiral symmetry in even dimension) will not change
the gapless invariants. In odd dimensions such a random potential can in partic-
ular not lead to a mobility gap anywhere in the spectrum by Proposition 4.4.6.
On the other hand, the even-dimensional Dirac-operators immediately become
gapped if one adds the symmetry-breaking mass term mag 4.

128



5  Algebraic bulk-boundary correspondence

A quantum system which is topologically non-trivial and gapped in the bulk
generically exhibits robust surface states on its boundary. One can motivate this
by noting that any continuous deformation of a topologically insulator to a trivial
insulator in parameter space requires that the spectral gap closes along the path.
Therefore the same should happen if one realizes such a continuous interface in
real space which would result in gap-filling states. Forexample, a one-dimensional
wire with chiral symmetry like the SSH-chain [117] will have 0-modes on its ends
proportional to the winding number in the bulk. In two dimensions a Quantum
Hall insulator has conducting chiral edge modes which fill the bulk gaps and
whose conductivity is proportional to the bulk two-dimensional Chern number
which is itself proportional to the 0-temperature Hall conductance [74]. For these
two examples it is now understood that this is a consequence of K-theory since
all of the above observable quantities are pairings with certain K-theory classes
in a bulk or a surface algebra which are linked via the connecting maps. Let us
refer to [103] for more historical context.

Let us also emphasize that this algebraic bulk-boundary correspondence requires
numerous algebraic consistency conditions and even then not every non-trivial
bulk invariant will result in surface states for every possible interface.

5.1  The strongly affiliated case

In this chapter we assume throughout that there is an exact sequence
0-E-A-A-0 (5.1.1)

of separable C*-algebras. While the algebraic statements are completely general,
we will think of elements of £ as edge-observables, A as bulk observables and
of A as an algebra of halfspace operators which consists of restrictions of bulk
observables with boundary terms in £. This terminology is used to give a proper
physical interpretation and flavor. Nevertheless, A could as well represent a
system with a defect of higher codimension instead of a halfspace if £ describes
the observables localized around such a defect.

The method of algebraic bulk-boundary correspondence is to map K-theory
classes over the bulk, i.e. in K;(.A), to K-theory classes in K;(£) via the connecting
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maps. While that is of course always possible, it only makes sense to do so
if the images under the connecting maps can again be expressed in terms of
representatives that are related to a physical system of interest. For example, if
we have a self-adjoint £-multiplier A as a Hamiltonian on a halfspace whose bulk
limit is invertible in some spectral interval A then the natural goal would be to
express the class of the gapless topological invariants [us]; € K1(€) in terms of a
class in Ky (A). This method was pioneered for two-dimensional tight-binding
models in [74] and has since then been applied and extended in many works
(e.g. [75, 79, 103, 25, 2, 53, 102]) with notable refinements coming from the use
of KK-theory, twisted equivariant K-theory and real or van Daele K-theory. In
this work we stick to the simplest setup of complex K-theory since the main
point is the investigation of complications that arise from Hamiltonians that are
(unbounded) multipliers and the results should generalize without too much
difficulty.

We are also focused exclusively on the situation of invariants derived from one
(or two) Hamiltonians as in Chapter 4. For completeness let us mention that
some topological invariants arise differently, e.g. for a periodically driven Floquet
system one constructs the bulk invariant from the propagator which is a unitary
that should have a spectral gap [108], while in the context of the Levinson theorem
in scattering theory they are constructed from wave operators [72]. The principle
of bulk-boundary correspondence should always apply but one has to construct
relevant images on a case-by-case basis.

To work with unbounded operators we need to clarify what a lift of an unbounded
multiplier is supposed to be under a surjective homomorphism q : A — B. Fora
bounded multiplier this is clear since there is a canonical extension q : M(A) =
M (B) defined by the property

qgqim)=m < q(ma) =mq(a), q(am) = q(a)m, VaeE A

In the unbounded case one retreats to bounded functions:

Definition 5.1.1 Let q : A = B be a surjective homomorphism of C*-algebras
and denote the canonical extension q : M(A) — M(B) by the same letter. IfH is a
self-adjoint A-muliplier and H a self-adjoint B-multiplier, then we say that H is a
lift of H (under q) if one has any of the equivalent conditions

(i) q(F () = F(H),
(ii) q(f(H)) = f(H) for each function f € Cy(R).
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(iii) (A +)™) = (H+D7,
(iv) q(f(A)) = f(H) for each bounded function f € C,(R).

To see that those conditions are equivalent one notes that (i) = (ii), (ii) &
(iii) and (iv) = (i) are trivial and (ii) = (iv) holds since the density of
1

(1 + A?)”2 A implies that one only needs to check that

A Aoe—t _1
q(f (A +H*) za) = f(H)(A + H*) 2q(a)
and its conjugate hold forall a € A.

An alternative approach would be to immediately replace any unbounded operator
by its bounded transform, which is consistent with the notion of lift chosen above.
As we will see, that would not always be wise to do, since e.g. different self-
adjoint extensions of the same symmetric multiplier are most easily compared
via resolvent-differences and those are difficult to express in terms of bounded
transforms.

Let us first describe the best-understood setting of strongly affiliated Hamiltoni-
ans. Recall that this is the generic case for unital algebras of tight-binding models
suchas C(T§ ) orresolvent-affiliated Hamiltonians that are bounded from below.
In that case one has a straightforward generalization of the standard theory [103,
Proposition 4.3.1-2]:

Proposition 5.1.2 Let H be self-adjoint My (A)-multiplier with a spectral gap A
and let with Ep € A. Further let H be a self-adjoint My (A)-multiplier that lifts H
in the exact sequence (5.1.1)

Assume strong affiliation, i.e.
F(H) € My(A™), and F(A) € My(A™) (5.1.2)

then

(i) The exponential map Exp : Ky(A) = K;(E) maps [er]y to [(a], where

Gy = ema®+) e poE™).
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(ii) Ifthe CH holds for both H and H, the index map Ind : K, (A) — K (€) maps
[ur]1 to [éa]o — [On @ 1n]o where
2 2

s ~ ﬂ T A
ey = etz Xa | 3 etz XalH) ¢ My(E™) .
0 Own
2

Here the function y, is chosen exactly as in Definition 4.4.2.

Proof. The condition (5.1.2) implies er € A™, which is required to define a class
in K (A) in the first place and the second condition implies that %(1 — xa(A)) is

a lift of e to a contraction in My(A™). The construction of the images is then
standard and follows exactly as in [103]. O

If A and A are already unital then (5.1.2) is trivial. This concerns mostly the case
of tight-binding models with a semisplit bulk-boundary exact sequence, i.e. the
lifting condition is equivalent to the condition that A can be written in the form
H = PHP + ? with P the projection to the positive half-space (which shall then
be the unit of A).

In the non-unital case with unbounded Hamiltonians there are many more
possibilities. Let us consider the bulk algebra A = C,(R%) as appropriate for
translation-invariant models in a continuous space. We already introduced the
massive Dirac Hamiltonian (4.3.8) whose Fermi projection does not even define
an element of K (A) on its own. Since we need a reference Hamiltonian in the
bulk, there can at most be a well-defined relative bulk-boundary correspondence
which also compares two systems with boundaries. But even assuming strong
affiliation in the bulk we are not done, since one bulk Hamiltonian can lift to many
different halfspace Hamiltonians and it can be difficult to identify the strongly
affiliated lifts (if they even exist). The simplest Hamiltonian one can write down
is the Laplacian H = —V?, and restricting it to C°(R4"! x R,) one obtains a
symmetric operator H. As we will see below, an exact sequence for such a halfspace
problem can be obtained from a smooth Toeplitz extension. For d > 1 it is well-
known that there are infinitely many self-adjoint extensions of H corresponding
to different boundary conditions. Many of those do not even lead to multipliers of
the half-space algebra A, for example if we require translation-invariance in the
directions parallel to the boundary (as we will do in the examples below) or due to
certain continuity conditions. However, even among those extensions which do
define multipliers only a small subset of can satisfy the condition (5.1.2). Staying
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5 Algebraic bulk-boundary correspondence

in the example of the Laplacian, we do know (and will see in Section 6.3.2) that
at least the halfspace-Laplacian with Dirichlet boundaries is strongly affiliated to
an appropriate algebra. Let us emphasize that strong affiliation is a rather tricky
condition to verify: The bounded transform of a halfspace differential operator is
very difficult to compute explicitly, therefore one would want to rely on general
principles. The self-adjoint extensions are conventionally classified using the von
Neumann theory, which basically describes how the formal Cayley transform of a
symmetric multiplier must be extended to obtain a unitary operator. Thus one
can efficiently compare different extensions via the differences of their resolvents.
Unfortunately, the bounded transform of a fixed self-adjoint multiplier does not
depend norm-continuously on the resolvent in general, hence there is no clear
path to single out those extensions (respectively boundary conditions) that lead
to strongly affiliated self-adjoint operators. If the extensions are bounded from
below the problem sometimes reduces to the question of resolvent-affiliation
which we will find to be a much more tractable problem.

5.2  Relative bulk-boundary correspondence

As was argued above, when either the bulk or the halfspace Hamiltonian fails to
be strongly affiliated one has to resort to a relative bulk-boundary correspondence
which compares two different but similar Hamiltonians. In the multiplier picture
the modification of Proposition 5.1.2 is straightforward:

Proposition 5.2.1 Let H be a self-adjoint A-multiplier with reference Hamiltonian
H, such that F(H) — F(H,) € A and both have the common spectral gap A. If
(A, Hy) are lifts of (H, Hy) such that the pair of bounded transforms (F(H), F (Hy))
lies in P(M(A), A) then the image in K, (£) under the exponential map is given by

[e™ (aUDFD]YT — [em Crallol DI = Exp (L (H < A)IF = [ (Ho < A)IF).
IfH,H,Hy, H have a chiral symmetry then

(1 0 , 5 "
[e—zg)(A(H) Og ) elg)(A(H)]I(;/I _ [e—lg)(A(Ho) <§ g) QLEXA(HO)]I(;”
N

= Ind ([uF]IfI - [uo]y) € Ko (&)

with the Fermi unitaries as in Definition 4.3.4.
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Proof. Since y, is a Cy-function of the bounded transform the contraction
é = %(]1 — (xa(®), xa(Hy))) lies in P(M (A), A) and is a lift of the bulk Fermi
projections e := (y(H < A), y(Hy < A)) € P(M(A), A), hence the image under
the exponential map is represented by the unitary

(em(mﬂm), em(mﬁo)ﬂ)) € P(Ker(q), )

with g : M(A) - M(A).

The proof is then completed by using the expressions for the connecting maps
from Proposition 1.5.4. Let us also clarify that in our notation it is understood
that

[e™ Ca(+ DM _ [omi (xa(Ho)+1) M

=1 U—-f)+e™ a(i)+1) & I —[1® (1 —f) +e™ (ralfo)+1) jald

where f € K is a rank-one-projection which is fixed once and for all.
O

If all multipliers are bounded then one can also replace F(H) at every occurrence
with H itself. Since the conditions look natural enough one is tempted to think
that relative bulk-boundary correspondence holds in practically any relevant
situation. That impression is deceptive, since the condition

F(H) — F(H,) € My(A) (5.2.1)

is rather subtle and will fail in many situations. To see what can go wrong, let
us think of H, as a differential operator with H = Hy + V where V € M(A) is a
potential. If we choose a lift A, of H, then it is natural to look for lifts A satisfying
(5.2.1) via the Ansatz A = Hy + V with V € M(A). The problem is that usually
the only general statement one can make about the bounded transforms is that
F(H) — F(H,) lies in the same C*-algebra as V(H, + 1)~!. Since V being only
a multiplier of A cannot be avoided, one can typically enforce (5.2.1) only by
assuming that A, A, are resolvent-affiliated to A.

This resolvent-affiliated case is so important that it is worth to specialize Proposi-
tion 5.2.1 to that case:
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5 Algebraic bulk-boundary correspondence

Corollary 5.2.2 Let H, Hy be resolvent-affiliated self-adjoint A-multipliers with
H — Hy € M(A) and common spectral gap A. If H, H, are resolvent-affiliated
A-multipliers with A — Ay € M(A) and lifts of H, H, respectively then

[e™ QatD+D], — [em (tatio)+ D], = Exp ([x(H < D)]Y — [x(Ho < DIY).

IfH,Hy, H, A, have chiral symmetry then

PREPAC) ((]1 8) S NONNEPNCD (g g) o 5 Xl

= Ind ([uF]11V1 - [u0]11\/1) € Ko(&).

Proof. Since the differences are bounded multipliers Proposition A.5 implies
F(H) — F(Hy) € Aand F(H) — F(H,) € A.

Note now that classes on the left-hand sides are no longer in the multiplier picture
but the actual difference of classes in K;(£), since the representatives lie in £~
due to the bulk gap and resolvent affiliation. O

As suggested above, the way to apply this result is to determine at first a lift A,
of H, which is resolvent-affiliated, then one obtains a lift of A by adding to that
any lift of H — Hy € M(A). In particular for unbounded H, one should recall that
by Kato-Rellich A and A, have equal domains, hence this result allows us to e.g.
compare any two similar enough bulk Hamiltonians which are restricted to some
region with the same boundary conditions. Notably, the resolvent-affiliation
makes the relative bulk-boundary correspondence very stable under bounded
perturbations, therefore it is a very desirable property to have.

In applications one will want to construct the lift A, by starting with a symmetric
A-multiplier and then attempt to construct self-adjoint extensions. For example,
if H, is a differential operator it is natural to restrict it to a formally self-adjoint
expression on a half-space. The immediate question is, assuming H,, is already
resolvent-affiliated in the bulk, which boundary conditions does one need to
impose such that the corresponding self-adjoint extension is resolvent-affiliated
to the half-space algebra A? Obviously, we can say very little about that on an
abstract level, however, we can exhibit the general structure of the set of all
resolvent-affiliated extensions of a symmetric halfspace multiplier.

For that we first need to recall some details on self-adjoint extensions in the
Hilbert-module setting from [132]:
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Theorem 5.2.3 Let H be a symmetric A-multiplier and H,, an extension of H that
is a self-adjoint A-multiplier. Then the Cayley transform

C(I:Iu) = (I:Iu - l)(I:Iu + l)_l
of H,, takes the form
CHy) =c()+u

where u € M(A) is a partial isometry and the formal Cayley-transform C(H) €
M(A) is a partial isometry with initial subspace 1 —u*u and final subspace 1 —uu®.
The projections e_ = u*u and e, = uu” are the projections to the deficiency
subspaces Ran(ey) = Ker(A* F 1). The correspondence between such partial
isometries u and extensions H,, is one-to-one with the domain of the extensions

Dom(H,) = {a + a; +ua, : a € Dom(A),a, € Ker(H* — 1)}.

If A is represented on a Hilbert space, the domains of the extensions can be
constructed using the analogous formula. Notably, the extensions that are again
A-multipliers are precisely those for which the partial isometry u is a multiplier.

We often want to impose resolvent-affiliation to A, which turns out to be a rather
strict restriction on the allowed extensions:

Corollary 5.2.4 Let H, be a self-adjoint extension of a symmetric A-multiplier A
and a lift of the self-adjoint A-multiplier H.

If H,, is resolvent-affiliated to A and H,, any other self-adjoint extension of H then
the following are equivalent:

(i) H, is resolvent-affiliated to A and a lift of H.
(i) f(H,) = f(Hy) € & for all f € Co(R).
(iii) C(H,) —C(H,) € &.
(iv) u—veé.
Proof. We have (i) = (i) since f(ﬁu) - f(HA,) € fj and q(f(H,) — f(H,)) =
f(H) — f(H) =0, hence f(H,) — f(H,) € Ker(q) N A = £. By definition of u, v

one has (iii) < (iv) and the implications (ii) = (iii) and (iv) = (i)
follow from

u—v=CHy) -C,) =-2(H, +v) - H,+1)™).
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O

Hence, given any resolvent-affiliated extension H,, there is a one-to-one correspon-
dence between resolvent-affiliated extensions H,, and partial isometries u € M (.A4)
satisfying vv* = uu*, v'v = w'uand u — v € €. If we can guess (possibly on
grounds of physical reasoning) or compute any extension H,, for which resolvent-
affiliation holds then this one-to-one relationship can in principle be used to
determine the complete set of resolvent-affiliated extension from the deficiency
subspaces. In practice that can of course a task of formidable complexity. Notealso
that for differential operators the isometries u are in one-to-one correspondence
with boundary conditions, however, the exact relation can be rather complicated
and it is difficult to guess which changes in boundary condition are small enough
to preserve resolvent-affiliation. We will compute an explicit example later in
Section 5.3.2.

The next question is, can one also relate two halfspace Hamiltonians which are
actually equal in the bulk, but differ by the choice of boundary conditions? In
general, two different boundary conditions can give completely different bound-
ary invariants or (in less favorable circumstances) lead to ill-defined boundary
invariants, since there is usually enough freedom in the choice of self-adjoint
extension to violate all affiliation conditions. However, if we stay in the class of
resolvent-affiliated extensions there is a simple topological relationship:

Proposition 5.2.5 Let H,, H, be self-adjoint resolvent-affiliated extensions of a
common symmetric A-multiplier H and lifts of a self-adjoint A-multiplier H.

Then the following K-theory classes are the same:
(i) [CCEHDNY = [CH)IY = [C(H)C(H,) 1 € K1 (E).
(ii)) [1 —e; +uv*]; € Ky(€) where e, = uu* = vv*.
(iii) [e™Qat+D], —[emOal)+D], € K, (&) for any switch function y, adapted
to a bulk gap A of H.

Proof. The classes from (i) and (ii) are well-defined since u — v € £ (where we
as usual include C(H,) € M(A) ® My(C) c M(A) ® K). They are equal simply
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by expanding C(H,)* = C(H,)" — u* + v*. In the multiplier picture we have by
definition

[CHDNY — [C(HNTY = [C(HHCH) Y — [11Y
[(C(H), CHN]: € KL (P(M(E),€ @ K) = Ky (E),

but then by homotopy in K; (P(M*(£), € ® K)) one has

[C(Aw), C(H)] = [f (B, [f (A1

for any unitary function f € 1 + C(R) with the same winding numberas t €
R & (t —1)(t + 1), hence in particular

[CHD I — [C(A,) Y = [emOath+ DY — [oimQalin)+ D]}

and we can drop the M on the r.h.s. since the elements are actually in K; (€) if
there is a bulk gap. O

The most important statement in this Proposition is the equivalence between
the classes in (ii) and (iii), since the former is related directly to the boundary
conditions and the latter to the boundary states. In the chirally symmetric case
the obvious analogue to compare two boundary conditions that respect the chiral
symmetry is the class [(é3)]Y — [(éa)]} € Ko (&) as in Proposition 5.2.1 which
can be related to the difference [%(]u - - [%(]v —1)]4 € Ky(€) which is
then a difference of projections.

An important take-away here is that the boundary condition can encode a non-
trivial topological content which forces the boundary invariants to differ for some
boundary conditions that are not homotopic to each other, irrespective of any
bulk topological invariants. Hence the simple bulk-boundary correspondence as
one has it for completely affiliated Hamiltonians cannot generally be expected
to hold for all self-adjoint boundary conditions. One should also note that the
class of resolvent-affiliated extensions is only a small and well-behaved subset
of all possible boundary conditions, in general one can say even less about the
possibility of bulk-boundary correspondence.

A practical concern is that one usually wants to make the extension problem as
simple as possible since the deficiency subspaces very quickly become complicated
to parametrize. By Kato-Rellich dropping bounded operators does not affect the
domain and it also does not affect the relative K, (£)-class (even though the partial
isometries describing the extension will change):
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Lemma 5.2.6 Let H, be a self-adjoint extension of a symmetric A-multiplier A
which is the lift of a resolvent-affiliated self-adjoint A-multiplier H. For V =
V* € M(A) the self-adjoint extensions (H + V), of H + V are in one-to-one
correspondence with those of H in the sense that

H+V)y =H,+V

for a unique pair of partial isometries u’,u. Moreover (H + V), is resolvent-
affiliated to A if only if H, is resolvent-affiliated. Given two pairs of resolvent-
affiliated extensions related by

<

(1:1 + V)ul I:Iu +
H+V),y =H,+7V

withu —v € £ then alsou’ — v’ € € and

[M—ei+u'(W)]1=[1—ey +uv;.

Proof. The existence of u’ for any u follows from Kato-Rellich and since the
situation is symmetric under exchange H + V < H there is a one-to-one corre-
spondence. The statements about resolvent-affiliation follow from the resolvent
identity

1 1 1 N 1

— = — + — V———=
H+V)y+1 (Hy+t (Hy+t (H+V),+1

which consists of terms in A if (H),, is resolvent-affiliated. The resolvent-affiliation
of (H + V), and (A + V), implies

~ 1 1 .
CHADy . B+ 41

l
E(u/ _ vl)

since both terms on the right-hand side are lifts of (H + V + ). For the final
statement we use the equivalent formulation of Corollary 5.2.4 in terms of the
Cayley-Transforms and note that

€ [0,1] » (C(H, + tV),C(H, + tV))
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is a norm-continuous path of unitaries in P(M*(£), £ ® K), hence
[CCHDIY = [CAHNNIY = [C(Hy + VY = [C(H, + VY
= [C((H + V)u)]Y = [C(H + D)IY
O

In some cases one has a reference Hamiltonian that does not have boundary states
at least for certain boundary conditions, i.e. the lift A, is sometimes also gapped.
Then the boundary unitary corresponding to H, vanishes in Corollary 5.2.2. We
can now also say what happens for different boundary conditions:

Corollary 5.2.7 Let H be a self-adjoint A-multiplier with spectral gap A and ref-
erence Hamiltonian Hy withV = H — Hy € M(A) a bounded multiplier. Assume
that there exists a self-adjoint lift (Hy),, of H, resolvent-affiliated to A and such
that (Hy),, does have a spectral gap in A. Let then H,» = (Hy),, + V be a lift of H
with V € M(A) a self-adjoint lift of V corresponding to a self-adjoint extension of
A=H0,+V.

IfA, = (Hy), + V is another self-adjoint lift of H such that (H,), and (H,),, are
self-adjoint extensions of a common symmetric A-multiplier H with

A . l
((Ho)y + l)_l — ((Hp)y + l)_l = E(u —v)EE
for two unitaries u,v € M(E) then

[em et = Exp ([x(H < DY — [x(Ho < M) — [uv].
Proof. The relationship between the Hamiltonians is as follows

(I:Io)u < I:Iu’

(I:IO)U — I:Iv’
The boundary classes of top and bottom rows can be compared using Corol-

lary 5.2.4 and Lemma 5.2.6 and of the left and right column using the relative bulk-
boundary correspondence for resolvent-affiliated Hamiltonians Corollary 5.2.2.
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The former gives

[ema((H)W+D], — [emQa(H+D], = [uv*],

and the latter
[emQatm+ D] — [emOa(+ D], = Exp ([x(H < MY — [x(Ho < DIY).

Inserting the assumption [e""@a(H)W+D], = 0 to solve for [e™Ua(Hn+D],
yields the result. a

In words, assume that we can restrict a reference Hamiltonian H, to a resolvent-
affiliated halfspace Hamiltonian (H,),, with a boundary condition u for which
there happens to be no spectrum in the bulk gap A. If we restrict a related
bulk Hamiltonian H with that same boundary condition u then the class of
the boundary unitary [{I,]; is exactly an image of the bulk-difference class of
Fermi projections under the exponential map. If one instead of u uses a different
boundary condition v for which resolvent-affiliation still holds, then the class of
the boundary unitary is corrected by the class [uv*]; which compares the two
boundary conditions.

5.3 Examples

5.3.1 Tight-binding models

Here we discuss bulk-edge correspondence for the disordered non-commutative
torus as a representative for all tight-binding models. For the bulk-boundary
correspondence we follow [111] and consider systems with straight boundaries
aligned to some hypersurface v - Z% > 0 for some unit vector v € S¢~1, This
vector generates a linear flow on the torus via

¢t = Oy,

i.e. restriction of the gauge-action 6 to a one-parameter subgroup. There are basi-
cally two different cases, one is that the components of v are rationally dependent
in which case the action is periodic with some period A,; hence ¢ isa A, T-action.
In the other case when v is not rationally dependent the range of vR is dense in
R4
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In both cases a good exact sequence for bulk-boundary correspondence is the
smooth Toeplitz extension

0~ C(T§q) g Gy = T4(C(T§0),§,Gy) = C(Th) 0 (53.)

with G, = R in the rationally independent case and G, = A, T otherwise. With
this choice (and under certain additional conditions on the ergodicity of the
disorder space) one can show that T, (']1'%'9, ¢, G,) is represented faithfully on the
Hilbert space £2(Z%) in such a way that the functions of the abstract generator
X correspond to functions of the position operator X - v on the lattice. The dual
trace 7? is naturally a trace per unit surface area [111, Section 5.2].

The crossed product with the continuous group G, can make those algebras
appear more complicated than they actually are, for the exact sequence (5.3.1) is
isomorphic to the sequence

0 = Co(Gy, C(Q)) X7v 5, Z& = Co (G, C(Q)) Npw pp ZF = C(Q) Xpw 5 Z8 = 0
with the group action (see the proof of [111, Proposition 5.2.1])
(TZH(r,w) = f(r —x - v, Tyw), T € G,
Hence the exact sequence simply arises from the Z%-equivariant exact sequence
0= Co(G, C(D) = Co. (6o, C(X) = C(W) >0

with evaluation at +oco0. The bulk-boundary correspondence can then be expressed
in terms of weak Chern number [103, 111]:

Theorems5.3.1 Let h = h* € MN(’JI‘%_Q) have a spectral gap in A and let h =
P.hP, +v € MN(T(C(']I‘%‘Q), ¢, G,) be a self-adjoint lift with v € C(’I[‘g’ﬂ) Mg
G, and P, an approximate half-space projection as in Section 3.1. For 1l as in
Proposition 5.1.2 one has

(ChT,ax,fr ler]o) = (Ch7}_a; [Tal1)

for a any restriction of 8 to an R*™~1-action with generators orthogonal to v.

If h and h satisfy are chirally symmetric then

(Ch7axe [url1) = —(Chy, 4 [Ealo)
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for a any restriction of 6 to an R?™-action with generators orthogonal to v.

Proof. An immediate consequence of Theorem 3.3.2 and Proposition 5.1.2 since
a Hamiltonian of the form h is strongly affiliated. O

In the rationally independent case we can also construct a lift using a smooth
switch function instead of the projection to a halfspace. However, since the
boundary indices are protected by an index theorem, the numerical equality
of Chern numbers also holds for sharp boundaries (though, one needs to be
slightly careful about the algebras involved and in the end also their Hilbert space
representations, we refer to [111, Section 5.4] for details). A nice feature of this
bulk-boundary correspondence is that the dependence on the cutting angle is
manifestly continuous even though the algebras and representatives vary.

One is here always in the situation of Proposition 5.1.2, since strong affiliation is
the generic case for a unital bulk algebra. To get an example for a tight-binding
model with only a relative bulk-boundary correspondence we merely have to
revisit our substrate models from Section 4.3.5. Assume that we are in that
situation where H = Hy + V with a (d + 1)-dimensional substrate Hamiltonian
H, and a d-dimensional surface insulator V that have a common spectral gap.
If we now cut an additional surface into our system there are several distinct
possibilities. In the easiest case the quarterspace Hamiltonian H, still has a
spectral gap in A. Then we expect the usual bulk-boundary correspondence, i.e.
the quarterspace Hamiltonian A = H, + V" will have corner modes corresponding
to the topological invariants of the surface Hamiltonian. On the other hand, it
may happen that A, already has topological surface modes, e.g. if H, was actually
aweak topological insulator that only happened to have a gapped surface for some
specific choice of halfspace cut. Then one must compare the surface states of A,
and A and can only relate e.g. the difference [e™Xa(F)+ DM _ [gir(xa(Ho)+1)M
with the bulk topological invariants (which where also relative and compared
the Fermi projections of H and H,). Loosely speaking, if one divides out the
boundary modes already present for H, alone, then what remains should be
a surface-corner correspondence. The commutative diagram underlying the
bulk-boundary correspondence is (1.5.2), or in this case

n q
gd > .Ad > Ad

4 A < A _ 4
P(Ker(q), &y @ K) = P(M3(Ay), A; @ K) iy P(M*(Ag), Ag ® K)
(5:3.2)

143



5 Algebraic bulk-boundary correspondence

where Ay = C(T§ ) and &, Aq are boundary and half-space algebra for a d-
dimensional system (such as a smooth Toeplitz extension), i.e. the algebras
describing the topmost surface layer of the substrate. For the relative bulk-
boundary correspondence one must always make sure that one only compares
compatible Hamiltonians in M*(A4,), i.e. those whose difference lies in A; ®
K which encodes the condition that they must also describe almost identical
substrates that are cut in almost the same way. Without that condition it is easy
to generate apparent counterexamples to the conclusion of Proposition 5.2.1. Of
course, taking two completely different substrates is out of the question since
it yields plainly incomparable surface and hinge states, but there are also other
subleties. Consider, for example, a quarter-space substrate in three dimensions
which has a top surface described by C(T§ ,) ® K and another surface orthogonal
to that, which we call the cut surface. Everything else being kept equal, modifying
only the cut surface by covering it with different two-dimensional topological
insulators yields Hamiltonians that have inequivalent hinge modes, even though
the "bulk” (i.e. the top surface) stays the same.

The main takeaway is that deviations from bulk-boundary correspondence should
not be considered exclusive to unbounded Hamiltonians since very similar phe-
nomena appear also for bounded multipliers.

Let us also emphasize that the above exclusively concerns the case of a spectrally
gapped bulk Hamiltonian. The case of a mobility or pseudogap requires very
different methods.

5.3.2 Continuum models

For the bulk algebra A = C(R§ ;) of continuum models we can also use a smooth
Toeplitz extension for a one-parameter subgroup ¢ of the dual action 6, generated
by a normal vector v. Since the bulk algebra was already a crossed product one
actually recovers here a Wiener-Hopf extension, since the Toeplitz extension is
termwise isomorphic to

0 = Co(R, C(Q)) Xpv py RT = Cp. (R, C(Q)) Mg o R = C(Q) 37,5, RY = 0.

To see this one compares with the discrete case above, the sequence here arises by
taking termwise the twisted crossed of

0 - Go(R,C(Q) = Co (R, C(Q)) » C(Q) = 0.
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For halfspace problems the above exact sequence is less than ideal since the left
and middle algebras are not supported only on the right halfspace but also leak
into the left halfspace. We can eliminate this irrelevant part by defining new
algebras A, £ as the elements of the above halfspace respectively boundary algebra
which are properly supported on the positive halfspace, i.e.

A={aeTARE: a=aP, =Pa}, £=An(AxR)
for P, = x(X; > 0) the generator in the regular representation.

They form C*-subalgebras and one has the commutative diagram

0 S & s A s A 50

! ! !

0 —> Ax;R — T,(ARE) —> A—— 0

with exact rows, which tells us that we can still use the well-understood connecting
maps of the smooth Toeplitz extension, at least as far as the pairings with Chern
cocycles are concerned.

For a Schrodinger-type operator of the form Laplacian plus potential we are in
the strongly affiliated situation:

Theorem 5.3.2 Let H = —V2+V withV =V* € M(C(Rglﬂ)) have a spectral gap
in A. H is strongly p-smooth for any p € (g, o] and resolvent-affiliated.

Let V2 be a lift of V? to a self-adjoint A-multiplier that is resolvent-affiliated to A
and bounded from below. Then for any lift V. € M (A) of V the self-adjoint multiplier

A=-V24+7
is a lift of H and strongly affiliated to A.

For 115 as in Proposition 5.1.2 one has
(Chraxe lerlo) = (Chy, o [2a])
for a any restriction of 6 to an R*™-action with generators orthogonal to v.

Proof. Since everything is bounded from below the strong affiliation follows
immediately from the resolvent-affiliation. For the duality of Chern numbers one
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applies Theorem 3.3.2, the images under the boundary maps of the top sequence
are also images under the the boundary maps of the bottom sequence. O

The remaining problem is to construct a resolvent-affiliated lift V2. One can guess
that the Dirichlet-Laplacian is one such example and confirm that by computing
the integral kernel of its resolvent. An alternative powerful method is to use
norm-resolvent convergence. The Laplacian with domain wall —A + m®, © a
smooth approximation of the projection to the negative halfspace is easily seen
to be affiliated to the two-sided Toeplitz algebra. If one takes the limit of m — oo
and simultaneously of 0 to a sharp projection then the resolvents converge in
a modified norm-resolvent sense and the result must therefore still be in the
two-sided Toeplitz algebra. Since the limit vanishes on the negative halfpace,
the resolvent of the limiting operator is moreover in .A. Indeed, this procedure
recovers exactly the resolvent of the Dirichlet-Laplacian on the positive halfspace.
More analytic detail is relegated to the more technical Section 6.3.2 further below.

Another example which is strongly affiliated but not bounded from below is the
two-dimensional regularized Dirac Hamiltonian (taken from [125])

Y= m+ev: 1V, +V,
1V, =V, —m—eV?

which is strongly affiliated to the bulk algebra and also to the half-plane algebra
A when restricted with Dirichlet-Dirichlet boundary conditions

¥1(0) =0 =1,(0)

since the Dirichlet-Laplacian is strongly affiliated and the first order term can
be shown to be irrelevant since it is infinitesimally bounded w.r.t. the Laplacian.
The edge Chern number (ChT;z,el' [Tia]1) is %(sgn(m) + sgn(€)) equal to the bulk
Chern number, as is consistent with Proposition 5.1.2. For any other self-adjoint
boundary condition that also leads to a resolvent-affiliated multiplier we can
conclude from Corollary 5.2.7 that for the central gap

(Chr.g, [erlo) = (Chy, g1, [Bial1) +(Chy g1, [Upcla)

where Upc is the unitary from Corollary 5.2.7 which compares Dirichlet and
the new boundary condition. Notably the correction term from the boundary
condition is independent of the sign of the mass by Lemma 5.2.6.
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On the other hand, for the boundary condition [125]

Yily=0 =0, —tVyaly=0 = Vaxthaly=0o

one finds no edge states for neither sign of the mass term. Since the difference of
bulk Chern numbers is 1 between positive and negative mass, that is a contradic-
tion to relative bulk-boundary correspondence, hence we must conclude that the
Hamiltonians are not resolvent-affiliated with those boundary conditions.

This is the first indication that far from every boundary condition that can be
written down as a simple expression leads to resolvent-affiliated extensions. In
the end, all depends on the structure of the deficiency subspaces which can in
practice be very complicated to parametrize efficiently, if they can be computed
analytically at all.

To discuss this in more detail we now specialize the extension theory lined out in
Proposition 5.2.5 to Hamiltonians given by differential operators on R%. The bulk
Hamiltonian H is a self-adjoint matrix differential operator resolvent-affiliated
to C(RY,) = Co(RY) (and one can ignore a possible bounded potential here
since it would not affect the extension problem). We make the Ansatz that the
half-space Hamiltonian is translation-invariant w.r.t. the directions orthogonal
to the boundary, thus via Fourier transform

i = f A dk
Rd—l

where each H, is a symmetric one-dimensional differential operator with domain
CP(Ry) ® CN. Checking that such a symmetric operator defines a multiplier of
the halfspace-algebra is not difficult in most cases: The problem can be solved
fiberwise with some minimal input from the theory of differential operators
and from then it is enough to require a Riesz-continuous dependence on the
momentum k. The C*-algebraic extension theory of Theorem 5.2.3 generically
does apply for the cases considered in this work. Assume that the Ay, have finite
and equal deficiency indices

Ny = dim Ker(Hj; F 1)

which do not depend on k. Then one can solve the extension problem for each
fiber A, and take the direct integral to obtain a self-adjoint extension of A. The
self-adjoint extensions H,, which are A-multipliers should then be in one-to-one
correspondence with multipliers u € C,(R¢~!, K) where u(k) is a partial isometry
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with initial and final projection given by the deficiency subspaces Ker(H;, + v).
By continuously identifying the deficiency subspaces with any N, -dimensional
vector space one can also view those as matrix functions u € C,(R%~1, Uy, L(©).

Now assume that there are two such u, v for which H,,H,, are resolvent-affiliated
to A. Then we must have u — v € Cy(R?"%, My(C)) and the K-theory class
[1— e, +uv*]; is equal to that of uv* € 1 + Co(R%~%, Uy(C)) under some iden-
tification [uv*] € K;(Co(R% 1)) = K;(&). Inthecased = 2and N > 0, the
unitary uv”* can be considered to be a loop with fixed point 1. One can always
construct pairs u,v for which uv* has an arbitrary winding number, hence lead-
ing to boundary conditions whose edge Chern numbers in a fixed bulk gap A
differ by that same arbitrary integer. This means that we can practically always
find topologically charged boundary conditions that lead to edge modes. Note,
however, that due to Proposition 5.2.5 a non-trivial class [uv*]; can only occur if
the two extensions u, v lead to two Hamiltonians which have no common gap in
their spectra. This possibility is therefore excluded automatically if we constrain
the halfspace Hamiltonians to be bounded from below. Also large topological
charges generally lead to very artificial boundary conditions that are unlikely to
be relevant for physically interesting situations.

As a computable example we perform this analysis for the two-dimensional mas-
sive Dirac Hamiltonian (4.3.8). Restricting it to a halfspace one obtains a symmet-
ric multiplier. It is enough to compute the deficiency subspaces for the massless
case m = 0 due to Lemma 5.2.6, in particular the mass term does not affect the
eventual Hilbert space domain of the extensions by Kato-Rellich. A possible
parametrization after partial Fourier transform w.r.t. the orthogonal direction is

f, = 0 ke+V,
ky=V, 0

and one has the one-dimensional deficiency subspaces Ker(H k, T 1) spanned by
the vectors

Ay ¥s = 1y

2 _
Vi (ke y) = (i‘(“""jl ""))e— ey,
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Any unitary function y : R — S? specifies a self-adjoint extension by imposing
thatany @ = (@1, ¢,) € L>(R X R,, C?) in the domain of the extension H,, satisfy

@k, 0) = B (ky, 0) + By (k) (kex, 0)

forsome 8 € C which leads to the boundary condition ¢, (k,, 0) = a(k,)@,(ky, 0)

with
l y+1

V21—l v -1

For simplicity we at first assume that « is a constant independent of k,, then the
extension is obtained by the unitary function

v+ fk)a
-1+ f(kya

a(ky) =

Ya(ky) =

with the non-negative function t(k,) = k% + 1 — k,. Notably @ must be real
and f(ky)a is up to a factor the inverse Cayley transform of the unitary y,. We
find that y,(k,) tends to 1 for k,, » —c0 and to —1 for k,, — oo forall @ & {0, =}.

Similar to the Dirichlet boundary conditions for the Laplacian one can also single
out resolvent-affiliated boundary conditions for the Dirac-Hamiltonian as infinite-
mass boundary conditions. They are obtained by taking the norm-resolvent limit
of the domain-wall Dirac-Hamiltonians [14]

H + posy

for u — +oo with y the indicator function of the negative halfspace. Using the
methods of Section 6.3.2 one can show that y can be replaced by a family of
smooth switch functions, thus the limit is resolvent-affiliated to A. The infinite-
mass boundary conditions coincide with the case « = %1 given above. From
the discussion above, respectively Proposition 5.2.5, we know that this fixes the
asymptotic behavior of y (k) for all resolvent-affiliated extension and conclude
that the resolvent-affiliated extensions are in one-to-one correspondence with
unitary functions that tend to F1 for k,, = too. For the special cases ¢ = o and
a = 0 onealso obtains self-adjoint extensions, but they are not resolvent-affiliated
according to this characterization.

We obtain a simple consequence from our theory
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Corollary 5.3.3 Consider the massive Dirac Hamiltonian

ﬁm _ m WV, +V,
V-V, -m

restricted to the positive half-plane with the self-adjoint boundary condition

1/)1|y:0 = 0“!’2|y:0;

for some a € R\ {0}. Form # 0 one of H,, or A_,, must have a non-vanishing
edge Chern number.

Proof. The relative Chern number in the bulk is

<Ch7',e1xez' [pm]gl - [p—m]low) =1

hence the same is true for the difference of edge Chern numbers

<Ch722,e1' [T ml1 — [(Ta)—m]1) = 1.
|

If one actually computes the edge states one finds that precisely one of H,, or
A_,, has an edge mode and the other does not [62]. Also the edge mode jumps
from one branch to the other precisely at the critical value « = 0 where resolvent-
affiliation is violated ( which is also the only possible value due to the otherwise
norm-continuous dependence of the resolvent on «). With this theory we cannot
predict which sign of @ produces an edge mode for which sign of m, however,
what one can prove is that the association flips when a changes sign.

To see this we determine the unitary [uv*]; from Proposition 5.2.5 comparing
two boundary conditions. For a < 0 the function k, ~ y,(k,) € S* describes
a semicircle in the lower complex half-plane and for @ > 0 a semicircle in the
upper half-plane. Thus the unitary [uv*]; = [y,¥%]; has winding number +1 if
and only if @ and @ have opposite sign. This winding number encodes exactly
the difference of edge Chern numbers between different self-adjoint extensions,
hence we know that if there is no edge mode for @ < 0 then one must appear for
a > 0 and vice versa.

We can even be more extreme and choose an artificial boundary condition where
. . 2N+1
the function y winds

times around 0. For such a boundary condition one
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must obtain edge Chern numbers N and N + 1 for different signs of the mass
term. In particular we can produce an arbitrarily large number of edge modes.

The resolvent convergence for the Laplacian and Dirac operators with domain
walls was crucial in the discussion above to determine the resolvent-affiliated
halfspace operators. Since this is possibly just a convenient coincidence let us also
sketch a more general procedure which can be used to find resolvent-affiliated half-
space Hamiltonians and also to independently verify the resolvent-affiliation. Let
H be a self-adjoint resolvent-affiliated .A-multiplier and let A be the restriction of
H to the domain C, (R4~ x (R\{0})). Then H isa symmetric T(A, R, §)-multiplier
for & the dual (momentum-space) translation in the d-direction. Clearly, H has
a self-adjoint extension that is resolvent-affiliated to T(A4, R, £), namely H itself.
That extension corresponds to a partial isometry u € M(T(A, R, §)) with H = H,,.
Now the idea is to construct a perturbation v of u such that v —u € T(A4, R, ¢)
and the two halfspaces are decoupled in the sense that A, commutes with the
halfspace projections P.. Then P,H, is resolvent-affiliated to A by construc-
tion (and therefore determines all such A-resolvent-affiliated extensions up to
perturbation).

We can give more details in the translation-invariant case
fo=[ ik
RA-1

with one-dimensional symmetric differential operators Hy. Since each Hy acts on
two disjoint half-lines one can decompose the kernels

Ker(A; +1) =: Ky = P,K, @ P_K,

with the subspaces supported on the range of the halfspace projections P;.. Often
N := dim(PsK;) = dim(PK4) < oo with N independent of k. The self-adjoint
extensions correspond to functions k € R4"! - u(k) valued in the partial
isometries K; — K_ and clearly the extension commutes with Py if and only if u
maps P, K, into P;K_, i.e. if u is interpreted as a matrix in M,y (C) ® C,(R%™1)
then it should be block-diagonal. For example, if H = —V? is the d-dimensional
Laplacian then

Ker(H; + 1) = span{e V"2 y(y > 0)} @ span{eV't %Y y(y < 0)}
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and
Ker(H: — 1) = span{e ™V~"*k2Y y(y > 0)} @ span{eV~"tk&Y y(y < 0)}.

The transparent boundary condition H = H,, is obtained for a multiplier u which
has a matrix representation U € —1, + M,(C) ® Co(R*™1) w.r.t. to the deficiency
subspaces. Dirichlet boundary conditions decouple the halfspacesand correspond
tov = —1,, hence u — v € £ works out as expected.

Finally, let us also discuss the shallow-water Hamiltonian (4.3.10). Computing its
spectrum for various boundary conditions one finds anomalies that are incom-
patible with some formulations of bulk-boundary correspondence [125], though
obviously they should not be in contradiction to proven theorems. A complication
in trying to apply the formalism of this chapter is that resolvent-affiliation cannot
hold for the halfspace Hamiltonians since it does not hold in the bulk. Neverthe-
less, the bulk-boundary correspondence for strongly affiliated Hamiltonians may
still be applicable (though difficult given that the bounded transform is hard to
compute) and also the relative bulk-boundary, especially for extensions where
the halfspace Hamiltonian is almost resolvent-affiliated in the sense that

(H+1)™ e M3(A). (53-3)

Unfortunately, we cannot identify any strongly affiliated halfspace restrictions
here. The obvious guess would be Dirichlet-Dirichlet boundary conditions, i.e.
for p € W,H(R X R,) @ W,2(R X R,) one imposes

h2ly=0 =0, ¢P3ly=0 =0, (53.4)

and ¢, is unrestricted since the Hamiltonian only acts on it through first-order
terms. However, for this boundary condition the bulk-boundary relation of
Proposition 5.1.2 is violated since there is for f, € > 0 onlya single chiral gap-filling
mode [125], hence the edge Chern number is 1 while the bulk Chern number is 2.
Hence there is no strong affiliation. For Hpp, the self-adjoint halfspace restriction
under (5.3.4) one has indeed the almost resolvent affiliation as in (5.3.3) since

(App + )™ = (Ao + y) ™ + (o + u) ™V (App + y) ™

= o+ 0 (Pl + 43¢
k=0
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with convergence in operator norm for || > 1 and the A-multipliers

0 0 0 0 -1V, =1V
Hy=10 0 —1(f —€eVdp) |, V=|-wv, 0 0
0 i(f —€eV3p) 0 -V, 0 0

y

Thus (App + 1)~ € M3(A™) since each term lies in M3(A™). From the series
expansion one can also read off that

0 0 0
0 0 2if |(App+1)~teMz(A)
0 —2if 0

which implies that given two Dirichlet-Dirichlet Hamiltonians for which the
Coriolis parameter f takes values of opposite signs one also has

A 0 A 0 A,
FIHYS?) - FAYSY) € Ma(A)

since the difference of bounded transforms lies in the same norm-closed algebra
as the resolvent difference. We can hence apply the relative bulk-boundary
correspondence Proposition 5.2.1 to conclude that for f < 0 one must have at
least one chiral gap-filling mode whose chirality is opposite to that for f > 0,
such that

(Chy, o 108711 = 12 =10)
= (Chryxe, XHI>O < 0)]g = [X(HU<O < 0)]o) = 2.

Based on the computations of edges states in [125, 59] there are also many bound-
ary conditions for which this almost resolvent affiliation cannot hold (this can
be seen most easily when the Chern numbers of i1, would have to vary within a
fixed gap, i.e. depend on the choice of switch function). Without the resolvent
condition it is even more difficult to verify the conditions of Proposition 5.2.1
since the bounded transform is not readily computable. Thus we cannot make any
definitive statements for the vast majority of boundary conditions at this point.
Let us again emphasize that there are no manifest contradictions to any proven
statements of bulk-boundary correspondence, the problem at the heart of the
matter is rather that for most boundary conditions it is difficult to predict if the
edge topological invariants are well-defined at all, what the relation between bulk
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and edge topological invariants is and if it is possible to repair mismatches by
taking additional topological quantities into account. The tools developed in this
chapter can provide answers to those questions in more cases than before, but
they require algebraic affiliation conditions that are difficult to check in practice
(and sometimes simply do not apply).

5.4 Bulk-interface correspondence

In this section we discuss some of the particularities of bulk-interface correspon-
dence, where one considers topological interface states between two systems. On
the abstract level there is no difference between bulk-interface and bulk-boundary
correspondence, the former arises from the latter simply by consideration of a
bulk algebra A = A, @ A_ which is the direct sum of two observable algebras.
For that reason one also cannot say much more about the problem in general.
Therefore we choose the concrete model of the two-sided Toeplitz extension of
Chapter 3, namely

0> AxG & T(AGE) > ABA, - 0.

where A, = A is an observable algebra (different algebras can be treated, but
require a different exact sequence, see for example [43]). For ¢ a 1-parameter
subgroup of the natural action 6 one easily finds more concrete pictures of this
exact sequence above in the case of A = C(T§ ;) respectively A = C(R§ ) and
can convince oneself that in representations on a physical Hilbert space it really
describes an interface setup where two bulk observables in A are continuously
interpolated.

The connecting maps of the sequence are as stated in Section 3.2 obtained as
the difference between the connecting maps of two one-sided Toeplitz exten-
sions; hence one has in particular the expected duality of Chern numbers if
one interpolates two bulk Hamiltonians H, € A, (as has also been found for
two-dimensional interfaces in [78]).
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The problem becomes more interesting if one allows multipliers as Hamiltonians,
then we should use a diagram

0 —> Axg G —> T(AE6) ——> A @A, — 0

b P Lpsro-
0= Ax: G RK = TV(ARKE G) > P(MS(A), AQK) — 0

(5.4.1)
for the multiplier Toeplitz extension of Section 3.4. Using that extension we can
extend the bulk-interface correspondence naturally to situations where the gapped
bulk invariants arise in the multiplier picture by comparison with a reference
Hamiltonian.

Proposition 5.4.1 Let (H_, H,) be a pair of self-adjoint A-multipliers with com-
mon spectral gap A and F(H,) — F(H_) € A. Let H; be a self-adjoint T(A, &, G)-
multiplier with F(H;) € TV (A, &, G) and a lift of (H_, H,) under q. Then

[el(XAU:II)‘H)]l = Expz ([)((H+ < A)]g’ —[x(Hy < A)]I(;/I)

with Exp"; defined as in Section 3.2 and similarly for the even K-theory class if H;
has a chiral symmetry.

Proof. Foranyrank one projection f € K the image of the bulk Fermi projections
[(x(Hy < A),x(H- < A)) ® flo € Ko(P(M*(A), A ® K)) under the bottom
exact sequence of (5.4.1) is [e!@aWDD @ £+ 1 — f]; € K1(A x¢ G @ K). By
Proposition 3.4.2 and naturalness of the connecting maps we have

[el(XAU:II)"'l)]l = Expg(x)

forany x € K,(A)suchthat (p,).(x) = [(x(Hy < A), x(H- < A))],. Bydefinition
this is the element [y (H, < )Y — [x(H; < A)]Y € Ky(A). O

The setup one should think of is again that of two bulk Hamiltonians, i.e. self-
adjoint A-multipliers H,, which differ by a smooth perturbationV := H, —H_ €
M(A). An interface which interpolates between the two Hamiltonians in real
space, can be e.g. chosen in the form

, 1
Ai=H_+{P.V}+e

155



5 Algebraic bulk-boundary correspondence

with P a smooth approximate projection to the positive half-space and é an
interface term which vanishes at + 0. They must be such that in the bounded
picture

R 1
F(H) =F(H.) + E{P, F(H)) —F(H.)}+é e T"(A4,¢,0) (5.4.2)

with & € £. That is in particular the case if (Hy +1)™* € Aand é € £. Hence
the theory applies to interface Hamiltonians of the form A; = H, + V with H, a
differential operator and V a potential that interpolates between two asymptotic
potentials V; at +oo. Let us also emphasize that, as seen in Corollary 3.4.3, the
Chern numbers are dual with respect to this exact sequence. For example, in a
tight-binding model over C (T%}Q) connecting two spectrally gapped Hamiltonians
with different Chern numbers will therefore usually result in boundary states
(this can depend on the normal vector of the boundary, however, if one deals
with weak Chern numbers). For a multiplier example, one can interpolate two
two-dimensional Dirac Hamiltonians (4.3.8) of opposite mass across an interface
to obtain a stable edge mode with edge Chern number +1 in accordance with
the Chern number of the difference class [p;,]Y — [p—m]¥ of the bulk Fermi
projections. This latter fact has also been proven using very different methods in

[13].

In the previous section we found that bulk-boundary correspondence can become
complicated and unsatisfactory in the non-unital case due to the different bound-
ary conditions and the necessity to consider relative topological invariants which
limit our predictive power when considering a single system of interest. It is
therefore nice to see that most difficulties disappear in the case of such smooth
interfaces.

Nevertheless, they resurface if one also considers singular interfaces for which
the bounded transform takes the form (5.4.2). By singular we mean that one
starts with a symmetric multiplier A that is given by the restriction of two bulk-
Hamiltonians A = H.|p . © Hi|p_ to two halfspaces and looks at self-adjoint
extensions H; which lie in TV (4, ¢, G). That is, the potential jumps discontinu-
ously at some hypersurface which is accommodated by choosing certain matching
conditions for the domain. Similarly as we started above for the case of halfspaces
one can again try to describe all resolvent-affiliated self-adjoint extensions for
which bulk-interface correspondence works as expected. That is in general a diffi-
cult problem; in particular it is at least as difficult as the halfspace problem, since
it includes as a special case all cases of decoupled halfspaces. One should note
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also that one can substantially lessen the continuity requirements at the bound-
ary if one is only concerned about Chern numbers, since those are additionally
protected by semifinite index theorems.

Let us finally note that a special case of the above setup arises for the trivial action
¢. Then T(A R, &) = C..(R, A) consists of continuous paths of observables. A
lift of a pair of Hamiltonians (H, H,) consists then of a path t € R = H, where
F(H)—F(H,) € A convergesat t+oo. Since the connecting mapsare isomorphisms
in this case, one finds that if H, H, have the common spectral gap A then the gap
must close along the path if the difference class [y (H < A)]¥ —[x(H, < A)]Y does
notvanish. If one likes, one may consider the class [y(H < A)|M—[x(Ho, < A)]Y as
precisely the obstruction to gap opening along a straight-line path between F (H)
and F(H,), which can be seen as a K; (SA) = K,(A)-valued spectral flow. From
that perspective relative bulk-boundary correspondence relates bulk spectral
flows to differences in boundary invariants.

157



6  Nonsmooth bulk-boundary correspondence

In a mobility gap or a pseudogap the K-theoretic approach to bulk-boundary
correspondence becomes difficult or even even impossible to apply. While one can
in principle still write down exact sequences which are large enough to contain
e.g. the Fermi projection/unitary of a mobility gapped Hamiltonian, the main
problem is that one cannot find a good representative for a boundary class, since
the absence of a bulk gap means that bulk and boundary states are mixed. Indeed,
it is not even clear what the eventual fate of the boundary modes is; there is
some hope that one may be able to prove the existence of absolutely continuous
spectrum for the halfspace Hamiltonian and therefore long-range transport in
the region of the bulk mobility gap [26] but no mathematical argument is in sight.
It is also likely that the boundary states hybridize with the bulk states and are
much less stable than the boundary states of a spectrally gapped insulator. Few
rigorous results are available on the bulk-boundary correspondence of mobility
gapped insulators [51, 109, 60, 119, 22]. A similar problem is the bulk-boundary
correspondence for weak Chern numbers of pseudogapped semimetals. To some
degree it can be treated for translation-invariant models by applying a partial
Fourier transform to map a semimetal-Hamiltonian to a parametrized family
of lower-dimensional Hamiltonians, almost all of which have a spectral gap.
However, this picture is not stable for arbitrary (disordered) boundaries, and
only works for very special bulk Hamiltonians. For disordered Hamiltonians
the only results available appear to be those of [111] which are a special case of
what we prove in the following. Let us also note that our results concern weak
Chern numbers of semimetals and their corresponding edge states. There are
also unrelated approaches which show that more subtle invariants of Dirac-type
operators also lead to protected boundary modes [128, 36].

In this chapter we discuss the bulk-boundary correspondence first for one- and
then for two-dimensional (weak) Chern numbers using two completely different
approaches. For the one-dimensional case we use an index-theoretic approach
which is based on an accidental coincidence of two algebras, namely the von
Neumann algebra generated by the boundary observables and the classifying
algebra for the one-dimensional Chern numbers from Chapter 2. It constitutes a
generalization of one of the main results of [111] to a certain class of unbounded
Hamiltonians. In fact, after the preparatory work of Chapter 4 the proofs and
results could be adapted with only minor changes.
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On the other hand, for the case of (weak) two-dimensional invariants we follow
closely the approach of [51], which is to introduce a regularization of the chiral
surface conductivity and show that it recovers the numerical bulk Chern numbers
in a certain limit.

6.1 Flat bands of edge states

In this section we treat bulk-boundary correspondence for one-dimensional
(weak) Chern numbers under limited smoothness conditions. Compared to the
smooth algebraic bulk-boundary correspondence as one obtains it from a smooth
Toeplitz extension as in the previous chapter one can prove a stronger statement,
namely the edge states corresponding to a non-trivial one dimensional Chern
number in the bulk are actual zero-energy eigenvalues (which are thus infinitely
degenerate in higher dimension). Moreover, this does not require a spectral gap
in the bulk, a mobility gap (and sometimes a pseudogap) are enough.

We begin with a tracial dynamical system (A4, 8, T") for bulk observables, though
the Fermi projections and other related operators may only lie in the von Neumann
algebra L (A). The halfspace models are as in the examples of Chapter 5: A
restriction ¢ of 6 to a one-parameter subgroup G, isomorphic to either R or T
gives rise to the halfspace von Neumann algebra

where P = y(X; > r) is a positive spectral projection of the generator for an
arbitrary but fixed value r that is not an eigenvalue of X; (but it may be in the
spectrum). One also has a dual trace 7? which can be interpreted as a trace per
unit surface area. In the following we suppress the dependence on ¢ to write N/
and P for simplicity. We also make use of a partition of unity which decomposes
the entire space into finite strips:

P=Z)((X€E L1+ 1)) ::ZPZ.

leEN leEN

Our Hamiltonians in the bulk can be differential operators and hence they might
not restrict easily to a halfspace; a choice of boundary condition may be nec-
essary. To avoid difficult analytical questions in that regard we some (possibly
unnecessarily strong) assumptions.
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Assumption 6.1.1 Let H be a strongly affiliated A-multiplier which has a chiral
symmetry, i.e. it anti-commutes with a self-adjoint unitary matrix J, H = —JH],
and does not have 0 as an eigenvalue.

We assume further that H is strongly p-smooth for all py < p < o with some
1 < py < 2 and satisfies the conditions of Theorem 4.3.23, i.e. in particular its
Fermi projection lies in (a matrix unitization over) Wy} (A, §) for some 1 < p < 2
and PugP+1—-Pis 7§—Fredholm with

Te—Ind(PusP + 1 — P) = Chy¢(uj — s(up)*, up — s(up)) =t Chrg(ug).

The halfspace Hamiltonian H shall be a 6-smooth chirally symmetric self-adjoint
operator affiliated to N and a lift of H in the sense that

F(H) =PF(H)P + 7
with © € K(N) a boundary term such that
1P 0l S Cep(m) ™

foreach k €N, p € (py, ].

Here we understand the #-smoothness as being strictly smooth w.r.t. to the
generators of 8 in the sense of Definition 1.4.11 in some faithful Hilbert space
representation of AV. It implies e.g. that the bounded transform F(H) is smooth
w.r.t. . Examples for bounded and unbounded Hamiltonians which satisfy those
assumptions will be given in Section 6.3.

The strong affiliation is a rather restrictive assumption but it is needed since we
can otherwise only have a relative bulk-boundary correspondence and the given
regularity conditions are apparently not strong enough to compare the polar
decompositions of two halfspace models with each other (unless they both have
a bulk-gap, in which case the theory of Section 5 applies).

The main technical difficulty of this section is to prove that under certain condi-
tions the splitting
sgn(A) = Psgn(H)P mod K(N) (6.1.1)

holds. Let us first finish the proof of bulk-boundary correspondence under that
assumption:
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Proposition 6.1.2 For H and H as in Assumption 6.1.1 if the splitting condition
(6.1.1) holds then
/Tf(]ProjKer(l.i)) = ChT,f(uF)'

Proof. Due to the chiral symmetry one has

. 0o U* 1 0
sgn(H)Z(l? 0)’ ]:<o —]1)

with the off-diagonal component a partial isometry U such that
fg(/ProjKerm)) =Te@—U0"0) - Te(@ - 00") = Te—Ind (D).
Since U — PugP € K () due to the splitting one concludes
Te—Ind(0) = T¢—Ind(PuzP) = Chr¢(ur)

by the Index theorem 2.3.5 and the invariance properties of the Fredholm index.
g

This proof of bulk-boundary correspondence works because the halfspace pro-
jection is precisely the spectral projection of a Dirac operator and no analogous
approach will work for different codimensions. The idea as well as the strategy
of proof for the splitting condition in the pseudogapped case originate from the
Master thesis of the author [118], which was subsequently improved and extended
to the mobility gapped case in [111].

To prove the splitting condition (6.1.1) we employ again resolvent functional
calculus, i.e. approximate the sign-function with the holomorphic functions of
Lemma A.6. To compare with the bulk we use the geometric resolvent identity

P, 1 o, P 1
F(H)—zP  F(H)—z  F(H)—zP F(H) -z

P (6.1.2)

with denoting inverses in the algebra V' and with the perturbation

P
F(A)-zP
V=PFH)A1-P)+ D € LP(N)

where ¥ is as in Assumption 6.1.1. The first term of (6.1.2) integrates to Psgn(H)P
for a contour chosen as in Lemma A.6 and the strategy is to show that the contour
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6 Nonsmooth bulk-boundary correspondence

integral of the second term is bounded in some LP-(quasi)-norm, which then
implies immediately that it is an element of L(N).

Here it is important that F(H) is a matrix over the unitization of some Sobolev
space since otherwise V could not be compact. If that assumption where to
be dropped one would have to do a relative bulk-boundary correspondence, i.e.
one would need to compare two halfspace models and hope to cancel all terms
which are not compact. It is conceivable that one can deal with that situation,
but the main problem would be that there is no obvious reason to expect that
sgn(H;) — sgn(H,) is in any way smoother than an arbitrary spectral projection.

Our criteria for the splitting conditions are basically the same as in [111] derived for
tight-binding models even the main ideas from the proofs adapt almost verbatim.
The first condition, which is mostly for exhibition of the strategy derives the
splitting from a pseudogap of large order:

Proposition 6.1.3 (cf. [111, Proposition 5.6.5]) Ifthe Hamiltonians H, H are as
in Assumption 6.1.1 and H has a pseudogap of order y > 2 at 0 then the splitting
property (6.1.1) property is satisfied with

sgn(H) — Psgn(H)P € LP(N)
forany2 <p<y.
Proof. As stated above, we want to apply

sgn(A) — Psgn(H)P = s—lil(‘)n(sgne(lfl) — Psgn_(H)P)
€—>

P 1
= s-lim — - P Pdz
&0 fc F(H)—zp  F(H) -z

with notations as in Lemma A.6. Choose a finite interval A = [-M, M] around
0 where the density of states of H is well-defined and a nonnegative function ¢

supported in A and equal to 1 on [—%M , %M ]. Separating the bulk resolvent as

(F(H) —2)™" = (F(H) = 2) "o (H) + (F(H) — 2)7*(1 — p(H))

162
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we obtain
P -P ! P

F(A)—zP  F(H)-z
P . |

B F(H) —zPVF(H) — - et)P F(H) —zPVF(H) —,#UOP
P L1 L1

B F(H) —zPVF(H) — (TP F(H) —zPVF(H)(p(H)P
P ’ 1 1 .

TR =P <F(H) —z F(H))"’( )

where the inverse of F(H) exists on the range of ¢ (H) by Proposition 4.3.17. The
first line of the final expression is rather easily seen to integrate to something
bounded in LP-norm, after all V € LP(N') by assumption and

P A
LE O = ZPVF(H)q)(H)sz = (2m)Psgn (H)VF(H)
aswell as

P ploothy, Lm0
fcs FA) — 2P F() -7 = (2m)Psgn (H)V —Z—=

F(H)
+f . P V( ! )(1 o(H))Pdz
c. F(H) —zP F(H)—z F(H)

@(H)P

where the remaining integral is uniformly norm-bounded in € since the singular
part around z — 0 is compensated by

”(F(H)—z F(H)>(1 ‘P(H))H 0(lz)).

To bound the remaining part we sum V = ¥, VP; which converges in the norm
of L”(N') by Assumption 6.1.1. The final part is bounded via

dz

P VP( t 1 > H)P

Fi -2 \Fh -z Fan )7
~ “11p ! &

SL |3mz| ||VP1||HP1<F(H)_Z - F(H))

p
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1 1
(F(H) —z F(H)

< c(2L)'P ||I7Pl||f |3mz| ™ dz
Ce

dz
LP(A)

S(ungf |Smzl 2 [P
Ce

><p(H)

for finite 0 < s < 1 where we used Proposition 2.1.5 to get to the third line and
then Proposition 4.3.17. The final integral is bounded uniformly in € since the
singularity at the real line is integrable. O

In one of the most important cases, namely that of two-dimensional Hamiltonians
with Dirac-points one only has pseudogap of order less than 2, hence one must
use a different criterion. The proof above must be modified since Proposition 2.1.5
does not hold for small exponents. One therefore needs to use that the resolvents
also have a small amount of fractional smoothness:

Proposition 6.1.4 ([111, Proposition 5.6.6]) Let H, H be as in Assumption 6.1.1.
Assume that for some smooth compactly supported function ¢ equal to 1 on a
neighborhood of 0 the norm

1
P H)

ol [|FH) + 2

1 <@
Z€Dp 2

B1(A)

is bounded on some cone as in Proposition 4.3.17 and one has an estimate

1 1 H
‘Kﬂm—z‘FwQ¢()

forsome 0 < s < 1and z € Dy . Then the splitting property (6.1.1) holds with

. <cl|3mz|®
B4 (A)

sgn(H) — Psgn(H)P € LP(N)

foreachpy, < p < oo.

Proof. We describe how to modify the proof of Proposition 6.1.3 to obtain
the result. Separating off the part K; (¢€) coming from (1 — ¢ (H)) one has two
norm-bounded SOT-convergent sequences such that

sgn(H) — Psgn(H)P = s-li{)n K (e) + 2m)~t s-li{)n K,(¢€)
€E— €—
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with
K —f P v

R |
p(H)Pdz = (Zm)Psgng(H)mep(H)P

defining an element of LP (N) due to the pseudogap. Clearly K; (¢) has uniformly
bounded operator norm and L?-norm. The remainder

Ky(e) =

f( P V(p(H)P-}- P 17< LI 1) HP>d
N\E@D = F) R - \Fi —z  Fa) )

therefore also has operator norm finite and bounded uniformly in €.

It is sufficient to demonstrate that sup__ |k (o] , Is finite and this can be done
precisely as in the proof except that one applies Proposition 2.1.8 instead of
Proposition 2.1.5, e.g.

1 1 1 1
P*’(F(H) —z” F(H))“H) (F(H) —z~ F(H))"’(H)

Since also sup__, ||K2 (E)” < wonehassup,_, ||K2 (E)”p < oo by interpolation.
O

<c

1

1
2
By

[

)

The complicated sufficient condition actually holds automatically if one has a
pseudogap of order larger y > % which includes the case of Dirac points in two
dimensions:

Proposition 6.1.5 Let H be as in Assumption 6.1.1 and further has a pseudogap
of ordery > 1 at E = 0 then
(i) %(p(H) € Bf {(M) foreach0 <s <y —1.

(ii)) For any 0 < s < y — 1 there exists some 0 < § < 1 for which there is a
constant C > 0 such that

1 1
’(F(H) —z F(H)) ¢ (H)

for € small enough.

< C|e|§ + O(e) (6.1.3)

S
Bi1




6 Nonsmooth bulk-boundary correspondence

Proof. There is not much to add to the rather technical argument given in
[111, Proposition 5.6.7] which generalizes straightforwardly to the situation here.
The gist is that one decomposes ¢ = ¥, ¢ into dyadic parts supported on
intervals (—27%,—27%=1) U (27%71,27%) and estimates the scaling behavior of

1 1
e and [Tz 0]

norms behave as 0(2~¥~Dk) and as 0(2~~2)%) respectively which can be com-
bined to yield the fractional smoothness that is needed here. ]

in k that one gets from the pseudogap. Those
1

In the disordered regime we can use the fractional-moments bound instead of a
pseudogap to control the size matrix elements of the resolvent in the quasi-norm
of LIN) for0 < g < 1.

Lemma 6.1.6 Assume that H as in Assumption 6.1.1 has a y-Holder continous
DOS and a mobility gap in an interval A containing 0.

Fix some § > 0. Forany 0 < q < s <y there are constants c1, ¢, c3 such that

H"lm“’” = (6:1.4)
P ! ! - - _a
H 1<F(H)—Zl B F(H)—zz>(p(H) . < o1z — 75| [Sm(z)] (6.1.5)
1 _4
RGOS B |Sm(z)| (6.1.6)

uniformly in | € Z and z4, z, with dist(z;, o(h) \ A) > 4.

Proof. Werecall from Proposition 4.3.14 that H also satisfies a fractional moments
bound as in Definition 4.3.1. One must note that the action 6 there does not have
to be the full R%-action, we can also use only £&. Thus we also have a fractional
moments bound over L”(A) X; G, i.e. for any exponent 0 < s < y there are

constants s

< As,k<r1 - TZ)_k
s

p(H)P,,

P —
"F(H) + z,
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6 Nonsmooth bulk-boundary correspondence

for z; as in the statement of the Lemma. The first estimate (6.1.4) is then straight-
forward, one just sums over a partition of unity

q

-3

q T2€Z

q

1
PP @ (H)Py,

1
P —(p(H) rfx F(H) —z

"F(H) -z

q

The other estimates follow once one knows how to bound the products of two
resolvents, so we demonstrate one such case. One expands

1 1 B @(H) p(H)
P e =L Fm =5 = Z P =L F) 2,

Tl,TZEZ

using another cutoff supported on a slightly larger interval with ¢ = @¢. Since a
combination of the Holder inequality and log-convexity gives

1-4 a
llabll, < llall as |Ibll; < llallg ° llalls 116l
q
s—q

we can estimate

q
¢(H) @(H)
PT _ PT1 _ T2
F(H) =2z, “F(H) -z
T1,72€Z q
q q
1-4 ¢(H) s @(H)
< Ry s PR S -~ Z
= Z [Smz, | P =z "FH)—z, "
11,72€ZL q s

which brings it into a form where the fractional moments bound can be applied.
O

In the following we will need to estimate the LP-quasinorm of certain contour
integrals. One must therefore be aware of some facts regarding integration in
p-Banach spaces. While the definitions of the Riemann integral adapts without
changes not all continuous functions are integrable and also there is no obvious
triangle inequality available to estimate the size of an integral even if it converges.
For analytic functions that have series expansions f(z) = X, _, fu(2)x, with
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scalar functions f,,, however, the Riemann integrals exist and are equal to their
termwise integrals [61]

fr f(z)dz = Zx fr fu(2) dz,

thus they can be bounded as

p [o00)
dz|| < P NAIE TP 6.1.
frf(Z) Al < ;nx P 1P, 1T (6..7)

This case covers everything that is needed already.

Proposition 6.1.7 ([111, Proposition 5.6.9]) Let H, H be as in Assumption 6.1.1
and let H have a y-Holder continous DOS and a mobility gap in an interval A
containing 0. Then

sgn(A) — Psgn(H)P € KW).
Proof. Asargued in the proof of Proposition 6.1.4 one can split off a part con-
verging in some norm LP (\) and only has to prove that

Ky(e) =

< P 171 H)P + P V( ! —1>HP>d
Le F(H) —zP F(H)(p() F(A)—2zP \F(H)—z F(H) QUH)P |dz

has uniformly bounded L9(N')-quasinorm. We can even prove that this net
converges in the g-quasinorm, thus its strong limit is in particular compact.
Summing again V = ¥, VP, one part of K;(€) is

1 P op L
2 o F(A)—z 'F(H)

A 1
p(H)Pdz = (Zm)sgne(H)Vle(p(H)P.

This term converges to sgn(H )VPlﬁtp(H )P € L1(N) in the g-quasinorm by

Lemma 1.3.1since P;¢ (H) ﬁ € L1(N) holds by Lemma 6.1.6 and the other factor

converges in SOT.
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6 Nonsmooth bulk-boundary correspondence

The more difficult to estimate contributions to K, (€) are of the form

P yp, (L L\ oiind
-fce F(A) 2P ’<F(H)—z‘F(H))¢( )z

where two factors depend on z. To estimate this contour integral we must use the
theory of integration in quasi-Banach spaces as sketched above. Thus one has to
expand the integrand as a power series in terms of z and integrate term-wise.

It is clear that outer rectangle of the contour can be estimated rather easily since
the only problematic parts are those where the contour approaches the spectrum
of F(H). Due to symmetry it is further enough if we demonstrate how to bound
the part of the contour with positive imaginary part, i.e. the integral fe Gn(z) dz
with integrand

G —LVP< ! — 1) H)P
m(z) = ri o T\F —z  Fa @ (H)P.

The region of integration will be split into dyadic intervals I; = (z;44,2;) for
€ = 2™™, 0 < j < m where we expand around the points z; = 27/. In I; the
g-norm-convergent series expansion is

6n@ = Y xR @),
n=0

with gr(lj) (z) =—-("(z—z;)" and

D _ N 1 5 1
An = ; (F(H) — 1z,)**1 VPZ((F(H) — le)n_k"'l)(p(H)P

- — VP
(F(A) —1zPyn*1 ' F(H) —1z;

n—1
1 5 1
B ; F) — izt <(F(H) - lzj)n_k+1><p(H)P
S 1
NGOE 1z;P)n+l VP <F(H) "~ F(H) - le) p(H)P

p(H)P
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In the second line each term of the sum contains the factor leq)(H)
eV}

that can be estimated with (6.1.6) and in the third line one can apply (6.1.5).

Bounding all other resolvents in each term with the standard resolvent estimate
1

F(H)-1z o — |Smz| one has
q nl q q
|2 < Clz Y I P I P 117 A K A TK
a k=0
< (csn+ )21 |[0py||7 .

uniformly in n, j, [ and L. Together with the trivial bound

o1, =

sup gr(lj)(z)| < 2=-U+1)n

2€[2j41,%]

the termwise integral (6.1.7) thus gives

Zj q - . q .
[ a@al = $ens cppeosbarssomn g,

Zj+1 n=0

Z(C3n + ¢,)2/9F D p-aG+m o~ +1)a

n=0
[ee]

Z(c3n + C4)2—qn+Qj(%—1)—q
n=0

ig(d—
— 052”(s .

such that g < s implies that taking the sum over j gives a uniform upper bound for
the original integral. In fact, one therefore has convergence in the g-quasi-norm
for € - 0 due to dominated convergence. In the end we conclude that

Psgn(H)P — Psgn(H,)P € (LP(N) + LIN)) NN c N nLP(N)
is compact. O

For completeness we formulate the main results of this section as a Theorem:
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6 Nonsmooth bulk-boundary correspondence

Theorem 6.1.8 let H, H be chiral Hamiltonians that satisfy Assumption 6.1.1 and
either of the following

(i) H has a pseudogap at 0 of order y > %
(ii) H has a spectral gap or mobility gap in an interval A containing 0.

Then
E(]Projl(er(l.j)) = Ch’T.f(uF)J

in particular if the bulk winding number does not vanish then H has a non-trivial
kernel.

Proof. Just combine Proposition 6.1.2 with the correct splitting condition: In
the pseudogapped case Proposition 6.1.3 for y > 2, the combination of Proposi-
tion 6.1.4 and Proposition 6.1.5 and in the mobility gapped case Proposition 6.1.7.
O

Note also that in the mobility gapped case and for a suitable pseudogap the
part of Assumption 6.1.1 regarding regularity of the Fermi unitary may hold
automatically due to the results of Section 4.3. Similar to the algebraic bulk-
boundary correspondence this result is robust in the sense that one can modify A
by a largely arbitrary edge term which will not destroy the exact 0-energy modes
(as long as the chiral symmetry is preserved). The result is still a statement about
elements of a certain operator algebra and one must in the end relate it to a
physical representation, where we recall that a Hamiltonian in the algebraic sense
often corresponds to a whole family of physical Hamiltonians labeled e.g. by
a space disorder configurations and possibly other parameters as well. In [i11,
Section 5.2] the example of ergodic tight-binding models on a halfspace is worked
out and it is shown that for those one has in fact almost surely a non-trivial kernel
also in the physical representation. In the case of a weak Chern number, i.e. in
dimensions larger than one, the kernel must moreover be infinitely degenerate. In
models that are translation-invariant in the directions orthogonal to the boundary,
this kernel appears as a flat bands of edge modes and can also be observed in
nature, e.g. as the 0-energy modes of graphene with zigzag edges [89, 42].

6.2 Interface currents

We start with a similar algebraic setup as Section 6.1, namely starting from an
observable algebra (A, 8, T) with a 1-parameter-restriction ¢ of 6 generated by a
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normal vector v € S4~1. We consider here interfaces instead of halfspaces, but
apart from that we are again interested in bulk Hamiltonians with mobility or
pseudogaps. As in Section 5.4 we have an underlying exact sequence

0E-A>ADA-O

where £ = A ¢ G, A = T(A4,G,,§) is the two-sided Toeplitz extension for
the action ¢ as in Section 6.1 spanned by a unit vector v and where G, can be a
torus if ¢ is periodic. We assume that L*(€) is faithfully represented on some
Hilbert space H, and that the representation is covariant w.r.t. 8, thus the action
is generated by commuting self-adjoint operators Xy, .., X;. The generator X; is
equal to v - X. Except for the construction of the algebra L (£) the exact sequence
plays little role in this section, it only motivates the results in the case of spectrally
gapped bulk Hamiltonians.

In this setup we have a pair of bulk Hamiltonians H,, H_ which we will assume
for simplicity to be strongly affiliated to .A and which are joined by an interface
Hamiltonian A; which is also strongly affiliated to .A. Furthermore, the differences
between H; and H,, should be bounded operators. More concretely we are thinking
of a situation

N 1 1
HI = HO + E{V+,7D+} + E{V_, P_} + 'I}

where H, is a strongly 2-smooth reference Hamiltonian, V, € M(A) are smooth
potentials, P, = f; (X;) are smooth switch functions of the (abstract) generator
of the crossed product L”(£) = L”(A) X; G, and 7 is a term that is localized to
the interface (i.e. vanishes at infinity). A simple example that can be written in
this form is a Schrodinger-type Hamiltonian

I:II = _VZ + V_P_ + V+P+

which interpolates between two periodic potentials V.. Another example in two
dimensions that can be written in this form and also satisfies all other assumptions
of this section is a domain-wall configuration of regularized two-dimensional
Dirac-Hamiltonians

. m_+€eV: 1V, +V, m, —me_ 0
Hp = + P,
1V, =V, —m_ —€V? 0 —(my —m_)

which interpolates between two different mass terms m...
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6 Nonsmooth bulk-boundary correspondence

The physical picture is that the bulk Chern numbers of the Fermi projections

Chwxv(ei) = (ChT,wa [ei]O - [S(ei)]o)

evaluated for two orthogonal directions w, v are proportional to the transverse
Hall conductances for the respective directions. They are typically integer-valued
in two dimension. If the difference of Chern numbers is non-vanishing across
the interface then there should arise gap-filling states localized to the interface
region but which can propagate in the plane of the interface orthogonal to the
normal vector v. Their chiral velocity in the direction w is a topological invariant
equal to the difference of bulk Chern number (and therefore quantized in two
dimensions).

If H_, H, have a common bulk gap A and g is a smooth function supported in A
one can define a weighted interface current as

UI(W' 9, 1:11) = _l,f-f(g(ﬂl)[ﬁl' Xw])

which is nothing but the expectation value of the velocity operator [H, X,,] for
a direction w € $%71, w 1 v in the state g(H;) € L*(N). This is well-defined
since functions of A; which are supported in the bulk gap are properly localized
to the interface region. For normalization one may assume that g is non-negative
and has unit integral. One can compute directly [74, 103, 78]) that the current is
proportional to the pairing (Ch7A-f w» [#a]1) with the boundary unitary under the

exact sequence of Section 5.4, to be precise

A

N 1
0! (w,g, ) = 7 (Chy . [ia]y)

1
= o AChTwww, [X(Hy < Ep)]o — [x(H- < ERIY)-

Without the bulk gaps this definition of a surface current does not make sense
anymore since g(H;) is always also supported in the bulk. Nevertheless, if the
bulk is insulating (i.e. if H; have mobility gaps in A) then the expectation would
be that large-scale transport can only happen in the interface region. To define an
interface current one can try to define regularizations that at first take only a finite
strip around the interface region into account but then leverage cancellations in
the bulk to give rise to a finite limit as the regulator is removed [40, 49, 51, 119, 123].
Such regularizations are non-unique and in absence of any better motivation, e.g.
from response theory, we will choose the one which is the most suitable to recover
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a bulk-interface respectively bulk-boundary correspondence in a certain limit.
For that reason we follow the regularization given by [51] for two-dimensional
tight-binding Hamiltonians and adapt it to a sensible abstract version that also
applies to higher-dimensional systems with non-trivial two-dimensional weak
Chern numbers.

WEe first choose a smooth cutoff in real space. In the following denote for con-
sistency X;,, = X; the generator of the crossed product. As a partition of space
introduce a partition of unity 1 = ¥, ¢(X,, —m) for some non-negative smooth

function ¢ compactly supported in the interval (—%, %). Then we denote

L
M=) ¢&-m), M=1-1,
=L

and further decompose ﬁLJ_r =TI, x(0 < X)), i.e. ﬁLJ_, = Z;::Hl d(Xs +m)as
a strongly convergent sum.

The regularized edge current is defined as the trace of
| 1y e L[ Y (rp (O
ol T, ) = 1 | 5T (1A, X 11 Yg (A ) de
0

where I, = (p(%Xf) and n{” = eUFAD e~ FHD with F a smooth strictly
monotonous function which behaves like sgn(1) + 0(172) at infinity. For sim-
plicity one can take the bounded transform though there is a large freedom. For
bounded H one can take F = id and recovers the regularization from [51] in two
dimensions. The trace here can be justified to exist under the assumptions given
below even though [H}, X,,] is generally unbounded and can be simplified using
the operator
A t A A
z.w,t,g; H)) = T [A), X 1g ()
which is related to the previous regularization via
A 1 (T . .
al(w,T,g; H) = T j ImTe(Z,(w, t,g; Hp))dt
0

since the left-hand side is real-valued and

s (a2 (ATO 1) 1n L oLoaym® 14 rn
Sm (g% AN 1AL X lg® () = 397 DMLY, (A, Xullg 2 ().
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The regularization can be motivated in different ways and a physical interpretation
is given already in [51], let us therefore focus on two points in particular. The first
point is the averaging over the dynamics of F (). First of all, we take a bounded
function of A, since it gives much-needed analytic properties to the exponential
eFHIL which is especially important in our abstract situation where the true
dynamics et is difficult to estimate using only smoothness of H,. Morally
speaking, it should not make much of a difference if one averages over H; or a
function of A; which is almost constant outside A since one has the factor g(H,)
which also provides some localization to a finite energy region. In the end, the
time-average will filter out certain contributions to the interface current which
average to 0 under the dynamics in the bulk.

The other point is the localization of the velocity operator to a strip which is given
by the self-adjoint operator

ST AL X1} = 5 (OO X + [ X1 F (X))

with f a compactly supported function. One can think of different ways to restrict
an observable to a finite region, but this choice here is natural and preferred since
it is affine in f as is expected for an observable quantity that grows proportionally
to the system size. Another good property for the regularized interface current to
have is that it should be equal to 0 identically if H, = H_ and that is indeed the
case for this choice, but would not necessarily be true for other localizations.

We can now state the precise technical assumptions that are imposed on the
Hamiltonians:

Assumption 6.2.1 Let d = 2 ord = 3 and let H,, H_ be strongly p-smooth
Hamiltonians for all p € (g, o] and in addition for both o € {—, +}
(i) Hyis (X, %)-smooth in the sense of Definition 1.4.11, i.e. among other things
1
[Hy, X,](H2 + 1)™ % extends to a bounded operator.

(ii)) There is a reference Hamiltonian H,, which is a self-adjoint A-multiplier
with a a spectral gap in A, and such that H, = Hy + V,; for some bounded
p-smooth perturbations.

(iii) (H, + 1)~ ! lies in some LP(A) forp € (g,oo]for d=2ord=3.1Ifd=3
then H, must in addition be bounded from below.
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(iv) If@ is a switch function with compactly supported derivative ©' then H,, H;
should be smooth w.r.t. ©(X;) withn = %, i.e. among other things the

1
operators [0(X¢), Hy](HZ + 1)" %" € extend to bounded operators. In addition
there should be for each € > 0 and j € N a constant C¢ j such that

PO, Hl(HE + 175 B| < et = 1) Ty T ().

(v) Foreach j € N there is a constant C; such that
|PeCH; = Ho)Py|| < Cix — y) 7 (xq) ™

for allm € Z with sgn(x,) = o.

Here the matrix elements refer to the projections P, = y(X € x + [0,1))% as in
Section 4.3. In addition to those assumption one will need a mobility gap or
pseudogap. The conditions are geared towards the situation

N 1 1
H; = Hy + E{V+r77+} + E{V—'P—}

where H, is a second order (matrix-valued) differential operator in low spatial
dimensions and V; is a bounded matrix-valued potential (constant, periodic or
ergodic). We assume the strong affiliation to make sense of the Chern numbers
of the bulk Fermi projections. One could drop that condition and still obtain a
concise expression for the interface current but we are not aware of any model
Hamiltonian that satisfies all of the otherassumptionsand is not strongly affiliated.
The potentials V; and also the additional interface term are assumed to be bounded
operators for simplicity; with some additional effort one could probably extend
the results to also allow them to be relatively bounded, e.g. first-order differential
operators if H is second-order.

The assumptions also cover the discrete case. Indeed, for short-range tight-
binding models based on a unital algebra the conditions are mostly trivial since
the resolvents and even the Hamiltonians H, themselves are trace-class. While
d is here used as the dimension of space it only acts as a proxy for the assumed
LP-regularity; for tight-binding models everything applies in higher dimension
as well (after all one can just restrict 6 to the action generated by w and v). The
assumption do not cover the substrate models of Section 4.3.5 since those are
never resolvent- or strongly affiliated. Analogues of the results of this section are
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6 Nonsmooth bulk-boundary correspondence

probably true for those as well, at least they hold almost verbatim in the spectrally
gapped case where they can be derived using K-theory. One would, however,
need to find a different starting point for the proof. Let us also note that, despite
the notations, X,, need not be a position operator for some spatial direction, it
may as well be a directional derivative w.r.t. some internal degrees of freedom or
a parameter.

We comment further on limitations and possible extensions in Section 6.2.5.

6.2.1 Results and strategy

Our result in the mobility gap regime is:

Theorem 6.2.2 Let H;, H, be as in the general assumptions but assume in addition
that H, and H_ have a common mobility gap A. If g is a C*-function properly
supported on the interior of A with fA g(A)dA = 1 then

T—ooo L T—oo L—>oo

A .
lim hm olw,T,g;H)) = hm lim — T ImTg (Z.(w,t,g; H))de
0

= o fA JA) (Chysy (X (Hy < 1)) — Chyny (X(H- < 2))) dA

In particular if the Chern numbers are constant in the gap (as is expected in
certain situations) then the right-hand side is simply the difference of the bulk
Chern numbers.

We now present the strategy of the proof. Since it is quite long we give the main
intermediate results without interruption and give the proofs in the following
sections.

For technical reasons we include a spectral cutoff and set

=.(o,w,t,g; A = o(HDTO A, X, 19 Ao (A

for any smooth (often compactly supported) function ¢. Whenever ¢g = g then
the regularized edge current is equal to the time average of

ImTz S (o w, t, g; B) = Te(pANNO[A;, X, 19 (H))

since ¢ drops out using cyclicity.
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6 Nonsmooth bulk-boundary correspondence

We now set up the functional calculus. With the antiderivative G(1) = 1 —
f_loo g(x)dA the smooth functional calculus (see Appendix A) allows to write

. 1 _
G = — j 3:60(@) —dz A &7

g(A) = f(a—GK)(z)( 1 22 dz Adz.

where both integrals can be restricted the set D = {0 < (Imz) < 2(Rez)} c C
(the first integral has to be understood in the strong operator topology [51], the
second converges in operator norm). Moreover, the construction of Gy shows that
on the real line ;G can only be non-vanishing in supp(G') = supp(g). If A, is
bounded from below one may further replace G with a function that vanishes below
the spectrum and then the integrals can be restricted to a fixed compact subset of
C. In the following we will use the abbreviation dv(z) := (0;Gk)(z)dz A dz where
we assert that K can always be chosen large enough to ensure convergence of all
expressions.

A key point of the bulk-boundary correspondence (as identified by [51]) is that

1

N 1
66X = 52 | 7 _Z[HI,X I

! dv(z) (6.2.1)
z

(A}, Xwlg(Hp) = —j X 0 =27 dV( ) (6.2.2)

can be related to each under a trace using cyclicity.

The first step is to show convergence of 7?(2 (@, w,t, g; H)) in the limit L — o.
Following [51] this is facilitated by adding and subtracting an additional term

Zu (o, w,t, g5 Hy) = p(HDTIL[G(H)), Xy 19 (H) (6.2.3)

+if (1f1)< Ora,x,1-n918, X,,]= ! ) ! (A)d
o D<P I ﬁ, D I H,—Z ﬁ,—z(p dv(z)
(6.2.4)

for which the L'-norm of £, (w, t, g; H)) + Z,(w, t, g; H;) becomes bounded uni-
formly in L. Both lines are ﬁ—trace—class since II; provides localization to the
interface region. The trace of the second line (6.2.4) vanishes by cyclicity and we
will later show that the same is true for the first line in the limit ¢ — 1 where the
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regulator is removed. Hence the additional term does not contribute to the trace
eventually.

Using

! fn“) 1 [H X, ]—— N (2)
— , — v(z

-1 1 A
“ 2 ), [H -Z'Xw] dv(z) = —M7[G(A)), X,]

2 Jp i
one can rewrite
S (pw, t, g H) + ZL (@, w, t, g5 H))
1 1
y 2 2 2 ®

= o(H)I, [G(H)), X, H+—jHA l'[H,XA

@(HDNL[G(H)), Xw]e(H)) o Dfp( I)HI [H; ]HI_
= @A), — G (A, X lo(A)

1 (t) 1 A 1 A
A [ HI] [Hr Xw] = ¢(HDdv(2).
] — Z HI —Z HI —Z

¢(H)dv(2)
Z

— — — —(t
Going over to the complement I1, = 1 — I, = I 4 + I, again with H,E; =
eIt eIt this becomes

. (pw,t, g H) + Z, (o, w, t, g; H))

= > e, ~ TG, Xulo () (6.2:5)
o€{—,+}
1 —(t) 1 1 1
27_[ (P(H[) 1 Z[nLa; HI] HI — Z[HI,X ] ]:II — Z(p(H]) V(Z). (626)

—(t _
The point of this switch-around is that HE; — I, and the commutators are well-
localized around the two lines v - x = +L which recede more and more into the
bulk as L goes to infinity. Thus one can safely take the limit:

Lemma 6.2.3 We have

lim 75 (5,00, w,6,0:A) + 2w 6, g AD) = > TeCo(p,w,t,g:Hy)

og€{—,+}

+Te(Zw (@, w, t, g; Hy)
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with

S (0w, t, g5 Hy) = ¢(Hy) (Tos — o DG (Hy), Xl (Hy)

1 1 1
- Hy)———[os ,Hsl7——[Hq X
+27‘[ D(p( U)HO-—Z[ 0o J]HU_Z[G W]HU—Z

@(Hg)dv(2).
(6.2.7)

) — _
= e'flotT] e "ot and one has the error term

—(t,
where nf,f
Te(Zeo (o, w, t,g; H)) = lim Te(Z, (@, w, t, g; )

= Z 7/2((p(1:11)ﬁ00'[6(1:11)'XW](p(I:II)_(p(HO')ﬁOO'[G(HU)'XW](p(HO'))

o€{—,+}

We call the contribution of Z, an error term since it vanishes in the limit where
the regulator ¢ is removed:

Lemma 6.2.4 For the scaling limit ¢, = @(€-) one has

lim 7 (Zeo (@&, W, t, g H) = 0.
The remaining expression, save for the error term, only involves the two bulk
Hamiltonians. Using a general formula one can rewrite it in terms of the bulk

trace by exchanging a commutator with the switch function IT with a derivative in
direction X,,:

Lemma 6.2.5

7?(20@0: w,t,9;Hgs))
=0T (@(Hy)e HI Xy, e FHI [G(Hy), X, ]9 (Hy))

1
—a—f T (R(p,w,t,g,z; Hy)) dv(2).
2m Jp
with
R(p,w,t, g,7z; Hy;) :=

1
oHg) 77—

elF(H‘T)t[Xd, Ha]e—lF(Hg)t [Hm Xw]

H
. Ha_zw( )

Hg
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6 Nonsmooth bulk-boundary correspondence

Then we take the time average over t which makes the remainder term vanish
identically:

Lemma 6.2.6

T—oc0

1 T
lim —f f T(R(p,w,t,g,2z,H;))dv(z) =0
T 0 D

The remaining term decomposes into the average of Chern numbers across the
mobility gap:

Lemma 6.2.7 Withe;, = y(H, < 1) one has

@—-1T—-o0

1 (T 1
lim lim = f TGy (0wt g; Hy)) = ——— f 9 Chysen (€52)d2.

Since the right-hand side is purely imaginary one immediately reads off the limit
of the surface current which completes the proof.

We now come to the pseudogapped case. Here one needs to use a different
set of assumptions, namely that H;, both have a sublinear pseudogap at some
Er (corresponding to linear band-touching points in three dimensions) and
are bounded from below. The second assumption is necessary for a specific
technical reason, it allows us to use efficient contour integrals for the window
function g. For that reason we use a specific family of window functions gg
that are holomorphic instead of compactly supported. They are derived from a
holomorphic approximation to the Fermi projection, namely we set gg = —Gjg
for the Fermi-Dirac distribution function

Gp(D) = (1 + ePA-EP)~1

and inverse temperature f > 0. In the limit § — oo one recovers the Fermi
projection with the SOT-limit s-limg_,., Gg(Hs) = x(Hs; < Ef) since that is the
pointwise limit of Gg and Ef is not an eigenvalue of H,. Despite appearances,
this choice has no immediate physical motivation but was rather made for the
ease of setting up the functional calculus. Using the scaling limit of a more
general switch function, e.g. one with compactly supported derivative, seems
possible, however, we would rather not expend that much effort on the extremely
technical estimates that would be necessary to bound the integrals from the
smooth functional calculus with the pseudogap bound of Proposition 4.3.17.
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6 Nonsmooth bulk-boundary correspondence

As a contour for the functional calculus we employ the boundary of the region

|Im z| 1

BRez—Ep) B

which surrounds the spectrum of H; (and thus of H,.) while keeping a distance of
1 except for a wedge in the vicinity of Er to avoid enclosing the singularities of Gg

RﬁZ{ZE(CilZ—O'(HIMSl/\ }

at l% (1 + 2Z). Since the distance to the singularities scales with £ it is easy to see
that sup p>0 SUPcar, |Gﬁ (2)| < o, i.e. the functions are uniformly bounded on

the contours.

The functional calculus is then given by the two norm-convergent contour inte-
grals

1

6o ) = 5 f o) g5 g = o j 6 G5

1
_)2

—Z

We abbreviate dvg(z) := Gg(z)dz in the following.

Theorem 6.2.8 In addition to Assumption 6.2.1 let
(i) Hy both have a pseudogap at a fixed Er with order y > 2,
(ii)) Hy both be bounded from below.

Then

T

1 A N
Th_rg lénol l1m alw,T, gﬁ,H,) = 11n(r)1o %{%}gﬁ T, ImTe (z.(w, t, gp; A))dt

1
= o (Chysw(X(Hy < EF)) = Chyxw (X (H- < Ep))).

Compared to the mobility gap regime we must take the limit where gz converges
to a §-function. Let us also note that the bulk is typically a conductor for a
semimetallic Hamiltonian, therefore the regularization not only provides meaning
to the interface current, it also has to filters out contributions by the delocalized
bulk states. This is done by taking the limit f — 0 which we would have to take
anyhow to have a precise bulk-boundary correspondence, since the bulk Chern
number may only be well-defined at the single energy Er. For a discussion of
similar points also concerning the conductivity at finite temperature see also [123].
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6 Nonsmooth bulk-boundary correspondence

We again give the proof strategy (where it is assumed in the following Lemmas
that the conditions of Theorem 6.2.8 hold). The L — oo limit is taken similarly to
the mobility gapped case:

Lemma 6.2.9 We have

lim lim 7¢ (2, (¢(e),w, t, g; H)) + Z(9(e),w, t, gp; H)))

L—oo €0
= ) i@t g5 Ho))
o€{—,+}

with

= =(t,0)
ZO’(W’ L, 9; Ha) = (H0+ - l—IO+ )[GB(HU)IXW]
1 1 —(t,0)

1
— | ——[py ,Hsl5——[Hs X

dvg(2).
(6.2.8)

where ﬁg‘;") = W (HAU] | _e~1F(Ho)L,

The cutoff must be removed immediately here since gg is not compactly sup-
ported. As the Hamiltonians are bounded from below, G is rapidly decaying
when restricted to o(H; and so Gg (H)) is well-localized to the interface regions,
which means that all expressions are well-defined without a regulator.

This bulk expression is almost the same as the one of Lemma 6.2.3 such that the
starting point is the f — co-limit of

- 1 (7
(T, gﬁ) = ?_[ (T (eLF(Ha)t[Xd:e_lF(HU)t] [Gﬁ(HO‘)'XW])dt (6-2-9)
0
+ L T LelF(HJ)t[X H ]e“F(Hﬂ)tL[H X ]L dvg(2))dt
21 Jp, " \Ho —z g Hy—z"o"wig —z) 'k
for g. = —Ge.

Similar to the mobility gapped case the first term converges to the Chern number
in the limit, while the second vanishes.
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Lemma 6.2.10

1
_Chvxw(eF)-

1 T
lim lim T T (et [Xy, e FH [Gg(H,), Xy]) = >
o i

T—o0 f—>00

Lemma 6.2.11

lF(Hg)t e—lF(Ho)t 1
lim — f j ( ~[Xa, Hol———[Ho, X,)] —) dvg(z)dt = 0.
Dg H;,—z

Tooo T HU—Z

6.2.2 Preliminaries

We begin with some preliminary notions and results to better characterize the
regularity of various operators as they appear in the following.

Definition 6.2.12 For a € L*(£) and p € [1, 0] define the seminorms

lalls, = sup ¢ - W |Pcaby |,

and

lallg,y = sup (x=y)"0)" [BeaBy],

Denote by S, respectively L,, the set of all a € L* (&) such that ||a||SpN < o
respectively ||a||£pN < oo forall N € N. The former operators are called p-smooth
and the latter are called p-localized.

Ifthere is a family (a;);e; of operators for which each of the respective seminorms is
bounded uniformly (i.e. independent of i) then we say that the family is uniformly
p-smooth respectively p-localized.

This notion of localization has little relation to dynamic localization; what is
meant is simply that the matrix elements decay rapidly with the distance to the
interface region. The linear spaces S, and £,, are locally convex spaces with
their respective seminorms and at least for £, it is easy to take the completion
to a Fréchet space which embeds into LP(€) (this is, however, not necessary
for our purposes). There are some simple algebraic relations between those
classes of operators, e.g. there are jointly continuous products S, X S; = S, and
L, X Sq = L, for Holder-dual exponents r™* = p™* + g1

We can now state some basic results on the regularity of various expressions:
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6 Nonsmooth bulk-boundary correspondence

Lemma 6.2.13 Let o be + or —, P, = 0(X¢) a smooth restriction to the positive
halfspace as in Section 3 and P_ =1 — P,.
(i) Theresolvents (H,+z)~* and (H,+z)~" are p-smooth forany p € (%, ], the
bounded operators [H;, X,,](A; + z)~* and [H,, X,,](Hy + z) ™! are p-smooth
forp € (d,o] and any z € C\ R.
(ii) For ¢ a Schwartz function, ¢ (H;) and ¢ (H,) are p-smooth and the difference
d(H) — Prp(HL) — P_p(H.) is p-localized for each p € [1,].

(iii) For G a switch function with G(1) = 0(1) + 0(|1A|™%), G(H,) and G(H,) are
co-smooth and the difference g(H;) — P,G(H,) — P_G(H_) is p-localized
foreachp € (%, o].

(vi) The map a = [P,,a] is a bounded (continuous) map from S, to L,,.
(v) For ¢ a Schwartz function denote its family of dilations by ¢, = ¢(€-). Then
each ¢.(H;), € > 0, is p-smooth for p € (d, ] and
lim ||V<p€(H,,)||Sp’N =0
foreach N € N.

Each ¢ (H)) — P,@.(H,) — P_@.(H.), € > 0 is p-localized for p € (%, 0]
and

leii% ”‘pe(ﬂl) —Pirpe(Hy) — P—‘Pe(H_)”[:p,N =0

foreach N € N.

(51:0\(/:2 know that (A; + z)™' and (H, + z)~! are co-smooth and locally in L?
forp € (g, o] ie. ||P.(H; + Z)_le”p < oo for any such p. By interpolation that
implies p-smoothness for the same range. Similarly [A}, X,,](H? + 1)_%_6 and
[Hy, X, J(H2+ 1)_%_G(H(,+z)_1 are co-smooth forany e > 0 by Lemma1.4.15. Also,
(A7 + 1)%_6(1:1, + )" Lislocally L? forany p € [ﬁ, o) from which one obtains

[Hy, Xy ](Hy + 1)1 € LP(A) for the same range of exponents p and similarly for
the LP (£)-regularity of P,[H}, X,,](H; + z)*P,.
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(ii) and (iii): Due to Assumption 6.2.1(i) and Proposition 1.4.13 one has oo-
smoothness of f(H,) or F(H,) for any function f € Npg>-1 SB(R). For any

) . .. d
Schwartz function one has in addition for K > 7 aconstant such that

K
sup ”Pxf(Ha)Pylll || <o,
x’y 1
which implies p-smoothness for any 1 < p < oo through interpolation. For
the differences we must estimate the matrix elements more precisely. From
Proposition 4.3.13 we have

K+d

sup |[P(Hy +2)7 1B ¢x - y)K<CKZ ISmz|” < CR”))

x,y€Ll | le

m=

and similarly for H,. Together with

(Rez)
1 1
sup [0+ 07, = (14 5o o+ 0

foranyp € (g, oo] we have using log-convexity (1.3.2)

|Pe(H, + l)_le”q

¢ + 0721,

(Re z) (K+d)0+(1-6)
L”(A)

-6
< cp gl — yKCE |Smz| (1 + 1Szl

foranyq >pand 0 < 6 < 1with$ = %f). Forsgn(x-v) =candanyq >p > %
we therefore estimate with the resolvent identity

|P.(H; — 2)™*P, — P,(H, — Z)_le”q

< D P =27 R 1By, o = DO 1P, (o = 7B,

Wq,Wo EZd

(Re z) )C("""‘”

< Clstl_l_e (1 + w

(x = wy) ™ N(wy — wy, K (wy - 1)K (w, — y) K

Wq1,Wo EZd
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with arbitrarily large K where we inserted our Assumption 6.2.1(v) about V, — V =
H, — H, with c(K, 8, q) some large exponent. Combining the decays one sees that
the resolvent-difference is g-localized. Due to the smooth functional calculus
the difference f(H,) — P,f(H,) — P_f(H_) for any function f € ST179(R) is
q-smooth and if 6 can be arbitrarily small (such as for the switch function G) then
this extends toall g € (g, ).

(iv): Forsuitable functions 0, with ®,0_ = 0 and compactly supported functions
fll fZl g1; 92 one can WI'ite

[P+:a] = @+(Xv)a@—(Xv)_@—(Xv)a®+(Xv)+f1(Xv)a'i'afz(Xv)+91(Xv)ag2(Xv)

and it is not difficult to show that each of these terms is p-localized in terms of
the p-smoothness of a.

(v): We can write using the smooth functional calculus
Vo(eH,) = f (0z9x)(2)(€Hy — 2) " €(VHy) (€Hy — 2)"*dz A dzZ.
C

The resolvents are semiuniformly smooth in the sense that

)
B . (Rez)\?
||(EHO‘ —2) 1”3 N < ¢y |SImz| ) <1 + ISmz| ”lEHl”ml(N) 1
00, ‘4

and

W)
_ o~ - (Re z)\™
Ve, — 27| < enSmzl ™™ (1 + Sl e, ey, 2

for powers c; (N), .., c4(N) and integers m,(N), m,(N) depending on N and the
commutators are estimated using the expressions from Definition 1.4.11 for which
we note the scaling

. 1
el z = sup |e@ma+ ez
"4 jl=N

1
< ezl ;.
'4

Since ¢ is compactly supported this means

1
2

||V<p(eH(,)||Sw’N < cne
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for constants independent of €. Applying log-convexity in the form
q 4
”anpy”q = ”anPy”;,J ”anPy”c>0 P

forany g > p we need only find out how the local LP-norm V(eH, — z)~! behave
for e —» 0. We begin with the estimate

||PxV(eHG - Z)_le”p

(Re z)

cz2(N)
|3m2|> |(eHs + V)™ 1V(eH,) (eHy + 1) 71|

~ —c1(N)
< cy|3Imz| (1 + P

and the first two factors are unproblematic since they are compensated in the
smooth functional calculus formula by the almost analytic extension; the more
delicate factor is estimated as

||(EHJ +1)7'V(eH,)(eH, + l)_1||Lp(,4)

1 1
< ”(1 + €2H2) 1 ”(1 + €2H2) 1V(eH,)(eHy + 1)t
p

[ee]
1
One sees that the second factor grows with € as O(e2) while the first decreases

1
(672 + H2) 4

_1
=€ 2

1
”(1 + €2H2) s
p

_1 2
=73 [y + e
14 2

where that final norm is also finite and monotonously decreasing to 0 with € = 0
. d .

if g > 2 (which follows e.g. from the monotone convergence theorem that also
applies to the non-commutative LP-norms, see e.g. [54]).

For the difference ¢ (H;) — P, @.(H,) — P_@.(H_) one can use a similar scaling
argument to obtain

loe(HD) = Prpe(e) = P-ge(HI,_ < Cx
uniformly in €. To complete the proof using log-convexity it is again enough to

show that the local LP-norms converge to 0, hence we need to bound the scaling
behavior of

|Pc(eHs + ©) 2 (eH, — €l (el + l)‘le”p
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1
< e€||P(1+€?H2)" 2

a+emn = (18-
2p 2p

1
<ellP(1+€2H2) 3

a+emn | (8-
2p 2p

1
=€||P.(1+€?H2) 2P,

1 1
e+ eeanin | 1A - w
14 14

1
< C||P,(e72 + H®) 2P,

1

PP § 2
pr(e-2+H,2) 2Py||2
p

2
P
where we in the second inequality used ||(1 + €2H2)7!|| < 1 to get rid of half

of the fractional power. The final expression converges to 0 for € — 0 provided
d
p > 5 due to monotone convergence. ]

For the infinite-volume limit we need another technical result:

Lemma 6.2.14 Let (a,)nen be a sequence of p-smooth elements. We say that a,,
converges to some p-coefficient-wise to some if Pca, P, = PcaP, holds in p-norm
forall x,y € Z°

(i) Let there be two sequences (ap)nen, (@n)nenof P1-smooth respectively p,-
smooth elements which converge p;-coefficient-wise to a respectively b. If
all seminorms ||a,|| . b are bounded independently of n then

lanll ool pendently of

a,b, — ab converges p-coefficient wise forp~! = p;! + p; L.
(ii) Let (ay)nen be a sequence of p-localized elements converging p-coefficient-
wise to some a and all seminorms ||ay|| ,are bounded uniformly inn. Then
D,

a, — a converges in the Fréchet topology of .%,, in particular in LP-norm.

Proof. To (i) write out P.a,b,P, = ¥ ;a1 Pa,P,b,P, which converges abso-
lutely in p-norm and apply dominated convergence. Similarly in (ii) write a =
2y yeza PxanPy as an absolutely convergent sum. O

6.2.3 Proofs for the mobility-gapped case

Proof (of Lemma 6.2.3). The idea is to shift with the dual action which replaces
¢o1 (Il 5) = M, but doesn’t change the trace. Thus one needs to prove that in the
norm of L1 (&) we have the convergence
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lim_ & (0(A) [T ~ T [GCAD, Xl ()

= p(H) (Mg = Too) [6(Hy), Xy 10 (Ho)

and similarly for the integral term. Due to Lemma 6.2.13 one of the factors is
oo-localized uniformly in L for any p € [1, o0], namely

A

b (T2 = T10)) = £ e 0¥ [Ty, €™ P0)

Since all factors are uniformly p-smooth for some p, Lemma 6.2.14 implies that it
is enough to prove that each factor converges p-coefficient-wise for some values
of p reciprocals add up to 1. Indeed, that is not difficult to see for the various
functions of H; due to the resolvent-identity, since

R 1 1 R 1 A 1
Pém|—— P =P | —— | B, + Bén | — ") —V,)=—P
X€m<H1+l> B% x(HU-l-l) B% xfm<H1+l>(€m( ) U)Hl_l_ly

and the perturbation &,(/) — V, is essentially only supported at a halfspace
X - v < m, far away from x, y for large m. In the end, L*-convergence therefore
follows by dominated convergence, as argued in Lemma 6.2.14.

For the integral term it is by another dominated convergence argument enough
to prove that the integrand converges pointwise in L*-norm. Here the uniform
oo-localization is provided by the commutator

2 —(t) 1
fm [HLG’HI]FI

] — Z

where we recall that its co-localization is one of our assumptions. Again all factors
are uniformly p-smooth and converge coefficientwise. For that it is helpful to
note that

é\m([ﬁl: Xwl) — [Hg Xw]) = [ém(v) — Vo, Xl

is a bounded operator since ¢ leaves the unbounded part invariant.
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6 Nonsmooth bulk-boundary correspondence

Finally, we need to check that the error term Z; converges individually to the
stated Z,,. Key to this is that we can write

Te(Zu(0,w, 6,9 i) = Te@EDTLIG (), Xl ()
= ) T @UHIP{G(Ho), X0 (Ho))

Here we used that the second line in the definition (6.2.4) drops out since its trace
vanishes identically and instead added another term with vanishing trace (as will
be proven in the following lemma). Convergence of this term in L (€) follows
from Lemma 1.3.1 since the limit L — oo is the SOT-limit of I, — 1 and

@ ANIGHD, Xuwlo(H) — Z ¢(Hg)Fs[G(Hg), Xl (Hy)

is 1-localized due to Lemma 6.2.13. O

The technical point left out above is a variation of an argument that is well-known
in the case for Hamiltonians that are bounded from below (see e.g. [16, 76]):
Lemma 6.2.15 Assume that H, has a mobility gap in A with supp(g) < A or that

H, is bounded from below.

For any L'-function f and cutoff ¢ with ¢g = g one has
Te(@Ho) f (Xp)[G (Hy), Xulo(Hp)) = 0.
Proof. Due to Corollary 2.1.4 one has
Te(@(Ho) f (X)[G(Ho), Xu)0(Ho)) = Ifll 1 gy T (@(Ho)[G (Ho), Xl (Ho)).

In the mobility gaped case one can write G(H,) = fR g(A)e,dA using the spectral
decomposition e, ; = y(H, < 4) and e,; depends continuously on A w.r.t. to any
Spn withp € (%, ) due to the mobility gap. More precisely, after subtracting
the constant part e;; — e_ € W,”(A) is in fact continuous w.r.t. each of the
seminorms .7, i forall 1 < p < oo since |le;y —egyll, < C |1 - A'|Y due to the
assumed Holder-continuity of the DOS-measure). Therefore

T(9(Hs)[G(Ho), Xwle(Ho)) = fRg(/l)T(QD(Ha)[eaa,Xw]so(Ha))d/l
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6 Nonsmooth bulk-boundary correspondence

and the right-hand side vanishes by cyclicity since
[ea/lv Xw] = €52 [etﬂu Xw]e;_}L + e;} [ea/lv Xw] €

In the case that H, is bounded from below we instead note that due to (6.2.1)
and(6.2.2) one can write

T(@(Hy)[G(Ho), Xwle(Hy)) = T (@ Ho)[He, Xwlg (Hg)p(Hy))
= T([Hg Xw]g(Hos))

with the final equality holding since ¢ g = g. As G(H,) is trace-class one can also
on the left-hand side take the SOT-limit ¢ (H,) — 1 which gives

T(p(H)[G(Hy), Xwle(Hs)) = T([G(Hg), Xw]) = 0

since G(Hy) € My(W;t(A))™~ and the 7 (V,,a) = 0 due to §-invariance of 7.

The next step is to prove that the error term in Lemma 6.2.3 vanishes.

Proof (of Lemma 6.2.4). If A, is bounded from below then this is comparatively
simple, for then

lim 7/}(200((,0: w,t, 9, I:II))
o-1

= > FeMool6 AN Xul) = Tlog[6(Hy), X ])

o€{—,+}

DD TeBalloolG (), Xl = Pllog[G(Ho), Xo])

o€{—,+} mEZ

DD TePullogl6 (), X D) = Tz (PaTlag G (Ho), X, )

o€{—,+} mEZ

> T (PaTlagG (D, X)) = T (1Pl G (H), X))

o€{—,+} mEL

where we used that (since G restricts to a Schwartz function) the difference is trace-
class in L}(£) and ¢(H,) converges to 1 strongly, then we inserted a partition of
unity and split the trace because all summands are separately trace-class. Finally,
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6 Nonsmooth bulk-boundary correspondence

each of those traces vanishes identically since to the invariance of 7A:; implies
Te(Vya) = 0 forany a € W(€).

In the other case where d = 2 and H; is not necessarily bounded from below
we need to make a careful scaling argument since [G(H,), X,,] is not always L!
(morally speaking, the limit should still vanish since it is formally the trace of a
total derivative).

As a first step we note that the L!-limit of

((pe(ﬁl) - (pG(HO'))ﬁOO'[G (HO')’XW]

vanishes. That follows from Lemma 6.2.13(iii,v) since [G (H,), X,,] is (2+)-smooth
and ¢(eH)) — p(eH,) is (2—)-localized with seminorms that vanish as € — 0.

Hence the limit of interest is the same as

lim > T (@eCA) (Mg l6 (), X1 = ToglG (Ho), Xu1) @A),
og€{—,+}

Applying partial integration it is sufficient to prove that

tim (| Twge D) [ 6D = > ThogG(Hy) ||| =0

o€{—,+} 1

and indeed that also follows from Lemma 6.2.13(v) since V,, ¢, (H,) is (2+)-smooth
with seminorms converging to 0 and the factor involving G is (2—)-localized.

|

The scaling argument does not work out for d = 3, hence we need to impose the
existence of a lower bound on H,; there.

Proof (of Lemma 6.2.5). There is the general identity
Te(allog, blc) = —oT¢(alXw, blc)

valid for bulk elements a, b, c for a variety of regularity conditions, for example
1-smooth a, b in L*(A) and co-smooth b € L”(A). We note that it is enough
to prove the equality under the assumption that I, is an exact stepfunction,
since one can write an arbitrary 1y, as an integral of such stepfunctions. But for
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6 Nonsmooth bulk-boundary correspondence

a stepfunction one can read off the identity as a special case of Proposition 2.3.4
for the equality of the two 1-cocycles

1.
_E’Tf(a[sgn(xv), b]) = T (a[Xy, b])

since X,, here is the generator of the crossed product; the same as the Dirac-
operator for the case of a one-dimensional action in section 2). a

Proof (of Lemma 6.2.6). The integral converges absolutely in L!(A) and by
dominated convergence the time average can be taken pointwise. After bracketing
one of the resolvents one has the integrand

1
Ve (1 + ——)[Hy, Xy ] —— 0 (Hy)

H

([Xw, Ho]

H;,—z H;+1

and, by the LP-ergodic theorem (see Corollary 1.3.3) the time-average converges
in LP-norm for any 3 < p < o and then takes the form

1 zZ—1 1
H;)—A, (1 + Hy;, Xy]|m——o(H
P (H) Ao (L T o, Kl s 0 (o)
with A, some operator A; € LP(A) that commutes with H,. We decompose
1= es_ + ey4 + e5p. Upon projecting with e, the integrand becomes

€o

~ + A l 1
H)———A,(14+ ——)[H,, Xyy| ———o(H
OG0 He) ;o A (L o K| 0(0)

and werecall that on the real line itself (9;G ) (2) is by construction only supported
on a subset of A. Thus the resolvents are analytic everywhere on the support and
(6.2.3) is actually a total d;-derivative. Performing the z-integral first the integral
thus vanishes identically.

It remains the e, 5-term

(p(HO') eO'AAO'e(TA (1 + )[HO" Xw] (p(HO')

H;—z H;—z H;—z

which we now show also vanishes due to the mobility gap hypothesis. We note
that

eaAelF(HG)t[Hm Xv]eaAe_lF(HG)t = eaAelF(HJ)t[(l) (HO')' Xd] eJAe_LF(HU)t
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for any compactly supported smooth function ¢ with Hye;p = ¢p(H,)e a. Fur-
thermore we can expand

[$(Ho), Xy] = f(c(aquK)(Z)(F(Ha) —2) ' [F(Hg), Xu](F(Hy) — 2)"'dz A dZ

since ¢ o F~! is also a rapidly decaying function.

We also have
T
f elF(Hg)t[F (Ha)' Xd]e_lF(H‘T)tdt =e IF(Hg)T [Xd' e—lF(H,,)T]
0

which is as usual checked by differentiation of the right-hand side. This is further
manipulated to

epeTHIT Xy, e FHT ) = epeFHIT[X ) e~ FHTe e — ep[Xy, enlen

e~ WF(Ho)T

and then the uniform boundedness of derivatives | ea, X4] in LP-norm

due to the mobility gap hypothesis means that

1
H;+1

1
lleadseall; < Th_{‘(}o T e Flabe,dt

T
[ ey,
0

1

<C1
T

T
f epePHIF(H,), X e F Hodle, dt
0

= }Hn Tc.

1 —00
O
Lemma 6.2.16 Let e, e, be spectral projections of H, which lie in My (W, (A))~
with either ee, = e, or e*e, = e, then
lim T(p(Hy)e,e FHI Xy, e WD (e, X, le. (H,))
= T(pHq)e[Xa, es]le, Xwle.o(Hs))
where we interpret [e, X,,] ~ V,,e as the derivative in L?>(A)-norm.
Proof. Assume ee, = e, as the other case is identical (note that e only appears
inside a commutator). Using the off-diagonality of the commutator

e e Hot[x, e~ tF(Ho)t][e, X Te, = e,ee FHI[ X, e FH(1 — e)[e, X, ]es
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= e.efHo)t[[e, Xy], e "FH] (1 — e)[e, Xy e,
= e,[e, X4][e, Xy ]e. — e.eFHot[e, X ]e FH e, X, Te,

= e,[e., X4][e, Xy ]e. — e.eFH e, X ]e FHol[e X, e,
where the last line is a consequence of
e.[e — e, X4][e, Xy ]e. = e.(e —e)[e — e, X4](e — e) et[e, X, ]e.
+e.(e —e) e — e, Xq](e —e)et[e, Xy ]e.

each term of which is zero. The time average exists in L?-sense and eliminates
the t-dependent term, again due to off-diagonality since all spectral projections
of H, commute with the limit. o

Lemma 6.2.17 Let e € My(W,'(A)~ be a projection and let 1 = @}, ) with
projections e, € My (W, (A)~ that commute with e and such that for each k either
ee, = ey or ete, = e, holds. Then

1 m
—— Chysn(e) = ;T(ek[e,xw] lex X )). (6.2.10)

Proof. One starts from

1
>z Choxw (@) = T((e = s(e))[e, Xw][e, Xv]D)

=T (e[le, Xwlle, X11)
=T (ele, Xwlle, Xu]) — T ([e, Xp]e*[e, Xw])
=T (ele, Xwlle, Xy]) — T (e [e, Xy ][e, Xp]e™)

= D Texele, Xulle, Xolew) = Tlexe* e, Xule, Xole er)
k=1

where we used that the scalar part of e drops out due to the algebraic properties
of cyclic cocycles and that the derivative of a projection is off-diagonal [e, X,,] =
e*[e, X, e + e[e, X, ]e* due to the Leibniz identity.

By assumption for each k one of the two terms vanishes and in the case ee;, = ey,
equivalently e*e;, = 0, one has also

0= [elek: Xwl = eL[ek:Xw] + [el:Xw]ek = el[ek'Xw] — [e, Xwlex
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such that

T (exele, Xylle, Xplex) = T (exele, Xyle*[ex, Xylex)
= T (exele, Xwllex Xvlex) = T (exle, Xwllew Xvlew).

In the other case ete; = ¢, one instead has
0 = [eer, Xiw] = eler, Xuw] + [, Xy ]ex
which leads to
—T (exe* e, Xwlle, Xvlex) = T (exle, Xwllew Xvlex).
O

Proof (of Lemma 6.2.7) The time average of the integral term vanishes by
Lemma 6.2.6. Into

T (¢(Hp)e o Xy, e FHIT[G(Hy), Xl (Hy))

one inserts the identity G(H,) = [ 2 9(A)egdA which converges absolutely in the
norm of My (W, (A))~ as argued before.

Thus the time-average limit can be computed pointwise in 1, which we do by
inserting the decomposition 1 = Zizl e, with

— — — — 4
€1 =€, €3 =€y, €3 = €5ACa0 €4 = E5p€5)

and invoking Lemma 6.2.16 four times to get
1 T
Jim 7 [ TC@UH)e O [, e o g3, X, N (1))
—00 0

1 T
Jim 7 [ TCo(Ho)ere 0 [y, e o] g3, Xy lerp ()
—00 0

Il
-
IS ||M4>
[y

T(¢(Ho)ekXa exllesr Xwlerp (Hs))

=
1l
g
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Taking the SOT-limit ¢ (H,) — 1 for ¢ — 1 is trivial and hence the formula from
Lemma 6.2.17 gives

1 T
llIl']l1 TI'IIII ? f ] ((p(HU)e—lF(Ha)t[Xd’ e—lF(Ha)t] lesr, Xwlo(Hy))
@-1T-o 0

4
1
= = > T(@WH)exlew Xalleos, Xulew = —3—=Chley).
k=1

6.2.4 Proofs for the pseudogapped case

We skip a few details in the pseudogapped case to avoid duplication and since all
essential ingredients were seen before.

Proof. (of Lemma 6.2.9) We introduced the cutoff ¢ (eH,;) as before but since g ;
is not compactly supported we must immediately take the limit of € = 0 to remove
it. Indeed, the mollification is only necessary to justify the cyclic permutations
under the trace to derive the expression

. . —t) = .
TeCu@ Xt gp B = Y (g = o) [Gp(H), Xy (6.2)
o€{—,+}
L Y A A, X, o dp(2)
- D — ) D — , = vp(Z).
27T DBHI_Z Lo IHI_Z ! W HI_Z B
(6.2.12)

which is well-defined even without the cutoff (since there are enough resol-
vents to make the integral absolutely convergent in L!(£)-norm and the term
(ﬁ,(f; - ﬁLa)[Gﬁ (A)),X,] is also L*(£) since it is polynomially localized to the
interface region and [Gg (A)), X,] is locally L' since Gp decays exponentially on
o(H);. The L — oo limit can be justified as before using dominated conver-
gence (where it helps that the contour integral converges absolutely due to the
exponential decay of Gg). O

Next we need to assert that Gz converges to the Fermi projection in an appropriate
sense, which is a contour integration argument similar to Proposition 4.3.18.
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Lemma 6.2.18 Assume that H, has a sublinear pseudogap, i.e. it satisfies Def-
inition 4.3.7 with y > 2 then one has limg_, llesr — Gﬁ(H‘f)le(A) = 0 for all
P

p€[Ly).

Proof. First off, we note that the integral Gg(H,) = i ) org Gp (Z)ﬁdz also
converges in LP-norm for p € (%,y). Taking the limit § — oo one sees that
Gp restricted to dRp converges to x(- < Er) and with the exception of a small
neighborhood of radius 8~ around the tips of the wedges convergence is uniform
in zand B. Since the norm of the resolvent stays finite there due to the pseudogap
estimate Proposition 4.3.17, the contributions of those arcs vanish in the limit
and one has

lim =0
L—c0

1 1
Gg(2) dz—f dz
J(;Rﬁ p HO'_Z COHO‘_Z

where C is the contour from Lemma A.6, hence the r.h.s. is indeed the Fermi
projection. For the derivatives one concludes the same via [Gz(H,), X, ] =

1 1 B .
T om faRB Gp(2) Hy—z [Hg, XW]EdZ’ since

on the wedge for some fractional 0 < s < 1 depending onp € (%, y) and that
sublinear scaling is all that is needed for the error terms to be suppressed by the
curve length in the limit.

<C|3mz|™®

1
Hy, Xyl———
Ha—z[ o W]H(,—Z‘

. . 3 .
This only renders an estimate for p > 3 and to go to lower exponents one writes

Gop = Gglp,  Gg = Gpp(Gp)™

and notes that GB (1) converges point-wise to y(A < Er)+2y(A = Ef), i.e. G~ﬁ (Hy)
also converges to the Fermi projection in SOT since Ef is not an eigenvalue of
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H,. The same contour integration argument as above also passes for Gy, i.e.
convergence is in Sobolev norm for the same range of exponents. Hence

”eaF - Gzﬁ(Ha)”W&(A) = ”egF - Gﬂ(Ha)G"B(HU)”W%(A)
< ||e¢TF - Gﬁ(HU)”Wzlq(A) ||GB(HU)||W%q(A)
+ ||eJF — GN[}(HJ)”W%q(A) ||eGF”W21q(A)

extends the range of convergence all the way to p € [1,y). O

Proof (of Lemma 6.2.10). Due to Lemma 6.2.18 the f — co-limit replaces Gg
with the Fermi-projection

élmT(e‘F(HU)t[X e FHI [Go(Hy), Xy])

=T (eLF(HJ)t[Xd' e—lF(Hg)t] [eO'F' Xw]) .

Inserting 1 = ey + e two applications of Lemma 6.2.16 then give

N -
lim fim = | T (et Xy, e 7] [egp, X,))
0

=T (eaF [Xd' eaF] [eaF: X ]eaF)
+ T(eaF [Xa esrllesr X O'F) = Chyy (er)

which is the Chern number due to Lemma 6.2.17. O

Proof (of Lemma 6.2.11). We can bound

‘ —BLF(Ha)t[Xd, Hd]e—lF(HJ)t [HG' XW]
o

< C|3mz|”*
H;,—z H,—z Hy,—z||, — [Smz|

1

for some 0 < s < 1 on any cone including Ng+1Dg. To see this one notes that
we have one factor of the resolvent and two of [H,, X, ](H; — z)™! (the former

being in LP(A) for at least p € (%, o) and each of the latter for p € (3, ), hence

the product is in L' (A) in the first place. The divergence close to the tip of the
cone comes only from the resolvent and is of at most fractional order due to
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Proposition 4.3.17 as the pseudogap of order y > 2 allows to bound expressions
such as

for small € > 0 and bounded operators B;,B, (here we used log-convexity of the
LP-norms to interpolate the 3-norm between y — € and o).

1 1 y=e

B
H,—z 1Ha—z

1

-3+y—€
S Bl 1Bl 1Sm 2] -
H;—z

1

B,

H, — e

The limit for § — o of the term under the trace thus exists in L'-norm due to
dominated convergence and is equal to

eF(Ho)t o~ tF(Ho)t 1
lim — f f ( Xd, Hy|——[Hgy Xw] 0= Z> dvg(z)dt

T-oo T H;,—z

for Cy again the contour from Lemma A.6. By dominated convergence the T — oo
limit can be taken pointwise and hence

oF(Ho)t e~ F(Ho)t 1
lim = f f ( Xd,H ]—[HG,XW] >dzdt

T—o T H;,—z H;—z

—fT 14 22 m x, ) —— d
“ ), " \H,~z (+HJ—)["' wlg—3 |4

l z 1
_ LOT<AU[HU,XW] <(HG_Z)3 ot (HG_Z)2>>dz.

for the operator A, = limy_, o % fOT eFHt X\, Ha]ﬁe_”‘" (Ho)tdt where the lim-

its exists due to the ergodic theorem in the form of Corollary 1.3.3 and commutes
with H,;. To compute the final integral we replace it again with the limit of contour
integrals

)
. t+z+1
= lim T<AU[HUIXW] m) dVﬁ(Z)

B—-oo Dﬁ’
= éggoT(Aa[Ha,xw] (c165(Ho) + 2Gp(Ho) + €3G (Ho)Hy + c4G(Hy) )
= ém(‘)lo T (Mpg)

t1+z+1
T (AO-[HO-, XW] m) dVB(Z)
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some numerical constants which result from the Cauchy integral formula. Desig-
nating the term in the final brackets as Mz we can, due to ||AU[HU, Xl || o <,
estimate the remaining terms using the density of states

IMgll,1 < € [|e1Gh + c2Gh + csGid + a6

11 (0(HsvH,))

Those exponentially decaying bump functions converge to zero outside of any
compact neighborhood of Er and around Er are dominated by the quadratic
pseudogap; by scaling the L*-norm behaves like 0(8*~¥ =1 + =0~V with y the
order of the pseudogap. Hence My converges to 0 in L'(A), which completes the
proof. O

6.2.5 Open ends

In this section we sketch briefly possible extensions and open problems related to
this regularized bulk-boundary correspondence.

The first open problem is the extension to Dirac-type first order differential
operators. In the spectrally gapped case we can still argue that the interface
current satisfies

lim a(L, Xy, 0, g; ) = Te([A, Xu1g(H) = (Chy, . [Wa]1)-

Hence it is by the bulk-boundary correspondence Proposition 5.4.1 equal to the
Chern number of the relative class of Fermi projections. We conjecture that for a
Dirac-type Hamiltonian one can perform similar computations as above to obtain
the result
1 (T .
lim lim T o(L, Xy, t, g; H)dt
0

T—>oo L—>oo

1
= | 37 | TCeualless Kol lews Xl e-alle-s Xul. le-s XD

+ lim T¢(Zoo (@, X £, 95 H))),
-1
however, it is difficult to assert if the error term here is equal to zero (at least
the scaling argument of Lemma 6.2.4 does not go through since one lacks some

LP-regularity of the resolvent). This question may be related to the problem if the
formal difference Chern number on the right-hand side here is in the mobility
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gap regime still equal to the relative bulk index (which we defined via suspension
in Section 4.3).

The second problem concerns the halfspace situation. Most of the computations
above translate to Hamiltonians on a halfspace without essential modifications.
Of course, we must be careful about the conditions on the halfspace model,
since we know that the existence of bulk-boundary correspondence is sensitive
to boundaries conditions. For a halfspace Hamiltonian H the regularized edge
current is proportional to

lim Tim = [ Te (LA, X,), 1739 () ) de
T—o0 Lo 0
where one only takes into account the contributions of a finite strip L around the
boundary. The minimum that is needed for this to make sense and the argument
to go through is that the resolvent of A should be locally LP w.r.t. to the boundary
trace (hence have a well-defined local density of states). In practice that is almost
the same as resolvent affiliation to the halfspace algebra since the resolvents of
the halfspace Hamiltonian should be equal to the restriction of the bulk resolvent
up to a term that is locally LP. If those conditions are properly formulated then

one has (again for H a Hamiltonian of the quadratic type with a mobility gap in
the bulk) the limit

1 (7 N 1
lim lim = | o,(w,t,g; H)dt = —f gD Chyy, (x(H < 1))dA
T ), 21

T—->oo L—>o0
+1lim T (Zoo (0, w, t, g; /D))
¢-1
with the correction term

Zao (@, w,t, g; H) = ()01 [G (A), Xu )@ (H) — o(H)o4 [G (H), Xy ] (H)
(6.2.13)
involving the bulk Hamiltonian H analogous to the one from Lemma 6.2.3. If A is
bounded from below one may again argue that the correction vanishes identically.
Otherwise, it should be non-trivial in some cases. From the example of quadratic
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Hamiltonians with bulk gap we also know from the K-theoretic relative bulk-
boundary correspondence

T
lim lim | awtg Mdt = (Chy, . [fLal1)
0

T—oo Lo 27‘[
= (Chrwxws [erlo) + (Chy, ) [Upclr)

where i1, is the edge unitary and Uy, is the unitary from Proposition 5.2.5 which
compares the boundary conditions of A with Dirichlet boundaries. Hence the
limit of (6.2.13) must be precisely the correction due to boundary conditions and
may have a nontrivial topological content. It should therefore be invariant under
certain transformations, e.g. under the substitution (H, H) —» (H+V, H+V) where
oneaddsabounded potential to the halfspace Hamiltonian and the corresponding
term to the bulk Hamiltonian. In the case of quadratic Hamiltonians this could
conceivably be proven by a similar argument as in Lemma 6.2.4. By reduction to
the spectrally gapped case one would therefore obtain that the correction is equal
to (Chf-f w [Ubcl1) even in the mobility gapped case. Proving these relations as
well as expressing the correction in terms of the boundary conditions without
resorting to K-theory appears to be a formidable task.

6.3 Examples

6.3.1 Tight-binding Hamiltonians

For a model with pseudogap that has a non-trivial one-dimensional weak Chern
number we can simply revisit the tight-binding model of a honeycomb lattice of
Section 5.3.1. Restricting it to a halfspace in 1-direction gives with the chosen
parametrization so-called zigzag boundaries and applying Theorem 6.1.8 one has
a flat band of zero-energy modes with signed density % A halfspace in 2-direction
corresponds to armchair boundaries and the signed density of zero-energy modes
is 0. Generically that will mean that there are no exact zero modes, though of
course one can force them by extreme fine-tuning of the boundary potential. For
more details and interpretation of this model we refer to [111, Section 5.7]

For the edge currents let us also give an example of a three-dimensional Weyl-
semimetal, which has a quadratic pseudogap and non-trivial two-dimensional
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Chern numbers for some directions. With the directional shifts u; and Pauli matri-
ces 7; and 0 a free parameter a well-known toy-model and its Fourier transform
are given by[11]

T T
H=lu1?+lu2?

Hj, = sin(kq)7q + sin(k;)75 + (2 + cos 8 — cos(k,) — cos(k,) — cos(k3))13.

. T
+Q2+e +u +u, +u3)?3 +h.c.

The spectrum consists of two bands which touch at the Fermi energy Er = 0
in the two so-called Weyl-points located at (0, 0, £8). Around those points the
dispersion relation is linear, thus one has a pseudogap of order y = 3. The
weak Chern number Ch,,,(er) for two orthogonal direction v,w is therefore
well-defined and comes out to be proportional to the projected distance of the two
Weyl points onto the plane spanned by v and w. When restricted to a halfspace
one has so-called Fermi arc surface states that connect the Weyl points in the
surface Brillouin zone. Those surface states have a large chiral velocity which is
also fairly robust under disorder [131].

6.3.2 Quadratic Hamiltonians

In this section we prove that there is a class of quadratic Hamiltonians which
satisfies the conditions posed in the previous sections, thereby showing that the
results for unbounded Hamiltonians are not vacuously true. We also cover some
technical details that were skipped over in the example sections of Chapter 4.

The most important technical tool is the convergence of domain wall Hamiltoni-
ans. For that we need a modification of resolvent convergence appropriate for the
case that the resolvents converge to 0 on a closed subspace (hence the limit is not
quite the resolvent of a self-adjoint operator).

Definition 6.3.1 Let H, be a sequence of densely defined self-adjoint operators
on Hilbert space H and let H be densely defined and self-adjoint on PH with P the
projection to a closed subspace.

We say that H,, converges to H in a modified (strong) resolvent sense if
(Hy+2) ' —H+2)'P-0 (6.3.1)

converges in norm (strong operator topology) for all z € C \ R.
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6 Nonsmooth bulk-boundary correspondence

We consider A toact onall of H by extending with 0 on P+ #. With this convention
(H+2z)'=PH+2)"'P+Ptz?
and since P commutes with (A + z)~! one sees that (6.3.1) is equivalent to
(H, +2)"'=PH+2)"1 > 0. (6.3.2)

The following result is standard for the usual resolvent convergence (see e.g. [106,
Theorem VIILig])

Lemma 6.3.2 If (6.3.1) holds with norm-convergence for some z, € C \ R then it
holds for all z # C\ R. In particular for each u # 0 a universal constant c,, such
that

|(Hy+ 0= PAH+ )Y < ey ||(Hp +u)™ — P(H + )7

Proof. One can expand both resolvents into power series around z, with radius
of convergence equal to |3m zy/, in particular

P(A+2z)t= Z(ZO P + )"
k=0

since P commutes with the resolvent. Then

|+ 20)7* = (PCA +20)™)"||
<k |3mzol M ||(Hp + 20) ™t — P(H + 20) 71|

implies that (6.3.1) holds for all z in a ball of radius |3m z,| around z,. One can
iterate this procedure to obtain convergence on the half-plane containing z, and
by conjugation (which is norm-continuous) one concludes convergence on the
opposite half-plane. The constant c, that is mentioned can be chosen for u > 1

as - .
A | — 1
k=1 IH
and for 4 < 1 one has to iterate the estimate. O
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6 Nonsmooth bulk-boundary correspondence

Proposition 6.3.3 Let H,, — H converge in modified resolvent sense on the range
of a projection P and assume further that Dom(H,,) does not depend on n and that
Dom(H) € Dom(H,,). Let V be a symmetric operator on Dom(H,,) and denote
its restriction to Dom(Hy) by Vp = V|pomay- If V satisfies the Kato-Rellich bound
w.r.t. Hy, (uniformly in n) respectively and Vp w.r.t. H then H, + V and H + V}, are
self-adjoint.

IfDom(HA) € Dom(H,,) then H, + V — H + Vp converges in modified resolvent
sense.

Proof. The convergence follows immediately from the resolvent identity

1 1
-P
H,+V+uwu H,+Vp+1u

1 - 1 1 1
=(1+ V P— — VP0——1
Hy, +u H+w Hp+uw H+Vo+1u

——y
Hp+V+iu
due to the Kato-Rellich relative bound). To verify it one writes

which is valid for any u > 0 so large that the || < 1 (and such a u exists

1 b1 (1 1
Ho+V+w A+Vo+w \Hp+w  H4w

1 v 1 p 1 v 1
H,+w H,+V -+ A+ P]:I+[/13+ly

1 1 1 1
+ VP~ - VP~
Hy+w H+V+w Hy+w H+Vp+uw
1 1
= — P
H, +1u H+ 1w

1 1 1
- 4 — P—
H, +wu <Hn+V+lu H+Vp+lu>

1 1 1
- — P— VP
Hy +u H+1u H+Vp+1u
where we used that VP coincides with V, on domains of A and A + V; (i.e. on
the range of the resolvents) and also that P commutes with the resolvents of A
and A + Vp. One can now solve for r _ _ p——— which gives the identity

Hp+V+iu Hnp+Vp+iu
above. O
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Proposition 6.3.4 Let V? be the one-dimensional Laplacian as a self-adjoint
densely defined operator on L?(R). Let ® = yg_orlet ® € C®(R) be a monotonous
function such that 8|g, = 0 and 0(x) =1 forall x < 1. Let ©,, be the multiplica-
tion operator with ®(n?-) then

—A+10,, > —A,

in modified norm-resolvent sense where A, is the Laplacian on the positive half-line
with Dirichlet boundary conditions

Dom(4,) = {¢ € W'(R) : ¢(0) = 0}.

Proof. It is shown in [66, Proposition 3.2] that for ® = y_ an actual (discon-
tinuous) indicator function one has the required norm-resolvent convergence.
There are two ways to get from there to the statement for smooth functions: the
first is to go through the proof and note that it also works for a monotonous
smooth function with compactly supported derivative that is rescaled with n. The
second is to note that due to similar resolvent manipultations as in the proof of
Proposition 6.3.3 the Schatten-p-norm of

(—A+nyr_+0) = (-A+n0,+1)!
can be bounded by a constant times
|(=2+n0, + ) (xr_ — nG)n)”Z[J < |[(-a+ ) Y (nyr_ — n@n)”p

< lfll gy Inam = n@all 2

with f(1) = (A2 + )71, where a applied the well-known inequality [115, Chapter
4] for the Hilbert-Schmidt norm of an operator of type f(V)g(X) (which can be
proven exactly as the present Proposition 2.1.5). Due to the quadratic rescaling

1
one has ||n)(R_ - n,@n”L2 ® < cn z, hence convergence to 0 of the resolvent dif-

ferences in the Hilbert-Schmidt-norm which is stronger than norm convergence.
d

Corollary 6.3.5 ([66, Corollary 3.4]) Let A be the Laplacian on L?>(R%) and ©,,
as in Proposition 6.3.4, as a multiplication operator (0,¢)(x) = 0,(xz)¢(x)
acting only on one coordinate. Then

—-A+n0, - —A,;
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6 Nonsmooth bulk-boundary correspondence

converges in modified norm-resolvent sense to the Dirichlet-Laplacian —A, on the
positive halfspace.

Proof. We can use a similar argument as in [66, Corollary 3.4] to reduce to the
one-dimensional case. Via Fourier transform in the first d — 1 components the
problem is equivalent to the assertion that in one dimension

R(wk,n) = ||(=A + nyr_ + k% + )™t — P(=A; + k2 + )|

converges to 0 uniformly in k? for any u. Applying the resolvent identities from
the proof of Proposition 6.3.3 with V = k? show that for u? > r convergence
is uniform for all k in the compact ball B,(0). That implies that for u = 1
convergence is also uniform in any ball since due to Lemma 6.3.2 one has

R(1,k,n) < c,R(u, k,n)

with a universal constant ¢, independent of k and n. On the other hand, we have
the trivial estimate 1

=

since all operators are bounded from below by k2. Since that converges to 0
with increasing k2, locally uniform convergence already implies globally uniform
convergence. O

R(1,k,n) <2

We can now write down the first main result of this section:

Proposition 6.3.6 Let H,, be a self-adjoint operator on L?>(R%, Cy) of the form
H=(-V®)Z+14-V+V (6.3.3)

with X a self-adjoint unitary matrix, self-adjoint matrices (44, .., Ag) andV =V" a
multiplication operator by a bounded smooth matrix-function.

Then the Dirichlet-restriction H of H is self-adjoint on L>(R*~! x R,) ® Cy and
is the modified norm-resolvent limit of

Hyp=(-V2+m0,)Z+14-V+V

for a family of functions ©,, as in Proposition 6.3.4. Both H and H are strictly
smooth w.r.t. the position operators X, .., Xg4.
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Proof. Since —A + m®,, converges in modified norm-resolvent sense, the same
is true for the tensor product with X. The remaining terms are relatively bounded
and hence the Kato-Rellich sum also converges in modified resolvent sense by
Proposition 6.3.3.

For the strict smoothness one easily shows that Definition 1.4.11 is satisfied for £y
the Schwartz functions, since [H, X;] respectively [H, X] are first-order differential
operators and [X;, [X}, H]] constant matrices. All higher commutators vanish. O

If the potential comes from the covariant Hilbert space representation V,, = m,,(v)
of a function v € C(Q) then it is obvious that H,, = (—V?)Z + 14 -V + V,, definesa
family of operators that is strongly affiliated to C(R¢ ;) (and is also strictly smooth
in the appropriate sense). If V is instead of the form P, (X;)(V,) e + P-(Xa) (V)
for two potentials V. € C(Q2) and switch functions P, then H defines a family of
operators strongly affiliated to a two-sided Toeplitz extension T(C (Rg,ﬂ), R, §).
The strong affiliation of the Dirichlet-Laplacian implies that A is also strongly
affiliated to the halfspace algebra A constructed from the Toeplitz extension in
Section 5.3.2.

Lemma 6.3.7 For H and H as in Proposition 6.3.6 affiliated to A = C(Rg_ﬂ) respec-
tively the halfspace algebra A as constructed in Section 5.3.2, any u # 0, k > 0
one has constants such that

1PCCH +p) ™t = (A + )™ || gy < Cpaed)™ ) x = )7 (63.4)

forallx,y € 241 x Nandp € (g, o). Here P, is as above Definition 4.3.11.

Proof. The bound (6.3.4) is not difficult to establish for the Laplacian alone,
e.g. by computation of Cayley transforms as in Section 5.3.2. That immediately
implies the same bound for Hy = —V2Z since w.l.o.g. T is a diagonal matrix. We
canadd back in the lower order terms H = H, + V and apply the resolvent identity

1 p 1
Ho+V4+uw = Hy+V+uwy

1 - 1 1 X 1
=11+ V P— - V—= — —1].
H+ 1 Hy+w Hy+wu Hy+V +wu
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Vand V—
Ho+iu Ho+V+iu

are strictly smooth (and the inverse of a smooth element is also smooth). Since
smooth elements have rapidly decaying matrix elements one concludes (6.3.4). O

The outer factors are strictly smooth since one checks that

Another viable approach to verify that bounded functions of bulk and halfspace
operators differ only by boundary terms is to directly estimate the integral kernels
of the relevant operators as in [123][86].

Next, we check the conditions for the general assumptions of Section 6.1. The only
non-trivial conditions are that the bounded transforms of the bulk and halfspace
Hamiltonians differ only by a rapidly decaying boundary term:

Lemma 6.3.8 For H and H as in Lemma 6.3.7, any k > 0 and p > g one has
constants such that

|| P (F (H) — F(I:I))Py”p < Cp ) ) (e —y)7F
forallx,y € Z4 1 x N.

Proof. The statement is true for the Hamiltonian H, = —V?X and we argue that
it will still be true after addition of the remaining terms V. We have

1
Hy+V+z Hy+z

F(Hy +V) — F(Hy) = f@ (05F¢ (2)) ( ) dz Adz

where the integral converges in operator-norm since V is bounded w.r.t. the

1
fractional power of the Laplacian (1 + HZ) =.
Since a similar formula holds for F (H, + V) — F(H,) we write
(F(I:Io + V) = F(Ho))—(F(Ho + V) — F(Ho))

1 1
0zF (z %
f( ie( ))(H0+Z Ho+V+z Ho+z Hy+V+z

)dz Adz.

We note that V and V are restrictions of an operator V which is defined on the
union of their domains. Thus we can rewrite the resolvent difference as
1 . 1 1 1

P— V= ~ pP-P Vv P
H0+Z H0+V+Z H0+Z H0+V+Z

1 1 N 1
=P| = - V= = P
H0+Z H0+Z H0+V+Z
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1 . 1
P V— = P
Hy+z Hy+V+z
P ! %4 ! P
Hy+z Hy+V+z
1 1 . 1
= - - V= ~ P
H0+Z H0+Z H0+V+Z

+

1 1 1
—P 4 ————P
H0+Z <H0+V+Z H0+V+Z)

Since the resolvent differences of H, respectively H, 4+ V are p-localized at the
boundary by Lemma 6.3.7 and vy respectively V- 1 extend to smooth

Ho+z Ho+V+z
operators with rapidly decaying matrix elements, we conclude that the difference
is also localized at the boundary, namely

[P (F (Ho + V) — F(Ho + V))Py”p < Cpi(0) ™ ) e — )R
m

To apply the results of Section 6.2 to an interface model we also need to check
the secondary smoothness condition:

Proposition 6.3.9 Let H be a quadratic Hamiltonian as in Proposition 6.3.6. Then
H is I1(Xy)-differentiable for any switch function with compactly supported deriva-
tive and

(M(Xy), HI(L + H?) 7€

is co-localized.

Proof. We need to check (i) to (iii) of Definition 1.4.11. Since I1(X) is bounded
and thus everywhere defined, (i) shrinks down to the requirement that I1(X;)
preserves Dom(H) since I1 is smooth and the domain a Sobolev space. Computing
the commutator one has

n-1
[H(Xd), H](l + HZ)_% = ZO'nH,(Xd)Vd(l + HZ)_% + Z 'Vk,dn,(Xd)(l + HZ)_%

k=1

1
which extends to a bounded operator since V,; is bounded relative to (1 + H?) ™ #
1

(the latter can be written as (1 — A)™ 2 times an invertible bounded operator).
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The second order commutator is even simpler

[M(Xa), M(Xa), H]] = 20,117 (X4).

Since (1 + H 2)_%_6 is co-smooth and I1' compactly supported it is easy to see
that [TI(Xy), H]|((1 + H 2)_%_6 must also be c-localized if the bounded extension
of 0,V4(1 + H 2)_% is co-smooth. The latter follows from Lemma 1.4.15 since
onValXa, HI(1 + HZ)_%_E differs from [X4, H](1 + HZ)_%_G only by an co-smooth
operator. O

We can now give quadratic continuum models that are non-trivial examples for
Theorem 6.1.8 (although slightly artificial). The chiral one-dimensional Hamilto-
nian

0 0 -VZ v+4V,
0 0 v+V, -—VZ
H= * v
-VZ v-V, 0 0
v—V, =V2 0 0

isfor V= 0 and v # 0 gapped and has a non-trivial winding number. With
Dirichlet boundary conditions it satisfies the conditions of Theorem 6.1.8 and
therefore has 0 as an exact eigenvalue. The expectation is that a mobility gap
is formed under addition of a (not too disruptive) random potential. The bulk
invariant and the bulk-boundary correspondence with its exact zero-energy edge
mode should be stable if V is chiral, in particular since the index will still be an
integer under ergodic disorder.

In two dimensions we know that a continuous topological insulator without
potential does not admit weak Chern numbers since the classes of (differences
of) Fermi projections K;(Co(R%)) = K; mod 2(C) distinguish only the top Chern
number. This changes when one allows band-touching points. For example, the
two-dimensional Hamiltonian

0 0 —Vi+ (v, — w)? v+ V,
0 0 v+ V, —VZ 4+ (v, —1)2
—VZ 4+ (17, — 1)? V-1, 0 0
v—V, —VZ+ (v, — )? 0 0

has two Dirac-points in momentum space at (ky, ky) = (0, u + /v). The weak
Chern number in x-direction Chy , (ur) is equal to the projected distance between
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the nodes. With Dirichlet boundary conditions it will exhibit a flat band of zero-
energy edge states.

For a bulk-interface model that satisfies the conditions of Section 6.2 one can
as mentioned before in d = 2 use two regularized Dirac-Hamiltonians (4.3.9)
of different mass. They are also expected to develop a mobility gap in the bulk
for large disorder. In d = 3 one might want to also construct a quadratic model
H = —V2% 4 1A - V which has an even number of Weyl points and non-vanishing
two-dimensional Chern numbers. However, there can be none that satisfy the
conditions of Theorem 6.2.8 since for two bands to touch in only isolated points
one band must escape in energy to +oo and the other to —oo if resolvent-affiliation
is supposed to hold, hence such a Hamiltonian cannot be semibounded. The way
out is to apply a periodic matrix-valued potential H = —V? + V which leads to a
pseudogap with Weyl points. According to a recent paper [63] such points can be
proven to occur in potentials with certain symmetries but constructing an explicit
example is apparently difficult.
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A Functional calculus

Let us provide some details on the smooth functional calculus, based on what is
conventionally called the Helffer-Sjostrand formula (going back to [67], though it
was proven earlier in [47]). The presentation here is based on [41]. For a smooth
function with compact support g € C;°(R) define the almost analytic extension

K n
=Y g% )

n=0

for y a smooth symmetric cutoff function such that y(y) = 1 for |y| < 1 and
x(y) = 0 for [y| > 2. With the notation d; = d, + 19,, one has

¢ y)K

G ) — 'O+ 9" D) =7 x (). (A1)

02k Cx +1y) =1 Z 9™ )=
In the functional calculus there is a family of norms that appear naturally:

Definition A.1 Let SP(R) with —1 < B < o be the set of functions for which
each of the semi-norms

K+1

lolgg = [ la® o] a1+s

n=0

is finite.

The space SP(R) is roughly the space of functions whose r-th derivative decays
faster than (x)~"~F. Most importantly for us, the bounded transform F(1) =

1
A1+ )"z isin SA#(R) forall -1 < B < 0. For rapidly decaying functions one
has a norm-convergent resolvent calculus:
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Theorem A.2 (Smooth functional calculus) Let H be regular self-adjoint oper-
ator on a Hilbert module. If g € SP(R) for some g > 0 then for any K > 0 one
can write

gH) = — '[ (a—gK)(z) Zdz ANdz

converges in operator-norm. The integral can be restricted to the support of jg
(which is compact if g is compactly supported). Moreover, one has |0zdix (x + 1y)| <

Cx |y|¥ for small y which makes the integral norm-convergent.

For functions which do not decay at infinity the formula still holds morally speak-
ing, but one may need to use different notions of convergence, e.g. strong, strict or
weak convergence. Often it is easier to use approximation by compactly supported
functions g, for which g, (H) converges strictly:

LemmaA.3 Forany g € S#(R) with —1 < B < oo there exists a sequence of
functions g, € C°(R) such that ||g — gn||$3 — 0 for each k and which converges
k

to g uniformly if B > 0 respectively uniformly on each compact set if f§ < 0.

Proof. Choose a compactly supported function ¢ which is equal to 1 on the
interval [—1, 1] then it is not difficult to check that the sequence g, = go(n-)
has the stated properties. O

When doing norm estimates with the smooth functional calculus the following
integrals appear naturally:

Lemma A.4 For g € S#(R) and positive exponents y, s one has

(Re z)
|Imz|

f|(a-91<)(2)||~5m2| - <1+ > () "'dz A dZ < Ciy s llgllg 1oyt

provided K >y +sandy > f3.
Proof. With the characteristic functions of
U={xy):x)<lyl<2(x)}, V={Cy):0<l|yl <2(x)}

one obtains from (A.1) (see the proof of [41, Lemma 2.2.1])

K
|(0zG)(x + )| < ¢ Z lg™ )| —(x> Yxu(2) + c|g¥* D ()] —XV(y)-

n=0
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The y-integration of than can be performed as long as K > y + s and can be done
analytically. After that step the integrand is then bounded by

K+1

|@2310Cc + D] < D cinys [9™ 0] 0y

n=0
as expected. O
Using that strategy one can apply the Helffer-Sjostrand calculus for estimates of

perturbations when one has additional factors of resolvents to aid convergence:

Proposition A.5 Let H be reqular self-adjoint, V a bounded self-adjoint operator
and g € SP(R) for some B > —1. Then for any K > 0

1 . 1 1 _
90 +V) = 9D = 5 | Cati) @) Vg 4z A 2

with a norm-convergent integral if K > 2.

If a is a bounded self-adjoint operator which preserves Dom(H) and for which
[H, a] extends to a bounded operator then

1 . 1 1 _
(90,01 = 5. [ G0 @) 7l I dz ndz
with a norm-convergent integral if K > 2.

Proof. The first formula is true forall g € C;°(R) due to the resolvent identity
(H+z)1—H+V+2) '=H+V+2)"WVH+2)"?

and the integral is absolutely convergent norm bounded by a universal constant
times ||g|l5-1 [IV|l, hence it extends by continuity. The same reasoning passes for
K

the second upon noting the identity
[(H+2) Yal=(H+2)"a H](H+2)"L

O

We can also use holomorphic functional calculus to approximate spectral projec-
tions:
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Lemma A.6 ([111, Lemma 5.3.6]) Let h be a bounded self-adjoint operator and
CZ be the piecewise-linear contour in C which lies to the left respectively to the
right of the spectrum o (h) and successively connects the points

(e, , v £ ([Rll + 1), —t £ (||l + 1), —t, —1€).

Setting
h) = 11 t 1h h) = - t 1h
Xe(h) = > narc an p ) Sgng( ) = ﬂarc an . ,
one has
By = d W = 1j 1y
xe(h) = oo c-h—z z,senh) = o c.h—z z

with the sum of 1-chains C, = C + CZ. Hence

: 1 :
slim ye(h) = x(h<0) + 5 x(h=0),  slimsgn (h) = sgn(h)

since Borel functional calculus maps pointwise convergent sequences to strong-
operator convergent sequences.
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