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Zusammenfassung

Semiklassische Dynamik der Schleifenquantengravitation

Das Thema dieser Arbeit ist die Untersuchung und Verbesserung der semiklassischen
Techniken innerhalb der Schleifenquantengravitation (SQG) mit dem Ziel zu iiberpriifen,
ob die betrachteten quantisierten Groflen die entsprechenden klassischen Groflen korrekt
widerspiegeln. Uberlegungen und Arbeiten im Rahmen der semiklassischen Stérungstheorie
unter Verwendung von sogenannten Komplexifizierer-Kohédrenten-Zustéanden dazu gibt es
bereits in [2, 3, 4, 5]. Die neuen Aspekte dieser Arbeit liegen zum einen darin, dass eine
andere Klasse von Operatoren, die als physikalische Hamiltonoperatoren bezeichnet werden,
unter semiklassischen Gesichtspunkten untersucht wird und zum anderen eine Vielzahl von
Techniken iiber die semiklassische Stérungstheorie hinaus betrachtet wird. Physikalische Ha-
miltonfunktionen kénnen im Kontext der Allgemeinen Relativitdtstheorie (ART) u.a. aus
der Addition zusétzlicher Materiewirkungen zur Gravitationswirkung, der Einstein-Hilbert-
Wirkung, resultieren. Die sich daraus ergebende physikalische Hamiltonfunktion wird dann
fiir gewohnlich mit Hilfe der sogenannten reduzierten Phasenraumquantisierung quantisiert,
was auf den physikalischen Hamiltonoperator fithrt. Im Rahmen dieser Arbeit zeigte sich,
dass abhéngig von der Art der gekoppelten Felder Modelle, die Dirac quantisierbar sind,
siehe Teil II, nicht notwendigerweise auch mit Hilfe der Methode der reduzierte Phasen-
raumquantisierung, siehe Teil III, quantisiert werden kénnen. Je nach funktionaler Form
des physikalischen Hamiltonoperators kann die Ubertragbarkeit der semiklassischen Techni-
ken aus [4] auf physikalische Hamiltonoperatoren technisch sehr aufwendig sein und erfordert
eine genauere Analyse des Problems als bisher in der Literatur erfolgt ist. Daher wird im
Rahmen dieser Arbeit versucht, neue semiklassische und alternative Techniken, insbesondere
semiklassische Zusténde, welche die funktionale Form der physikalischen Hamiltonoperato-
ren beriicksichtigen, zu finden bzw. zu entwickeln.

Teil I legt die Motivation fiir die Arbeit dar und erldutert ihren Aufbau.

Im Teil IT der Arbeit wird die Entwicklung von der ART zur Formulierung der SQG be-
schrieben [6, 7, 8, 9, 10, 11, 12, 13]. Dabei wird in Abschnitt 1 ausgehend von den Ein-
steingleichungen zunéchst gezeigt, dass diese sich aus der Variation der Einstein-Hilbert-
Wirkung ergeben. Die Einstein-Hilbert-Wirkung enthélt die Lagrangefunktion der ART mit
der nachfolgend weitergearbeitet wird. Nach der Einfithrung der ADM-Zerlegung [14], welche
anschaulich der Zerlegung in Zeit- und Raumanteile entspricht, wird die Legendretransfor-
mation vom Lagrange- zum Hamiltonformalismus fiir die ART ausgefiihrt. Ein wichtiges Re-
sultat ist, dass die Hamiltonfunktion fiir die ART nur aus der Summe von Zwangsbedingun-
gen besteht, welche zeitliche und raumliche Diffeomorphismen als Eichtransformationen der
ART erzeugen. Es folgt die Bestimmung der Zwangsbedingungsalgebra, welche als Hyper-
flachendeformations-Algebra [15] oder auch Dirac-Algebra [16] bezeichnet wird, sowie eine
Diskussion ihrer Bedeutung. Am Ende des Abschnitts 1 erfolgt der Ubergang von den Orts-
und Impuls-Phasenraumvariablen zu den neuen Ashtekar-Variablen, welche die Grundlage
der Quantisierung bilden. Hier setzt Abschnitt 2 iiber den Ubergang zur Quantentheorie an.
Es wird erkldrt wie eine klassische Poisson*-Algebra als Grundlage eines zu quantisierenden
Systems aufgebaut ist und warum die verschmierten Ashtekar-Variablen, die als Holonomien
und Fliisse bezeichnet werden, die grundlegenden Variablen sind, aus denen alle weiteren
Groflen in der SQG gebildet werden kénnen. Die Quantisierung der Holonomien und Fliisse
fithrt auf den kinematischen SQG-Hilbertraum. Nach erfolgter Quantisierung der Holono-
mien und Fliisse werden die Zwangsbedingungen als Funktionen der Holonomien und Fliisse
mittels Dirac-Quantisierung auf dem kinematischen Hilbertraum quantisiert. Als Zwischen-
schritt wird noch der Volumenoperator als Funktion der Holonomien und Fliisse, welcher
eine eigenstédndige Bedeutung besitzt, aber auch in anderen zu quantisierenden Gréflen vor-
kommt, hergeleitet. Nacheinander werden die Zwangsbedingungsoperatoren auf die Zustidnde



des kinematischen Hilbertraums angewandt, um vom kinematischen zum physikalischen Hil-
bertraum zu gelangen.

Der folgende Teil III stellt ergénzend zur Dirac-Quantisierung aus Teil II die reduzierte
Phasenraumquantisierung und deren Anwendung auf das Referenzmateriemodell mit vier
Klein-Gordon-Skalarfeldern vor. Bei der Dirac-Quantisierung werden alle interessierenden
Groflen, insbesondere die Zwangsbedingungen aus der Hamiltonfunktion der ART, zunéchst
auf dem kinematischen Hilbertraum quantisiert, welcher bei vorkommenden Zwangsbedin-
gungen nicht dem physikalischen Hilbertraum entspricht. Anschlieend werden die Zwangs-
bedingungsoperatoren auf dem kinematischen Hilbertraum gelost, um den physikalischen
Hilbertraum zu erhalten, siehe das Vorgehen in Abschnitt 2. Hingegen wird bei der in Ab-
schnitt 3 beschriebenen reduzierten Phasenraumquantisierung zu Beginn der Phasenraum
der ART erweitert, in dem zur Einstein-Hilbert-Wirkung eine zusétzliche Materiewirkung
addiert wird. Mit Hilfe der zusétzlichen Materie gelingt es die Zwangsbedingungen, wie in
Abschnitt 3 und 4 erklirt, umzuschreiben [17, 18, 19] und auf dem klassischen Phasenraum
ganz oder teilweise zu 18sen. Durch die sogenannte Observablen-Abbildung [17, 18, 19, 20],
beschrieben in Abschnitt 5, gewinnt man eichinvariante Gréflen, auch Dirac-Observablen
genannt, welche eichinvariant unter einem Teil oder allen Eichtransformationen der ART,
d.h. zeitlichen und rdumlichen Diffeomorphismen, sind. Insbesondere erhélt man eine Hamil-
tonfunktion, welche eine Entwicklung in Bezug auf eine Materievariable bzw. eines der Mate-
riefelder beschreibt und fiir gewohnlich als physikalische Hamiltonfunktion bezeichnet wird.
Daher spricht man in diesem Zusammenhang auch von Referenzmaterie. Die Referenzmaterie
nimmt die Rolle eines Beobachters ein, aus dessen Sicht das System beschrieben wird, siehe
auch [21, 22]. Eine Klassifikation [23] bisher in der Literatur beschriebener Referenzmaterie-
modelle wird in Abschnitt 6 zusammengefasst. Im Anschluss an die Observablenabbildung
wird versucht die klassischen Observablen, welche von den Referenzmaterie abhingen, zu
quantisieren. Fiir den Fall, dass man die Wirkung von vier Klein-Gordon-Skalarfeldern zur
Einstein-Hilbert Wirkung addiert, welches eine Verallgemeinerung der in [1, 24] beschrie-
benen Modelle darstellt, stellt sich dabei in Abschnitt 7 heraus, dass die sich ergebende
physikalische Hamiltonfunktion nicht mit den Methoden der SQG quantisierbar ist. Die-
ses Ergebnis iiberrascht, da so ein Verhalten bisher nicht in der Literatur [1, 5, 23, 25, 26|
erfasst ist und es sich um ein einfaches Referenzmateriemodell handelt. Dies zeigt zudem,
dass es Modelle gibt welche Dirac quantisierbar sind, aber nicht mit der reduzierten Phasen-
raumquantisierung behandelt werden kénnen und dient als Beispiel dafiir, dass die beiden
Quantisierungsmethoden zu sehr unterschiedlichen Resultaten fithren kénnen. Das Modell
wird in den folgenden Abschnitten 8 und 9 durch die Einfiihrung weiterer Freiheitsgrade
verallgemeinert, mit dem Ergebnis, dass die mit Hilfe des verallgemeinerten Modells gewon-
nene Hamiltonfunktion mit Methoden der SQG quantisiert werden kann. Der so gewonne-
ne physikalische Hamiltonoperator wird in Hinblick auf seine physikalischen Eigenschaften,
insbesondere der Wirkung auf die als Spinnetzwerkfunktionen bekannten Basisfunktionen
innerhalb der SQG und Algebraischen Quantengravitation, untersucht. Die Ergebnisse die-
ses Teils werden in Abschnitt 10 zusammengefasst.

Die mittels der vier verallgemeinerten Klein-Gordon-Skalarfeldern hergeleitete physikalische
Hamiltonfunktion bzw. der zugehorige Operator aus Teil III teilt eine Eigenschaft mit vielen
anderen in der Literatur befindlichen physikalischen Hamiltonfunktionen bzw. -operatoren:
Er wird gebildet aus der Wurzel einer Hamiltondichte, welche wiederum ,innere“ Wurzel-
funktionen enthalten kann '. In diesem Zusammenhang wird auch von der ,dufleren Wur-
zel“gesprochen. Die Wurzeln oder allgemeiner halbzahlige Potenzen innerhalb der Hamilton-
dichte finden sich fiir gewohnlich in Polynomen von Holonomien und halbzahligen Potenzen
von Fliissen und kénnen mit den Methoden aus [4] behandelt werden, siehe dazu auch
Abschnitt 11. Hingegen sind die Techniken aus [4] nicht direkt auf die duBleren Wurzeln

1Eine Ausnahme bildet der unter zur Hilfenahme von Gausschen Staubfelder [23] gewonnenen physikalischen
Hamiltonoperator.



iibertragbar.

In Teil IV wird die Fragestellung aufgegriffen, ob die semiklassische Storungstheorie be-
schrieben in [4] dahingehend erweitert werden kann, dass sie auch auf die dufleren Wurzeln
anwendbar ist. Abschnitt 11 gibt eine kurze Einfiihrung in die semiklassische Stérungstheorie
aus [4]. Zur Beantwortung der Frage der Erweiterbarkeit der semiklassischen Stérungstheorie
auf die dufleren Wurzeln wird in Abschnitt 12 das sogenannte Brown-Kuchaf Staubmo-
dell betrachtet, welches in einer Reihe von aufeinander folgenden Artikeln entwickelt wurde
[25, 27, 28] und in [5] mittels reduzierter Phasenraumquantisierung quantisiert wurde. Der
physikalische Hamiltonoperator im Brown-Kuchaf-Staub-Modell ist von der Form her ein-
facher als der von uns bestimmte physikalische Hamiltonoperator fiir die verallgemeinerten
Klein-Gordon-Felder und abgesehen von der &ufleren Wurzel &hnlich zum Masterzwangsbe-
dingungsoperator [29, 30], dessen semiklassischer Grenzwert in [3] in den Komplexifizierer-
Kohérenten-Zustinden mit Hilfe der Methoden aus [4] berechnet wurde. Das Resultat des
Versuchs die semiklassische Stérungstheorie auf diesen physikalischen Hamiltonoperator zu
erweitern ist, dass dies moglich ist, vorausgesetzt es lédsst sich ein selbst-adjungierter Hamil-
tonoperator konstruieren und bestimmte Fluktuationen einer N&herung der Hamiltondichte
unter der Wurzel klein genug sind. Es zeigt sich, dass in nullter Ordnung in & der Er-
wartungswert des Wurzel-Hamiltonoperators, oder bestimmter allgemeinerer halbzahliger
Potenzen, in den Komplexifizierer-Kohédrenten-Zustéinden durch die Wurzel bzw. der halb-
zahligen Potenz aus dem Erwartungswert des physikalischen Hamiltondichteoperators in den
Komplexifizierer-Kohérenten-Zusténden ersetzt werden kann. Jedoch fithrt das Vorgehen im
Allgemeinen schnell auf technisch komplizierte und aufwendige Ausdriicke, so dass ein an-
derer Ansatzpunkt darin liegt die funktionale Form der Hamiltonoperatoren mehr in die
Konstruktion der semiklassischen Zusténde einzubeziehen, als dass fiir die Komplexifizierer-
Kohérenten-Zusténde der Fall ist. Die Ergebnisse aus Teil IV sind unter den oben genannten
Voraussetzungen auch auf andere physikalische Hamiltonoperatoren iibertragbar. Die Resul-
tate werden in Abschnitt 13 diskutiert.

Um diesen Ansatz zu verfolgen, werden in Teil V Methoden untersucht die Wurzel- oder
allgemeiner fraktionale Hamiltonoperatoren zu handhaben, insbesondere werden Konstruk-
tionsverfahren fiir Zusténde, die diese funktionale Form besser beriicksichtigen, gesucht. Zu
diesem Zweck wird ein quantenmechanisches Spielzeugmodell betrachtet, welches aus der
Wurzel des Hamiltonoperators fiir den zeitunabhingigen harmonischen Oszillator besteht.
In diesem Teil bezieht sich der Ausdruck Wurzelhamiltonfunktion bzw. -operator stets auf
dieses Spielzeugmodell. Da die gesuchten Zustidnde auf Operatoren angewendet werden sol-
len mit dem Ziel im Erwartungswert den klassischen Wert, wenigstens ndherungsweise im
Limes kleiner Quantenfluktuationen, zu reproduzieren, handelt es sich dabei um semiklassi-
sche Zustinde. Nach einer kurzen Motivation und Ubersicht iiber die in Teil V behandelten
Methoden in Abschnitt 14, wird in Unterabschnitt 14.1 detailliert erklart welche definie-
renden Eigenschaften semiklassische und kohérente Zustinde aufweisen [9, 31, 32, 33, 34].
Anschlieend werden in Unterabschnitt 14.2 die Eigenschaften des harmonischen Oszilla-
tors zusammengefasst [35, 36, 37, 38] und die verschiedenen Konstruktionsverfahren fiir die
kohérenten Zustdnde des harmonischen Oszillators erdrtert, welche als Inspirationsquelle fiir
viele Konstruktionsverfahren allgemeinerer Systeme dienen. Die drei Konstruktionsverfah-
ren fiir kohdrente Zustéinde im Falle des harmonischen Oszillators lassen sich beschreiben
als: 1.) Ein kohé#renter Zustand ist ein Eigenzustand des Vernichtungsoperators, 2.) Ein
kohérenter Zustand ist das Resultat der Anwendung des Verschiebungsoperators auf den
Grundzustand und 3.) Ein kohérenter Zustand ist ein Zustand minimaler Unschérfe. Im
Falle des harmonischen Oszillators fithren alle drei Konstruktionsverfahren zu dquivalenten
Zusténden. Dies trifft im Allgemeinen nicht mehr zu [39].

Zunichst werden zwei Verfahren vorgestellt, mit denen es nicht gelungen ist geeigneten neue
semiklassischen Zusténde fiir die Wurzeloperatoren zu konstruieren, die allerdings hilfreich



waren um herauszufinden worauf bei einem Konstruktionsverfahren fiir die neuen semiklassi-
schen Zustdnde zu achten ist. Die inverse Thiemannidentitéit in Abschnitt 15, bei der es dar-
um geht die Wurzelfunktion bei der Herleitung der Bewegungsgleichungen in der klassischen
Beschreibung umzuschreiben ist motiviert durch die sogenannte Thiemannidentitét, welche
bei der Quantisierung der Dynamik der SQG angewandt wird. Dabei erlaubt die Thieman-
nidentitét eine inverse Wurzelpotenz einer Phasenraumfunktion durch entsprechende Pois-
sonklammern zu ersetzen. Hier fithrt die inverse Thiemannidentitét auf einen harmonischen
Oszillator mit einer modifizierten Frequenz. Das gewonnene Modell wird quantisiert, aber
dabei wird die modifizierte Frequenz als Funktion der klassischen Energie fiir die Wurzel
aus der Hamiltonfunktion des harmonischen Oszillators betrachtet. Fiir das so gewonne-
ne Modell kénnen neue Erzeugungs- und Vernichtungsoperatoren angegeben werden, die
als Resultat einer Bogoliubov-Transformation aufgefasst werden kénnen. Als Eigenzustinde
des neuen Vernichtungsoperators dienen sogenannten komprimierte (squeezed) Zustéinde.
Allerdings zeigt sich bei der Berechnung des Erwartungswertes des mit Hilfe der inversen
Thiemannidentitdt gewonnenen Operators in diesen Zustdnden, dass der Erwartungswert
nicht den zugehorigen klassischen Wert fiir den Operator approximiert. Daher sind diese
Zusténde und die inverse Thiemannidentitét fiir unsere Zwecke ungeeignet.

FEine Verallgemeinerung der Erzeugungs- und Vernichtungsoperatoren findet sich auch in
Abschnitt 16, wo das Verfahren aus [40, 41] zur Konstruktion von sogenannte Phasen-
operatoren und Phasenzustdnden erldutert und modifiziert wird mit dem Ziel es auf den
Wurzelhamiltonoperator anzuwenden. Das Verfahren diente urspriinglich dazu Zusténde fiir
bestimmte Erweiterungen der Weyl-Heisenberg-Algebra zu konstruieren. Die konstruierten
sogenannten Phasenzusténde sind Eigenzustdnde des nicht unitédren Phasenraumoperators.
Allerdings sind sie keine Eigenzustdnde zu dem dort definierten Vernichtungsoperator. Das
Verfahren wird modifiziert, um Zusténde fiir unseren Wurzelhamiltonoperator zu erhalten.
Allerdings erfiillen diese Zustédnde nicht die Erwartungswertreproduktion des klassischen
Werts fiir den Wurzelhamiltonoperator und sind somit keine semiklassischen Zusténde fiir
diesen Operator. Eine eventuell niitzliche Eigenschaft ist jedoch, dass sie zeitlich stabil unter
dem Wurzelhamiltonoperator als Entwicklungsoperator sind.

Dieses zeitliche Entwicklungsverhalten zeigt sich auch bei den im nachfolgenden Abschnitt
17 nach einem Verfahren von Klauder et al., siehe z.B.[33, 42], konstruierten Zusténden.
Deren Konstruktion fult auf den Wirkungs-Winkel-Variablen (action angle variables) und
nicht auf den Orts- und Impulsvariablen. Klassisch wird ein Ubergang von den Orts- und
Impulsvariablen in die Wirkungs-Winkel-Variablen durch eine kanonische Transformation er-
reicht. Fiir den Fall der Wurzel des harmonischen Oszillators kann man auch dieses System
in die Wirkungs-Winkel-Variablen umschreiben. Dies ist im Allgemeinen jedoch nicht ohne
Weiteres moglich. Unter einigen Annahmen lassen sich kohdrente Zusténde nach Klauder
fiir den Wurzelhamiltonoperator konstruieren. Diese erfiillen per Konstruktionsverfahren die
Eigenschaft, dass sie den klassischen Ausdruck fiir die betrachtete Hamiltonfunktion, wenn
man den Erwartungswert des Operators berechnet, reproduzieren und sind gemifl Klauders
Definition zeitlich stabil.

Ein allgemeineres auf Lie-Gruppeneigenschaften beruhendes Konstruktionsverfahren ist die
in Abschnitt 18 beschriebene und in [31, 43, 44, 45, 46] entwickelte Komplexifizierermethode.
Allerdings ist diese nicht fiir unsere Wurzelhamiltonfunktion geeignet, da in der Konstruk-
tion als Ausgangslage nur ganzzahlige Potenzen von Orts- und Impulsoperatoren, sowie Po-
lynome aus diesen beriicksichtigt werden. Die Methode wird dennoch vorgestellt, da fiir die
semiklassische Storungstheorie in Teil IV Komplexifizierer-Kohérente-Zustédnde verwendet
wurden. Durch die Rechnungen in Teil IV hat sich wie oben erlautert auch noch einmal ge-
zeigt, dass diese Zustidnde nicht an die fraktionalen Hamiltonoperatoren angepasst sind. Eine
neuere Alternative zu den Komplexifizierer-Kohérenten-Zusténden sind die in [47] beschrie-
benen Zustidnde, deren Konstruktion jedoch ebenfalls nicht auf Wurzeloperatoren ausgelegt
wurde.

Im folgenden Abschnitt 19 wird die algebraische Konstruktion [32, 48, 49, 50, 51, 52]



kohérenter Zustidnde eingefiihrt und es werden die benétigte Definitionen zu Algebren und
deren Eigenschaften zusammengetragen. Dieses Verfahren ist fiir alle Systeme anwendbar
fiir die eine sogenannte spektrumerzeugende Algebra bekannt ist.

Um eine spektrumerzeugende Algebra zu erhalten werden in Abschnitt 20 Definitionen aus
verschiedenen Quellen [53, 54, 55] fiir die spektrumerzeugende Algebra, Implikationen in Be-
zug auf Lie Algebren und Verfahren wie eine spektrumerzeugende Algebra bestimmt werden
kann zusammengetragen.

Im Folgenden werden in Abschnitt 21 die verschiedenen Begriffe von Stabilitdt [31, 37, 40,
42], welche uns bisher im Teil V begegnet sind, rekapituliert und der fiir die hier betrach-
teten Verfahren allgemeinste Stabilitdtsbegriff daraus extrahiert. Dann wird dieser Stabi-
litdtsbegriff mit der algebraischen Konstruktion kombiniert, um zu sehen welche Bedingun-
gen und Zusammenhinge fiir die Stabilitit der Zustdnde eines Systems, welche mit Hilfe
der algebraischen Konstruktion konstruiert werden, sich bereits aus den algebraischen Eigen-
schaften des Systems ergeben. Neben Resultaten aus dieser Arbeit werden ebenfalls bekannte
Resultate zum Thema der Stabilitéit semiklassischer Zustédnde [31, 56, 57, 58, 59, 60, 61] be-
trachtet, um zu sehen unter welchen Bedingungen ein Zustand stabil bleibt und was passiert,
wenn kleine zu Instabilitdten fithrende Terme zur Hamiltonfunktion hinzugefiigt werden.
Die Uberlegungen zur Stabilitit und die Definitionen der spektrumerzeugenden Algebra
fiihren zu dem Resultat, dass im Falle der Wurzelhamiltonfunktion entweder nach einer
Algebra gesucht werden sollte welche isomorph zur Weyl-Heisenberg-Algebra ist oder die
Weyl-Heisenberg-Algebra selbst als spektrumerzeugende Algebra verwendet werden kann.
In Abschnitt 22 wird die Idee einer effektiven Hamiltonfunktion aus Abschnitt 15 als Ersatz
fiir die Wurzelhamiltonfunktion wieder aufgegriffen. Dazu wird ein erweiterter Phasenraum
mit einer Zeitvariablen ¢ und dem zugehoérigen kanonisch konjugiertem Impuls p: betrach-
tet, indem die Wurzelhamiltonfunktion oder eine allgemeinere fraktionale Hamiltonfunktion
als Teil einer Zwangsbedingung formuliert werden kann. Mit Hilfe der sogenannten dualen
Fuler-Reskalierung, welche in diesem Zusammenhang eingefiihrt wird, ist es moglich ¢ und p;
zu transformieren und die Zwangsbedingung dann nochmals so umzuschreiben, dass sie wie-
der die Hamiltonfunktion des harmonischen Oszillators ohne halbzahlige Potenzen enthélt.
Die Idee nach einer Transformation fiir den Zeitparameter zu suchen geht zuriick auf un-
sere Versuche die Kumei Methode [62] in Abschnitt 20.2.2 anzuwenden. Die so gewonnene
Hamiltonfunktion kann als effektive Hamiltonfunktion fiir das Problem der fraktionalen Ha-
miltonfunktionen aufgefasst werden. Statt der halbzahligen Potenz der Hamiltonfunktion,
haben wir jetzt eine halbzahlige Potenz des Impulsoperators p:. Halbzahlige Potenzen des
Impulsoperators konnen, wie in [63] gezeigt wurde, unter Verwendung von Kummerfunk-
tionen gut durch die Standardzustdnde des harmonischen Oszillators approximiert werden.
Damit und gemif der Methode in [64] werden physikalische kohédrente Zusténde fiir Systeme
mit Zwangsbedingungen konstruiert und ihre Eigenschaften analysiert. Man beachte, dass in
[64] nur Zwangsbedingungen betrachtet werden die entweder linear oder quadratisch von den
Phasenraumvariablen abhingen. In dieser Arbeit jedoch wurde die Prozedur erweitert und
es wurde gezeigt, dass die Methode auch auf Zwangsbedingungen angewendet werden kann
die halbzahlige Potenzen der Phasenraumvariablen enthalten. Die physikalischen kohérenten
Zusténde unterscheiden sich von den kinematischen kohérenten Zustdnden durch eine Ein-
schrankung ihrer Phasenraumlabel, welche sich aus der betrachteten Zwangsbedingung er-
gibt. Daher wird die Einschrdnkung des Phasenraumlabels bereits bei der Konstruktion der
kohérenten Zustinde in Abschnitt 23 beriicksichtigt, wodurch die Anpassung der Zustéinde
an die fraktionalen Hamiltonfunktionen bzw. -operatoren erfolgt.

In Abschnitt 23 werden verallgemeinerte kohérente Zusténde konstruiert, welche auf fraktio-
nalen Poisson-Verteilungen aufbauen. Zunéchst wird die in [65, 66] eingefiihrte Konstruktion
von kohérenten Zusténden fiir fraktionale Poisson-Verteilungen vorgestellt. In [66] wurde ge-
zeigt, dass die kohdrenten Zustédnden fiir fraktionale Poisson-Verteilungen normierbar sind
und eine Zerlegung des Einheitsoperators besitzen. Allerdings ist im dortigen Beweis ein
Fehler unterlaufen, der in einer &hnlichen Rechnung in diesem Abschnitt korrigiert werden



konnte. Da diese Zustédnde jedoch noch nicht die gewiinschte Eigenschaft erfiillen, Eigen-
zusténde des Vernichtungsoperators zu sein, wird die Konstruktion modifiziert. Eine leichte
Modifikation fithrt dazu, dass sie Eigenzusténde des Vernichtungsoperator werden und die
zugrundeliegenden Operatoren damit auch die Weyl-Heisenberg-Algebra erfiillen. Zusétzlich
wird gezeigt, dass diese Zustdnde normierbar sind und eine Zerlegung des Einheitsoperators
besitzen, d.h. iibervollsténdig sind. Die verallgemeinerten Zustande kénnen als die Standard-
zusténde des harmonischen Oszillators mit modifizierten Labeln aufgefasst werden, welche
an den betrachteten fraktionalen Hamiltonoperator angepasst sind. Mit Hilfe dieser Zustande
kann der Operator des harmonischen Oszillators als ein effektiver Hamiltonoperator fiir die
Berechnung von semiklassischen Erwartungswerten aufgefasst werden. Um die Zerlegung
des Einheitsoperators zu zeigen, muss der Mafiraum erweitert werden, was das Problem mit
dem Beweis von Laskin in [66] 16st, aber neue Fragen bzgl. der Verbindung zu den klassi-
schen Phasenraumlabeln aufwirft. Zunichst beeinflusst die Erweiterung des Mafiraums nur
die klassischen Phasenraumlabel, jedoch sind diese Label mit Observablen verkniipft, wel-
che in der Quantentheorie zu Operatoren werden. Diese Fragen kénnen dadurch umgangen
werden, dass das Problem nicht weiterhin in der iiblichen Schrédinger Darstellung, sondern
im Hilbertraum der quasi-periodischen Funktionen betrachtet wird. Eine Folge davon ist
allerdings, dass der harmonische Oszillator ausgedriickt durch den Anzahloperator nicht als
Operator auf diesem Hilbertraum existiert. Um Fortzufahren bedarf es daher bei diesem Vor-
gehen mehr Aufwand um die Zerlegung des Einheitsoperators zu zeigen. Gliicklicherweise
gibt es jedoch in der Literatur bereits eine Vielzahl von Resultaten beziiglich des polymer
harmonischen Oszillators [67, 68, 69, 70] auf die hier zuriickgegriffen werden kann. Die Re-
sultate hieraus werden in [71] ver6ffentlicht werden. SchlieBlich werden die Ergebnisse aus
Teil V in Abschnitt 24 zusammengefasst und diskutiert.

Teil VI fasst wichtige Folgerungen aus allen Teilen grob zusammen und bietet einen Ausblick
auf zukiinftige Forschungsthemen. Fiir detaillierte Diskussionen der Ergebnisse der einzelnen
Teile sei auch noch einmal auf die Abschnitte 10, 13 und 24 verwiesen.



Executive Summary

Semiclassical Dynamics of Loop Quantum Gravity

The subject of this work is the analysis and improvement of semiclassical techniques
within Loop Quantum Gravity (LQG) with the intention to check whether the operators
of interest reassemble their classical counterparts in the semiclassical limit or not. Prior
work concerning these issues in the context of semiclassical perturbation theory making use
of so-called complexifier coherent states can be found in [2, 3, 4, 5]. What is new in this
work is on the one hand the class of considered operators under semiclassical aspects, which
are denoted as physical Hamiltonian operators, and on the other hand that a variety of
techniques beyond semiclassical perturbation theory is examined. Physical Hamiltonians in
the context of General Relativity (GR) can result from the addition of matter actions to the
gravitational action, the Einstein-Hilbert action. Then a physical Hamiltonian is usually,
at least partly, quantized by performing a so-called reduced phase space quantization that
leads to the physical Hamiltonian operator. During the cause of this work it was discovered
that there exist models which according to the kind of added matter actions are Dirac quan-
tizable, see part II, but not necessarily quantizable via reduced phase space quantization,
see part III. Subject to the functional form of the physical Hamiltonian operator it can
technically become arbitrary complex to transfer the semiclassical techniques developed in
[4] to the physical Hamiltonian operators and requires a more precise analysis of the prob-
lem as can be found in the literature so far. Therefore, within the scope of this thesis it is
tried to find or develop new semiclassical and alternative techniques, especially new semi-
classical states, which incorporate the functional form of the physical Hamiltonian operators.

Part I explains the motivation for and structure of the following work.

Part II describes the development from GR to the formulation of LQG [6, 7, 8, 9, 10,
11, 12, 13]. Starting from Einstein’s equations in section 1 it is first shown how they can
be obtained from the variation of the Einstein-Hilbert action. The Einstein-Hilbert action
includes by definition the Lagrange function of GR which is used in the upcoming. After an
introduction to the ADM decomposition [14], which is visualized by a split into temporal
and spatial components, a Lengendre transformation from the Lagrangian to the Hamilto-
nian formulation of GR is performed. As a result it turns out that the Hamiltonian of GR
consists of constraints only, which are generators for temporal and spatial diffeomorphisms;
these are the gauge transformations of GR. It is continued with the derivation and discus-
sion of the constraint algebra that is usually referred to as hypersurface deformation algebra
[15] or Dirac algebra [16]. At the end of section 1 the transformation from the position
and momentum phase space variables to the new Ashtekar variables, which are fundamental
for the following quantization procedure, is described. Section 2 then continues with the
quantization of GR formulated in Ashtekar variables. It is explained how the classical Pois-
son* algebra of a physical system can be used as a starting point for a quantization of this
system. Furthermore it is explained why the smeared Ashtekar variables, which are denoted
as holonomies and fluxes, are the fundamental variables from which all further quantities
in LQG can be composed. After the quantization of the holonomies and the fluxes, the
constraints on the kinematical Hilbert space are quantized via Dirac quantization. In an
intermediate step it is also shown how the quantization of the volume operator, which has
a meaning on its own, but is also used in the quantization of other quantities, can be per-
formed. Step by step the different constraints on the kinematical Hilbert space are solved
to finally arrive at the physical Hilbert space of LQG.

In the following part III supplementary to the Dirac quantization of part II the reduced
phase space quantization is discussed and especially its application to a model with four
Klein-Gordon scalar fields as reference matter. In the case of Dirac quantization all quan-



tities of interest, especially the constraints in the Hamiltonian of GR, are quantized on the
kinematical Hilbert space which will be different from the physical Hilbert space if con-
straints occur. Afterwards the constraint operators have to be solved on the kinematical
Hilbert space to obtain the physical Hilbert space, for an example see the procedure in
section 2. On the contrary in case of reduced phase space quantization as described in
section 3, one starts with enlarging the phase space of GR by adding an additional matter
action to the Einstein-Hilbert action. With the help of the additional reference matter it is
possible to rewrite the constraints [17, 18, 19], as explained in section 3 and 4, and to solve
them completely or partially on the classical phase space. By application of the so-called
observable map [17, 18, 19, 20], as described in section 5, gauge invariant quantities denoted
as Dirac observables are obtained, which are gauge invariant under some or all gauge trans-
formations of GR, i.e.temporal and spatial diffeomorphisms. In particular a Hamiltonian
whose evolution can be described with respect to a chosen matter variable or field, which
is usually denoted as physical Hamiltonian, can be constructed. Therefore, one usually de-
notes this matter as reference matter. The reference matter plays the role of an observer
from whose perspective the physical system in consideration is described, see also [21, 22].
A classification of the reference matter models [23] considered in the literature so far is
summarized in section 6. After the application of the observable map, it is tried to quantize
the classical reference matter dependent observables. For the case of adding the action of
four Klein-Gordon scalar fields to the Einstein-Hilbert action in section 7, which is a gener-
alization of the models in [1, 24], it turns out that the resulting physical Hamiltonian cannot
be quantized by the methods of LQG. This result is surprising, since such an behaviour has
not been observed by other models considered in the literature [1, 5, 23, 25, 26] so far and
the reference matter model in consideration is quite simple. Additionally, this shows that
there exist models which can be quantized by Dirac quantization but not by reduced phase
space quantization and serves as an example for the case that both quantization methods
can lead to differing results. This model is generalized in sections 8 and 9 by introducing
additional degrees of freedoms which results in a generalized model that can be quantized by
the methods of LQG. The physical properties of the resulting physical Hamiltonian operator
are analyzed, especially the action on the spin network functions that are basis states in the
context of Loop or Algebraic Quantum Gravity. Our conclusions for this part can be found
in section 10.

The physical Hamiltonian or the related operator which was derived with the help of the
four generalized Klein-Gordon scalar fields in part III has something in common with most
of the physical Hamiltonians appearing in the literature. It can be expressed by a square
root of a Hamiltonian density, which itself can include “inner” square root functions. In this
context the term “outer square root” is introduced 2. Square roots or more general fractional
powers that occur inside of the Hamiltonian density are usually contained in polynomials
of holonomies and fractional powers of fluxes and can be treated by the methods of [4],
compare also section 11. However, one can not apply the methods of [4] to the outer square
roots directly.

In part IV as a starting point the question whether it is possible to generalize the semiclas-
sical perturbation theory described in [4] to handle outer square roots is considered. Section
11 gives a short review on semiclassical perturbation theory developed in [4]. To answer
the question whether semiclassical perturbation theory can be extended to the outer square
roots, in section 12 the so-called Brown-Kuchaf dust model which was derived in a series of
articles [25, 27, 28] and quantized in [5] via reduced phase space quantization is examined.
The form of the physical Brown-Kuchai dust Hamiltonian operator is simpler than the form
of the physical Hamiltonian operator derived from the generalized four Klein-Gordon scalar
field model and except from the outer square root similar to the Master constraint operator
derived in [29, 30] whose semiclassical limit in complexifier coherent states was calculated in

2An exception is the physical Hamiltonian operator obtained with the help of Gaussian dust in [23].



[3] by the methods of [4]. The approach to extend semiclassical perturbation theory to this
physical Hamiltonian operator led to the insight that this is possible under the conditions
that one can construct a self-adjoint operator and certain fluctuations of an approximation
of the Hamiltonian density under the square root are small. It is found that to lowest or-
der in h the expectation value of the square root or more general certain fractional power
Hamiltonian operators in complexifier coherent states can be replaced by the square root or
fractional power respectively of the expectation value of the Hamiltonian density operator
in complexifier coherent states. However, in general our generalization of semiclassical per-
turbation theory ends in technically complex and elaborate expressions. Therefore, the idea
to incorporate the functional form of the Hamiltonian operator more in the construction of
semiclassical states than it is done in the construction of the complexifier coherent states is
taken as a different starting point. The methods in part IV can also be applied to a wider
class of physical Hamiltonian operators assuming that the conditions mentioned above still
hold. The results are discussed in section 13.

To resolve this issue, in part V methods to handle square root or more general fractional
Hamiltonian operators are analyzed, in particular different construction methods for states
which are better adapted to the functional form of these Hamiltonian operators are consid-
ered. For this purpose the square root of the Hamiltonian operator for the time-independent
harmonic oscillator is used as a quantum mechanical toy model. In the following when the
term square root Hamiltonian is used it refers to this toy model. Since one wants to calculate
the expectation values of operators in these states with the aim to reproduce their classical
values, at least approximately in the limit of small quantum fluctuations, those states are
denoted as semiclassical states. After a short motivation and overview over the methods
used in part V in section 14, the defining properties of semiclassical and coherent states
are described in section 14.1 in detail [9, 31, 32, 33, 34]. This is followed by a summary of
the properties of the harmonic oscillator coherent states [35, 36, 37, 38] and the different
construction methods for them in section 14.2. These construction methods serve as an
inspiration for many other more general construction methods for coherent states. They
can roughly be characterized into three different types: 1.) a coherent state is an eigenstate
of the annihilation operator, 2.) a coherent state is the result of the application of the dis-
placement operator to a ground state, 3.) a coherent state is a state of minimal uncertainty.
In case of the harmonic oscillator all three construction methods lead to equivalent states.
This does not apply to the general case [39].

First two methods which turned out to be unsuitable for the construction of new semiclassi-
cal states for the square root Hamiltonian operator are presented, nevertheless they proved
to be helpful in pointing out what should be paid attention for in the construction of new
semiclassical states. The inverse Thiemann identity in section 15, which is introduced to
rewrite the square root on the classical level in the derivation of the equations of motion, is
motivated by the so-called Thiemann identity, which is applied in the quantization of the
dynamics of LQG. There with the help of the Thiemann identity it is possible to substitute
an inverse fractional power of a phase space function by Poisson brackets. Here the inverse
Thiemann identity leads to a harmonic oscillator with a modified frequency. This model is
quantized, however the modified frequency is considered as a function of the classical energy
for the square root of the harmonic oscillator Hamiltonian. It is possible to define new
annihilation and creation operators for the resulting model which can be seen as the result
of a Bogoliubov transformation. Eigenstates of the new annihilation operator are given in
form of so-called squeezed states. However, the expectation value of the so-gained operator
in squeezed states does not approximate the classical value corresponding to the operator.
Consequently, these states and the inverse Thiemann identity are not appropriate for our
purpose.

Another generalization for annihilation and creation operators can be found in section 16,
where a procedure from [40, 41] to construct so-called phase operators and phase states



with the aim to apply the procedure to the square root Hamiltonian operator is considered
and modified. Originally, the procedure was introduced to construct states for a certain
generalization of the Weyl-Heisenberg algebra. The obtained, so-called phase states are
eigenstates of the non-unitary phase operator. Unfortunately, they are no eigenstates of
the generalized annihilation operator. The procedure is modified to obtain states that are
adapted to the square root Hamiltonian operator. However, the expectation value of the
square root Hamiltonian in these states does not reproduce the expected classical value, so
these states are no semiclassical states for the square root Hamiltonian operator. Despite
that they might be useful, if one considers the time-evolution with respect to the square
root Hamiltonian operator, since they are stable under this evolution.

In section 17 a similar time-evolution behaviour with respect to the square root Hamiltonian
operator can be observed when states following a method introduced by Klauder et al., see
for example [33, 42], are constructed. This construction is based on the so-called action
angle variables instead of position and momentum variables. On the classical level one can
perform a canonical transformation to come from the position and momentum variables to
the action angle variables. For the case of the square root of the harmonic oscillator this
system can be formulated in terms of action angle variables and coherent states in the sense
of Klauder et al. are constructed. This might not be possible in the general case. To be able
to construct Klauder coherent states for the square root Hamiltonian, some assumptions
have to be made. The expectation value of the square root Hamiltonian operator in these
Klauder coherent states reproduces the classical value by construction and the states are
temporally stable in the sense of Klauder.

A more general construction principle based on the properties of Lie groups is the com-
plexifier method described in section 18 and developed in [31, 43, 44, 45, 46]. However,
this method cannot be applied to our square root Hamiltonian due to the point that the
construction of the complexifier coherent states is adapted to integer powers of position and
momentum operators and polynomials of them. Nevertheless, this method is discussed, since
the complexifier coherent states were used explicitly in semiclassical perturbation theory in
part IV. That the complexifier coherent states are by construction not adapted to the frac-
tional Hamiltonians is reflected by our calculations in part IV as discussed above. A recent
alternative to the complexifier coherent states are the states constructed in [47], however
their construction is also not designed to handle square root Hamiltonian operators.

In the following section 19 the algebraic construction [32, 48, 49, 50, 51, 52] for coherent
states is introduced and required definitions about algebras and their properties are collected.
This method can be applied to all systems whose so-called spectrum generating algebra is
known. To obtain the spectrum generating algebra in section 20 several definitions concern-
ing the spectrum generating algebra from different sources [53, 54, 55|, implications related
to Lie algebras as well as possibilities to find spectrum generating algebras are reviewed.
Subsequently, in section 21 the various notions of stability [31, 37, 40, 42] which occured
in part V are collected and from this the most common notion of stability for the proce-
dures in this work is extracted. Then this notion of stability is combined with the algebraic
construction to find out which conditions and correlations concerning the stability of states
of a physical system can already be derived from its algebraic properties. In addition to
our results from this work also known results concerning the stability of semiclassical states
[31, 56, 57, 58, 59, 60, 61] are taken into account to find out under which circumstances a
state is stable and what will happen, if small perturbations are added to the Hamiltonian.
Finally, our considerations regarding stability combined with the definitions of spectrum
generating algebras lead us to the conclusion that in case of the square root Hamiltonian
one should either search for an algebra which is isomorphic to the Weyl-Heisenberg algebra
or take the Weyl-Heisenberg algebra itself as a spectrum generating algebra.

In section 22 the idea from section 15 of finding an effective Hamiltonian equivalent for our
square root Hamiltonian is picked up. For this purpose an enlarged phase space contain-
ing an additional time variable ¢ and its canonically conjugated momentum p¢, in which the
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square root Hamiltonian or a more general fractional Hamiltonian can be understood as part
of a constraint, is constructed. By application of the so-called dual Euler rescaling, which
will be explained in this context, it is further possible to transform ¢ and p; and to rewrite
this constraint to include a harmonic oscillator Hamiltonian without fractional powers. The
idea to search for a transformation of the time parameter was inspired by the Kumei method
[62] in section 20.2.2. The so gained Hamiltonian can be seen as an effective Hamiltonian
for fractional Hamiltonians. Instead of having a fractional Hamiltonian the fractional power
is moved to the momentum operator p;. Fractional powers of the momentum operator can
be well approximated by the standard harmonic oscillator coherent states using Kummer
functions as shown in [63]. With this and following the method given in [64] physical coher-
ent states for systems with constraints are constructed and their properties are investigated.
Notice that the work in [64] considers only constraints with an either linear or quadratic
dependence on the elementary phase space variables. However, in this work the framework
is enlarged and it is shown that it can also be applied to constraints that involve fractional
powers of the elementary phase space variables. The physical coherent states differ from
the kinematical ones by a restriction on their label set that is determined by the form of
the constraint under consideration. Consequently, in section 23 this restriction on the labels
is already incorporated into the construction of the coherent states which makes them well
suited for fractional powers of the Hamiltonian.

In section 23 generalized coherent states based on fractional Poisson distributions are con-
structed. First a construction for coherent states for fractional Poisson distributions intro-
duced in [65, 66] is recalled. In [66] it was shown that the coherent states for fractional
Poisson distributions are normalized and satisfy a resolution of identity, however there was
a mistake in the proof in [66] which is fixed in the similar calculations which are performed
in this section. The construction in [66] is modified, since these states should be eigen-
states of the annihilation operator. A slight modification makes them eigenstates of the
annihilation operator and therefore the algebra of the underlying operators is simply the
Weyl-Heisenberg algebra. Additionally, it was shown that these states are normalized and
satisfy a resolution of identity.

The generalized states can be understood as standard coherent states of the harmonic
oscillator but with labels that have been adopted to the fractional Hamiltonian under con-
sideration. Given these states the standard harmonic oscillator Hamiltonian operator can be
considered as a kind of effective Hamiltonian operator for the computation of the semiclas-
sical expectation values. To show the resolution of identity for these generalized coherent
states the measure space has to be enlarged which solves the issue in the proof by Laskin
in [66] but brings up new questions concerning the relation to the classical labels. First
this affects only the range for the classical labels, however these labels are associated with
observables that become operators in the corresponding quantum theory. These questions
can be circumvented if one no longer work with the usual Schrédinger representation but
consider the Hilbert space of quasi-periodic functions. However, a consequence of this step
is that the harmonic oscillator Hamiltonian written in terms of the number operator can-
not be implemented as an operator on that Hilbert space. This requires more work before
a proof of the resolution of identity can be performed in this framework but fortunately
there exits already various results in the literature on the polymerized harmonic oscillator
[67, 68, 69, 70] that can be applied here. The results out of these considerations will be
published in [71]. Finally, the conclusions for part V are summarized in section 24.

Part VI roughly summarizes the main results from all parts and gives an outlook for future

research. For a detailed discussion of the results of each part the reader is referred to sections
10, 13 and 24.
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Part 1
Motivation

In this work we consider semiclassical techniques in the context of Loop Quantum Gravity (LQG)
and quantum mechanical toy models with the aim to understand whether the operators result-
ing from quantization procedures reassemble their classical counterparts as functions on a phase
space in General Relativity (GR) or classical mechanics in the semiclassical limit.

In part II we display the standard techniques of Loop Quantum Gravity to get familiar with
the classical formulation of General Relativity and its Dirac quantization in the context of Loop
Quantum Gravity in section 1 and section 2. We begin with the Einstein field equations and
explain the meaning of their components to capture the meaning of GR. Next we show that
they can be obtained from the variation of the Einstein-Hilbert action which also gives us the
Lagrangian formulation of GR. For the reason that we completely want to understand the LQG
foundations and since in the literature this is often held shortly, we display the Legendre trans-
formation to get from the Lagrangian formulation to the Hamiltonian formulation which leads to
a Hamiltonian consisting only of constraints, as well as the calculation of the constraint algebra
in detail. With the purpose to gain a deep understanding of how LQG developed to its current
state, we also rigorously explain the introduction of the so-called Ashtekar variables and their
quantization, respectively the quantization of their smeared analogues, leading to the kinemati-
cal LQG Hilbert space. To make things complete, we formulate the constraints in terms of the
quantized smeared Ashtekar variables and review their solution one after another to transition
from the kinematical to the physical LQG Hilbert space.

The next part IIT deals with the reduced phase space quantization of four Klein-Gordon scalar
fields. Reduced phase space quantization brings a physical meaning to the constraints which
make up the GR Hamiltonian by the introduction of an observer represented by additional mat-
ter actions added to the Einstein-Hilbert action. It is explained in section 3 what reduced phase
space quantization in contrast to Dirac quantization is and what advantages and disadvantages
both techniques have. As a preparation for the upcoming calculations in the part III some
mathematical and physical definitions concerning constraints and observables are introduced in
sections 4 and 5. Section 6 provides an overview and a classification of existing matter reference
models. The interest in the reduced phase space quantization with four Klein-Gordon scalar fields
as reference matter, discussed in section 7, arose due to two points: First it is a generalization
of the model in [1], where one scalar field is introduced to reduce the phase space with respect
to the Hamiltonian constraint. Second four Klein-Gordon scalar fields are simple compared to
other matter reference fields used for reduced phase space quantization [23, 25, 28]. However,
the outcome of the calculations is quite a surprise because in the first obvious ansatz the result
was that the model after performing the phase space reduction is not quantizable using standard
LQG techniques. By performing two generalization steps in sections 8 and 9, we arrived at a
model in section 9 which includes four Klein-Gordon scalar fields plus three additional degrees
of freedom and can be quantized. A detailed summary of the results is given in section 10.
Many physical Hamiltonian operators obtained from reduced phase space quantization contain
square roots out of a Hamiltonian density. To approximate expectation values of fractional pow-
ers of the LQG volume operator and to justify the calculation of the semiclassical limit of the
master constraint operator in [3] semiclassical perturbation theory was introduced in [4] which
main techniques and results are summarized in section 11. We follow up the ideas from [4] in
section 12 with the aim to approximately calculate the expectation values of physical Hamilto-
nian operators containing outer square roots in complexifier coherent states. From the results of
section 12 we conclude in section 13 that the standard complexifier coherent states are not well-
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adapted to the functional form of the physical Hamiltonian operators containing outer square
roots.

This gives rise to the question whether there exists possibilities to construct semiclassical states
which are better adapted to the functional form of the physical Hamiltonian operators. For the
reason that the physical Hamiltonian operators are rather complex and we want to find out how
to adapt the semiclassical states to the functional form of an operator, we consider quantum me-
chanical toy models instead. As a toy model we choose the square root or more general fractional
powers of the standard harmonic oscillator operator, shortly denoted as square root or fractional
Hamiltonian operators.

Part V exactly picks up the challenge to construct new semiclassical states for the square root or
more general fractional powers of the harmonic oscillator as well as in some cases for polynomials
which is due to the fact that we first thought about expanding the square root on the classical
level. Additionally, we are interested in the time-evolution and stability of semiclassical states,
since in this work we also want to consider semiclassical dynamics. For clarification we first
explain in section 14.1 what we mean by a semiclassical state and what additional properties
make a semiclassical state also a coherent state and how we define the semiclassical limit. Since
the harmonic oscillator and its three possible construction principles for coherent states still are
the source and inspiration for the construction of semiclassical or coherent states for all other
kinds of physical systems, we shortly summarize the form, properties and construction of coher-
ent states for the harmonic oscillator in section 14.2. When we follow the path of constructing
new semiclassical states we come to methods which are concerned with finding new generalized
annihilation and creation operators as in sections 15, 16, section 18 and appendix H.1 in which
the Hamiltonian operator can be factorized. The generalized annihilation operators might be
used to construct coherent states via the annihilation operator eigenstate approach.

As a first idea we want to construct a kind of effective Hamiltonian. Therefore, in section 15
we introduce a technique we denote as the inverse Thiemann identity to eliminate the square root
on the classical level which leads to a harmonic oscillator with a modified frequency depending
on the square root Hamiltonian. We perform a “semiclassical” quantization, where we consider
the square root Hamiltonian occurring in the modified frequency as classical energy of the system
and see that its semiclassical states are squeezed states, but no appropriate semiclassical states
for the square root Hamiltonian. The states considered in section 16 are no semiclassical states
for the square root Hamilton operator in the sense explained at the beginning of part V, however
they are stable under time-evolution with respect to the square root Hamiltonian. Interestingly,
some ideas of section 16 concerning the evolution properties of the states go over into the con-
struction of Klauder coherent states in section 17. Though, there one uses instead of the position
and momentum variables, respectively operators, a formulation in terms of action-angle-variables
and the resulting states are coherent states in the sense of section 14.1. The methods introduced
to construct coherent states so far, critically depend on the system in consideration. We want
more general, mathematical construction principles. One such principle is the method to gen-
erate so-called complexifier coherent states explained in section 18 based on properties of the
underlying physical group and the annihilation operator construction principle. Despite that it
can handle a variety of functional forms in the Hamiltonian, for instance polynomials in phase
space variables, basically also sine and cosine, it cannot be applied to fractional Hamiltonians di-
rectly. We summarize the method because it is used to construct the complexifier coherent states
in semiclassical perturbation theory in part IV and in its context stability was discussed in [31]
in quite a general way. Afterwards we describe in section 19 the so-called algebraic construction
of generalized coherent states which is based on the displacement operator construction principle
and can be applied to general physical systems as long as their so-called spectrum generating
algebra which is often a Lie algebra or a certain Lie subalgebra is known. Since the question
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arises what exactly spectrum generating algebras used for the algebraic construction are and how
one can find them, we discuss this in section 20.

With the aim to find some general stability requirements for algebras, in section 21 we recall
the definitions and understanding of stability of semiclassical states we encountered in part V so
far and try to combine the most general definition of stability, we encountered, with the algebraic
construction principle. To complete this discussion we summarize, compare and discuss some
known stability results from the literature [31, 56, 57, 58, 59, 60, 61] and our results concerning
stability and its breaking related to algebraic properties.

We combine our findings in sections 22 and 23. We catch up with the idea of an effective
Hamiltonian from section 15 in section 22, but this time we apply a so-called Euler rescaling
which implies a transformation of the time coordinate. The idea to look for a time transfor-
mation was motivated by our consideration about spectrum generating algebras, especially the
Kumei method, in section 20. This got us to the point in section 22 that we can extend the
phase space and we can express the square root or more general fractional Hamiltonians as con-
straints on the extended phase space on which they can be reformulated including an alternative,
fractional power free Hamiltonian using the Euler Rescaling. Hence, we use in section 22 tech-
niques to construct coherent states for constrained systems. We also catch up with our stability
considerations from section 16 and section 17 as well as section 21.

Our findings about generalized annihilation operators throughout part V as well as the alge-
braic constructions in section 19 inspired us to the proceeding in section 23. There we construct
coherent states for square root and more general fractional Hamiltonians which are based on
fractional Poisson distributions described in [65, 66]. This construction is adapted to square root
or more general fractional Hamiltonians by including a modification of the classical phase space
labels that reassembles the fractional powers. The generalized states are also eigenstates of the
standard harmonic oscillator annihilation operator. Finally, we sum up and discuss our results
in section 24.

Since the detailed conclusions for part III, part IV and part V are distributed over this work,
we give an overview and where to find each conclusion as well as an outlook for future research
in part VI
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1 CLASSICAL THEORY

Part 11
Review on Loop Quantum Gravity

1 Classical Theory

In this section we will give an introduction to the classical theory of Loop Quantum Gravity
(LQG). We start with an introduction to Einstein’s equations and derive them from the Einstein-
Hilbert action. Next we explain the so-called ADM decomposition which helps us to rewrite the
Einstein-Hilbert action in terms of ADM variables, named after Arnowitt, Deser and Misner [14].
Subsequently, the Legendre transformation to come from the Langrangian to the Hamiltonian
formulation of gravity is performed. The constraint analysis of this Hamiltonian leads to the
gravitational constraints and their algebra, denoted as Dirac or hypersurface deformation algebra.
In the last part of this section we introduce the so-called Ashtekar variables to be able to rewrite
all variables and constraints into a form close to the form of a Yang-Mills theory. This enables
us to quantize the basic variables, constraints and Poisson brackets in the upcoming section.

1.1 Einstein Equations and Einstein-Hilbert Action

We consider the classical equations of motion of General Relativity (GR) in D + 1 space-time
dimensions, that is Einstein’s equations, see for example [72, 73, 74, 75],

1 G
L(g) - SR (g) = T, 1)

where G denotes Newton’s constant, ¢ stands for the speed of light, indices run from p,v =
0,...,D and since we display tensor components here, we implicitly chose a basis, that is a
coordinate system. First we will discuss the meaning of the terms on the left and on the right
hand side of Einstein’s equations. On the left hand side we have the space-time metric g,.,
the Ricei tensor R,(£+1) and the Ricei scalar R(P+Y. The Ricei tensor and the Ricci scalar
are both objects derived from the space-time metric g, and its derivatives up to second order
which is indicated by the argument (g). Mathematically, the metric g, is a symmetric non-
degenerate tensor field of type (0,2) on a manifold M. Physically, the metric contains all of
the geometrical information about space-time. On the right hand side we have the stress-
energy-momentum tensor 1,,, whose components contain all energy-like contributions for
matter like photons, fermions,... etc., see for example [74, 75]. The covariant components of
the stress-energy-momentum tensor are obtained from the contractions of T, with g"”,i.e.
177 = gPtg°"T,,. The time-time component 7% describes the density of relativistic mass, that
is the energy density divided by c?. The time-spatial components T% = T%, for i = 1,...,D
describe the density of the ith component of linear momentum. The spatial-spatial components
T% i k=1,...,D, for i = k represent the normal stress, which in case of direction independent
systems corresponds to the pressure, and for ¢ # k represent the shear stress. So Einstein’s
equations tell us that geometry and matter interact non-linearly with each other. For example,
the accretion of matter, like stars or in the extreme case black holes, bends space-time, which
can be observed by the deflection of light from stars behind these objects. This effect was used

by Eddington as a first test of GR [76]. The Ricci tensor R,(fy)ﬂ) and the Ricci scalar R(P+D)
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1 CLASSICAL THEORY

are contractions of the Riemann tensor R/(wp,,) with the space-time metric g, defined by

0 0
(D+1)o _ o o o
Rqu - amurup ox MF +Fpu vA T F FM’ (2)
R(P+1) — p(D+1)p
2% ppv

R(D+1 _ R£€+1)guu,
where we introduced the Christoffel symbol T, := %g‘w [8%,)9(,,, + %ggp — Tivgw]' The
Christoffel symbol enables us to define a covariant derivative for tensors in GR, the so-called
Levi- Civita connection V, which is the unique, torsion free and metric compatible connec-
tion with respect to g,.,. By torsion free we mean that for a smooth function f from a
manifold M into R we have (V,V, —V,V,) f =0 and for metric compatibility we demand
that V,g,, = 0.

With these definitions in mind, we want to show that Einstein’s equations can be derived by
the variation of the Finstein-Hzilbert action

u= [ @207 \fldet ()] [ RO g) + L ®)
M

with k := and Ly stands for some matter Lagrangian density that gives rise to the stress-
energy-momentum tensor 7,,,. Our presentation of the derivation of Einstein’s equations will
closely follow the one given in [75]. We choose a coordinate system in which g, has diagonal
form. This is possible, since g, is a symmetric tensor field. To shorten the notation we define
g :=det(gu) and R := R(P+1_ The variation of the Einstein-Hilbert action with respect to the
inverse metric g"¥ yields

167G
A4

6 (VIgIR()) 6 (Vlglen)

sy agey | 00T =0 @

5SEn :/dD+1Y 1
K
M

where dSgy = 0 holds due to the action principle. To begin with we calculate the variation of
the geometric part of the integrand of the Einstein-Hilbert action

6 (VIgIR) = (5v/19]) R+ /gl OR). (5)

The variation of the square root of the determinant of g, leads to

5v/]gl = Zg\Pé _sgn(lz) ddet (g) = . \/i @gw(ggw (6)

where we used Jacobi’s formula to calculate the variation of the determinant g and g"dg,, =
—9u0g"”. Next we need to determine the variation of the Ricci scalar

O0R = (0R,)g"" + R,,09"" (7)
which ends up in first calculating the variation of the Ricci tensor

d 9
SR, =6R,,,," = W5FZV - —51“” + 0T, 0, + T, 010, — 6T, I, —T),6T0, . (8)
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Notice that the Christoffel symbol I'/,, is not a tensor, since its components transform, as shown
in [75], as

/ oxh dz> dz”' ox”  92z*
FV/ ;= FV 9
HA Azt dzN dxv M + oz> Ozt Oz’ 9)

where the second term is contrary to the transformation law for tensor components. Its variation

oI'%, is a tensor. From V,g,,, = 0 one can derive that is equal to

1
3T, = 50 (Vubgs + Vudgrs — Vadgu) (10)

which is a sum of tensors, so 6I'f,, is a tensor as well. The calculation of the covariant derivative
of oI'f,,, results in

880 (0T%,) +T0,\0T), — 3,614, — T7,0T% .. (11)

Vo (6T%,) =
Inserting this into eq. (8) we obtain the so-called Palatini identity
R, =0R,,," =V, (6I‘ﬁy) -V, (5F§u) . (12)
With this the variation of the Ricci scalar can be written as

SR =V, (g"6Ih, — g"*doly,) + Rudg™”. (13)

It is possible to define the stress-energy-momentum tensor as the variation of the matter
Lagrangian density £y times a prefactor by

9 0 (\/EEM)

T = 14
K /|g| 59”’/ ( )
We insert all of the previous results back into eq. (4) to obtain
[15y/dl B 1VIglbE Vgl
6Sgn = [ dPHY - Ty | 69" 15
B / Kk gt /<; ogHv 2 g (15)
M
7y p _ P v
_ [ qon \/Ig \/|g‘ Vi (T = 9 Th) + Ruba™ /g o
= d Y R+ - T/u/ 59
ogHv 2
M L
=/dD+1Y —ig R—|—lR - 1T V0glégh” =0
| 2k my P
M

which indeed reproduces Einstein’s equations. It was used that in the variation of Sgy the
term +/|g|V,B* = \/|g9|V, (g“”FZV g”pfﬁﬁ) which is equal to /|g|V,B? = @,( \g|BP),
since 4/|g| is a scalar density of weight one, vanishes. This only works, if §g#” vanishes on the
boundary or when there is no boundary which is the case for closed, i.e. compact and without

a boundary, manifolds M. If the manifold has a boundary, we will have to add the so-called
Gibbson-Hawking- York boundary term, for details see [77, 78, 79].
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1.2 3+41-ADM Decomposition

In this section our presentation follows the one given in [9] with additional parts gained from
[7, 14, 72, 74, 80]. We start with the Einstein-Hilbert action

1
Sen = 1 [ 424V /| det (g,0) RO (g) (16)
M
in (D 4+ 1) dimensions, that is indices run from p,v = 0,...,D. In order to obtain a predictive

theory we will see that we need to consider so-called globally hyperbolic space-times (M, g).
Predictive means that for given initial data on some field ¢ the field equations for ¢ should
result in a unique solution and moreover the dependence of the solution on its initial data should
be at least continuous and at least locally causal. Local causality means that the solution
is not influenced by a change of initial conditions in space-time regions which are causally not
connected. The initial data is given by the knowledge of the field configuration ¢(t,z) and its
“velocity” (;.S(t,x), where we shortly write z for z%*,a = 1,..., D, at some instant of time ¢. In
order to have a unique solution, given initial data ¢(t,x) and q’}(tx) at t, it must be possible
to compute the solution everywhere on M. Let M be a (D + 1) dimensional manifold with
a hypersurface denoted here as ¥. An instant of time is a submanifold of M of co-dimension
one. So the hypersurface must be a D dimensional spatial manifold. For a general manifold
M we might need to take boundary terms into account when we consider an action functional
later on, unless we assume that the manifold M is not compact without boundary. We want
the hypersurface 3 to be such that every causal curve, meaning its tangent is nowhere spatial,
intersects Y in precisely one point which for example excludes closed causal curves like worm
holes. A hypersurface with these properties is called a Cauchy surface and one says that
(M, g) is globally hyperbolic.

According to a theorem by Geroch for homeomorphic maps [81] and later extended by Sanchez
and Bernal [82] to diffeomorphic maps between globally hyperbolic space-times and a product
space containing a spacelike Cauchy surface of them, we are in the following situation: A globally
hyperbolic manifold M is diffeomorphic to R x o, where o is any spacelike D dimensional Cauchy
surface of M of arbitrary topology. Therefore, we have a diffeomorphism, that is a smooth
map

¢:Rxo—M; (t,p)— X =o(p), (17)
with smooth inverse
e VM= Rxo; X (1(X),y(X)), (18)

fort € R, p € 0, X € M, smooth diffeomorphisms 7 : M — R and v : M — 0. We remark that
in the article [82] they first proof the existence of the map M — R x o for C™-spacetimes M,
n € Ny, admitting C"-Cauchy surfaces which gives rise to C"™-diffeomorphisms ¢, 7 and v and
then extend these results to the smooth case. If we require a Lorentzian signature for the metric
g and have the topology of R x o, local causality and predictiveness will be ensured.

By means of the diffeomorphism in eq. (17) one can introduce a foliation of the manifold M
into spatial hypersurfaces ¥; = {7(X) = ; X € M} = {p(¢,p);p € o}, i.e. they have a timelike
normal. Now we choose a coordinate system for M or respectively R x ¢ and define the D + 1
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vector fields:

0
T(Y) = S (60) ptrmr=y (19)
0
SalY) 1= 5 (60| pa=y (20)

where Y = Y are the space-time coordinates of M, pu,v,p,... € {0,...,D} and = 2 are the
spatial coordinates of o, a,b,c,... € {1,...,D} and ¢ is the time coordinate.

Let n# be the unit timelike normal of the spatial hypersurfaces 3, ¢t € R, that is g, n*n” =
—1 with g, = g, (Y) and n* = n#(Y). The S, are tangent vector fields, i.e. g, S¥n” = 0.
Using this, we can split the vector field T" into its normal and tangential components

T = Nnt + NoSH, (21)

where we have introduced the so-called lapse function N(Y') and shift vector N*(Y'). Now we
can select one of the spatial hypersurfaces ¥ := ¥ for a fixed but arbitrary ¢y and choose some
initial values on ¥. Despite the fact that we choose one fixed ¥, the diffeomorphism invariance
of GR in the ADM decomposition is ensured by the point that our choice is completely arbitrary
which is encoded in the fact that we do not fix the lapse function N(Y') and the shift vector
N(Y). We will discuss this in more detail in section 1.3.1 after eq.(83). In what follows we
will learn how our fixed but arbitrary choice of ¥ leads to a notion of “space” and “time” in the
ADM frame.

Definition [9]: Intrinsic Metric and Extrinsic Curvature 1.2.1. Let V, be the unique,
torsion free, g, compatible, covariant differential induced by g,., then we define the intrinsic
metric q,, on X, the so-called ADM metric, by

Quv ‘= Guv — SNy (22)
and the extrinsic curvature K,, on X by
K;u/ = qupquavpn(n (23)

where the intrinsic metric q,, s the spatial part of the space-time metric g, with signature s
with s = +1 in the Euclidean and s = —1 in the Lorentzian case.

We will mainly be concerned with the Lorentzian case for causality arguments. The extrinsic
curvature K, is the spatial projection of the parallel transport of the co-normal n, onto X, it
therefore knows about properties extrinsic to ¥ as we observe how 7, is parallel transported
along X.

We can pull back all quantities living on M to quantities living on ¥ = ¢;—4,(0) which means
that after having chosen a coordinate system, we transform the components of the space-time
tensors in the coordinates Y* to the components in the coordinates %, t and fix t = t¢. For the
intrinsic metric this gives

ab(t, T)|t=ty = (¥7 )y, (t = L0, ) (24)
I ¥
= 8(Ea (t7 x)w(ta x)qHu(Qp(ta Jf)) |t:to
= (Sgslquuu) (Y)|Y:Lp(t:t0,a:)
= (Sgsgglw) (Y)|Y:90(t:to,z)7
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since S¥n, = 0 and analogous for the extrinsic curvature

Kap(t, @)1=t = (¢"K) g (t = t0, @) (25)
= (5655 Kyw) (V) ly =g (t=to,2)-

We determine the expression for /| det(g,,)| in the ADM frame. After performing the pull-
back to the coordinates z® and t, the line element ds? = 9uydY*dY" has the form

ds? = gedt® + 2gadtda® + gapda®da’. (26)

From the definition of the space-time metric g,, in terms of the intrinsic metric g, and the
timelike co-normal n, to the spatial hypersurface X, i.e. g, = qu — nyn, for s = —1, we can
read off the components

gt = ~N?+ 4NN’ gra = dasN",  gab = dab (27)
and the determinant of the pull-back of the space-time metric g,,, becomes
det(p"g) = —N? det(qas)- (28)

D+1) VUR(D+1)

= ghPg iwpo  in terms of the
spatial quantities g,,,,, K, and their derivatives, i.e. the spatial Ricci scalar R(P) = gre g”"RL?;g
For this purpose, we remark that the unique, torsion free, g,, compatible covariant differential

D, can be obtained from the unique, torsion free, g,,, compatible covariant differential V, by

Next we need to express the space-time Ricci scalar R(

K J
’ ) l/,lv /“. ’
DT =qf [ ah [] o (Vp'TZI...V'ZK)a (29)
k=1 Jj=1

where T/!! /'K is a spatial tensor on 3. Notice that for any space-time one form w, the space-time

Riemann tensor R,(g,}'}l) and spatial Riemann tensor RLB;U can be defined by, see for example

[74],

Vi, Vil wp =: R0, (30)
(D, Dy w, =: RE) 7w,

Using these definitions we can derive the so-called Gauf$ equation, see [9, 80],

o o ’ 1// ’ o D a./
RD) 7 = 2K, [ K" +a/, 0, 4, ¢, R,(yf;/) (31)

with this the Ricci scalar of spatial geometry R(P) = RE}Z}, 74,7 q"" becomes

RP) = K% 4 K, K" + ¢"°q"" RDFD. (32)

nvpo

However, what we want is an expression for R(P+1) = gre g”"RL?;}l ) and not for q””q”“R,(fB;}l ),
This can easily be achieved by using the definition of ¢,, and making the replacement ¢" =
gt 4+ ntn”. We obtain

‘IWQWR;(B;;) = R(PHY 4 ghop? Vi, Vil ny, — g7 [V, V] ng. (33)
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To get rid off the second derivative of n, we use the definition of the extrinsic curvature K,
and arrive at the so-called Codacci equation, see [9, 80],

RP*) = RP) _ g2 L K, K" — 2V 0", (34)
where v = V,n* — n#V,n"¥ which gives exactly the connection between the spatial and the
space-time quantities we wanted to arrive at. The pull-back of R(P )(Y) to X yields

RO (t,2) oty = (¢ (BI)oa70"7) ) (¢ = to.2) (35)

= (St SESTREN, ) (V)ly=ptimtom@®(ts 2) et (6, 2) =ty

here we abuse the notation and use the same symbol for R(”?) on M and its pull-back on ¥.
Moreover, the pull-back of the covariant differential D, acting on a one form w, reads

(Daus) (t, )] =1, = (¢* (Dpwy)) (t = to, ) (36)
= (SESy (Vuw,,)) (Y)lyzw(t:tg,m)
= (Qawy) (t,2) = TP (¢, 2)w (¢, 7).

cab

Finally, after performing the ADM decomposition and the pull-back to the spatial manifold
o the Einstein-Hilbert action is given by

1 D+1 (D+1)
== [d Y +/|d IR Y 7
SEH n/ \/ | det (g (Y) (37)

M

1
== / dt / APz Nv/det(qap) [ 9" RP) + Ky K — K% — 20"V .0t | (t,2)] =t
N—_——

K
R o 0

1
= / dt / dPz Nv/det(qqp) (R<D> + K K% — K2) (t, @)1=, -
R o

1.3 Legendre Transformation

The ADM decomposition of the quantities occurring in the Einstein-Hilbert action leads to the
expression

1
Sont = / at / 4P N\/3etgun) (BP(@) + KK — K2) (t,2) =1, (39)
R o

Now we want to perform the Legendre transformation in order to rewrite the action in canonical
form, i.e.we go over from the Lagrangian to the Hamiltonian formulation. Therefore, let us
calculate the canonically conjugate momenta to the configuration variables N, N® and qgp:

I(z) == @SEH =0, (39)
ON(x)
I, (x) :== ﬂSEH =0, (40)
ON¢e(x)
a(g) = @SEH = lN\/(}@quqef (Kee Ky — KeaKep) () (41)
T Sa(@) K 3ab comdr T RedRed
_ %\/q(Kab o anb) (.Z‘)
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For convenience we define ¢ := det(qap), Gab := Otqap, N := 9;N and N® := 9,N® . In the last
equality we used that %ch = %ﬁ ((j{cd - («ENC]) Cd) = ﬁ (6?53 + 63(55) and that both
qap and K are symmetric as can easily be seen from the definitions of the intrinsic metric and
the extrinsic curvature. Here £ 3 denotes the Lie derivative with respect to a vector field N ,
for a definition see the appendix A. Notice that the conjugate momenta II, I, to the velocities
N, N of the lapse function N and the shift vector N* vanish, which means that IT and II, are
primary constraints.

We want to rewrite the term K., K% — K2 in the Lagrangian density in eq. (38). To achieve
this, we reexpress K® and K in terms of g, and p®. We begin with taking the trace of p
which gives

u D-1
p=qup™ = ———— /K (42)
and with K = —% 4 o ) and the expression for p® we conclude that
K p
Kab _ v ab __ _ab ) 43
NG <p 95 (43)
By inserting the relation between K and p® from eq. (43), we finally arrive at
2 1
KaKab—K2:i N ab  + 2 ) 44
b o \Pe?” — 5P (44)

After performing the Legendre transformation the general form of the Hamiltonian becomes

H (qap, p™, N, N* 11, 11,) (45)

= extrem,, / dPx [Hl/ + v + p™vg, — £<qab, N,N% qup, N, N, vgp, v, 1/“)] (z),
o
where we extremize with respect to the velocities v,v% vy, corresponding to the momenta
I1,11,, p*® denoted by extrem, and £ (qab, N, N® Gap, N, N, vgp, v, V“) is the Lagrangian density.
Next we reexpress the term p®uv,; in terms of p® and ¢q,. For this purpose, we use the
identity vap = qap = 2N Kap + £ 3qap to obtain

b K ab L ab
a b = IN —— " _ £ - ab- 46
P*"vap ﬁ(pbp D_1p>+p 5 dab (46)

Combining and reinserting eq. (44) and eq. (46) into the Hamiltonian, where we read off the
Lagrangian density from eq. (38), leads to

H(qabvpabvNa NQ,H,Ha)(CIJ) (47)
1
_ /dDm [Hu+Haua 4 pob (£50a) + N (“ (pabpab - 5= 1p2) _ \/‘jR(D)(q))} (2).

\/q K
The Hamiltonian H := H(qa,p®®, N, N® II,11,) contains the velocities v, v, so we can
perform the functional derivative of H with respect to v, v* which enforces

s H

=1II =0 48

ooy = @ =0 (13)
sPYH

=TII,(z) = 0. 49

oy = (@) (19)
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As we will see, to recover the equations of motion in the Hamiltonian framework we need to keep
the v, v* as Lagrange multipliers .

In order to understand the meaning of the Lagrange multipliers v and v,, to check the
stability of the constraints under the primary Hamiltonian H and finally to see the equivalence
to Einstein’s equations we calculate the Hamiltonian equations of motion. Let s be the parameter
for the evolution with respect to the Hamiltonian H. We start with the Hamiltonian equations
of motion for the lapse function N and the shift vector N® which are

d 2o e [qP SPHSPIN@) [ p 6P H D) () = 1l
SN () = {H,N( )}_a/d VS e~ ) s ) = v (50)

(o2

and analogous

%N“ ={H,N%x)} = v*(x). (51)
We remember that the lapse function and the shift vector N, N® are completely arbitrary which
has its origin in the arbitrariness of the diffeomorphism between R x ¢ and M. This is in
correspondence with the fact that the quantities v, v do not obey any dynamical evolution
law determined by the action, so they are completely arbitrary. Despite that we still have to
distinguish carefully between v, v and N, N*. Here v, v® are Lagrange multipliers while NV,
N% are phase space functions.

The primary constraints II and II, have to be zero at all times. We determine their Hamilto-
nian equations of motion by calculating the Poisson brackets with the primary Hamiltonian H.
This results in

d s H
&H(l") ={H,Il(z)} = TSNz = —C(z), (52)
d S H
&Ha(x) ={H,1l,(z)} = _5N‘1(:E) =: —Cy(z)
with
_ K R Vi
SR W -

Ca = pbcql)c,a - Q(PZ),b»

where we obtain the expression for C, above with the help of the definitions for the functional
and Lie derivative £, which are displayed in the appendix A. Given these definitions, we can
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rewrite C,, from eq. (47) as

sPH
/dD:I: N (z) IN%(x) (54)

(e

d
= a H(Qabapaba Na N* + )\(sNa,H,Ha)(Z') |)\:O

d a
= = [ @Pop™(@) (£,090) @) himo

g

= /dep“b(x) (féﬁq)ab (z) = /depab (5Ncqab,C + ON G qve + 5N’%Qac)

g o

P.L /de (pabqab’cé*Nc _9 (pabqbc)ya 5Nc)

g

= /de (pbcqbc’a — 2(?2)717) ON® =: /dD:v C,O0N®.

g (e

We can further rewrite C, by noticing that p® is not a tensor but a tensor density of weight w = 1.

Therefore, it is possible to decompose p?® and thus p? into p? = ﬁz\/@, where /q := /det(qap)
is the density factor and p° is a ordinary tensor of type (b,a) , i.e.it has density weight zero.
Then, we can compute the covariant derivative Dy, of p? which gives

Dyp, = Dy (Vapy) = VaDep, (55)
= /q (0B, + Th.p — T5,0)

1
= (pg),b - §prch,a,

where we used that the spatial covariant derivative D, is metric compatible with q,;, that is
D.qup = 0. Comparison with the first expression for C, in eq. (53) leads to the result

Ca = _QqacDbpbc~ (56)

We find that the primary constraints II = 0 and II, = 0 are not automatically preserved in time.
They are only preserved in case we consider C and C, as secondary constraints, such that C' =0
and C, = 0 holds. So we need to check, whether the secondary constraints are stable under the
Hamiltonian H or not.

1.3.1 Constraint Analysis - Hypersurface Deformation Algebra

Since the secondary constraints C' and C, also appear in smeared form in the Hamiltonian H,
we define the smeared constraints by

C(f) = / dP f(2)C(x), (57)

g

a(fy = /def“(x)Ca(:c)

g
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with smearing functions f and f¢ of rapid decrease. Then the Poisson brackets read

%(7(/;):{1{ G} ={C(N) + C(N),C(f)}, (58)
d —»

W) =1{H,C(f)} ={CN) + C(N),C(f)}.
So we need to calculate the individual terms

{CW), 0Ny, {CIN),C()}, {Cm),Ch)}. (59)

Before we calculate the Poisson brackets of the constraint algebra, we read of from the calculation
in eq. (54) that C(N) can be expressed as

G(N) = / AP p® (£5q) (60)

With this the calculation of the Poisson brackets of C (]\7 ) with gup and p? gives rise to

(€0 = 00 = (£50), @), (61)
and
oo DYG(N
(CON. @) = =Tt = (@™ + N2 —2NE) @) (62

Except the (0.N°¢) term, this looks almost like the Lie derivative of a two times contravariant
symmetric tensor field ¢

£t = Nt — aNagb)e (63)

with k(@s) = % (k“sb + kbsa). However, as mentioned before p® is a tensor density of weight
one and for tensor densities it can be shown that the Lie derivative £5 along a vector field ¥/ of
a tensor density 7" with weight w is given by

£5T =wo T + £5T, (64)

where £’ acts on T as it was of weight zero. In this sense we have

{O(N).p"} = (£39)" (65)
In summary we derived the identities
§PIC(N) I
ity = {0, au @)} = (£50), (2). (66)
SDICN) 4oy by ab
Sanley = (O @) = (£40)" (@)
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The identities in eq. (66) together with the definitions of the functional and the Lie derivative,
see A.1 and A.2, can be used to calculate {C(N), C(f)}:

{C(N),Cc() = /def(w){é(N)»C(x)} (67)

o

4P 1) [qpy |OVCWN) 6P0C ) §PIEW) 6 C(x
_/d f( )/d Yy l b( ) 5(]ab(y) 6Qab(y) 5pab 1

/ 16 >dic(<qab A (L)) (0, (pab “ <fﬁp>“”) <x>> o

o

= / def<x)C((£ﬁq)ab @), (£39)" (@)

/def (£:C) /dD:cf _(N°C) (x)
& / Pz N C(NIf]) = —C(£51),

where gazj is the one-parameter family of diffeomorphisms generated by the integral curves of
the vector field N and we set ]\7[]"] = Ny f = £ f. In line four we identify (£A7q)ab = 0qab

and (£ ﬁp) @ _ dp?®. Remember, we assume here and in the upcoming that the function f is
of rapid decrease such that we can neglect appearing boundary terms which arise from partial
integration.
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—

Next we calculate the Poisson bracket {C(N), C(f)}:

I (68)

0" (@) (£7)  W(£39),, @07 W)})]

§P) (£
6Qab(x)

C

rel;ble/olf’x/olDz»/pCd(y) [(£ﬁq)ab (z)

2 [ [ a2y [(£00),0 @) (= () )+ 20970 ) 60 0) - N o

:/deE [(fﬁq)ab (aie

o

_ —/de {(fﬁq)ab (ffp)ab - N Hf} (z)

[ea

= [P (270 (£50),,) 0" (£7(£50),,) - N ¢ 7] @

—|

(fep™) + fofpb)‘:) ~ N f] (z)

where we used the Leibniz rule for the Lie derivative and that
5qab(x) 6qab(x)

0
= f°(y)265y) {W(;(D)(w,y)} + Fo()8500 8P (2,y) + Faly)daoe 67 (z,y).

7 eae ) + 20 (0)aare v)] (69)

To compute the last Poisson bracket {C(N), C(f)} we display the Hamiltonian constraint as
a sum of two parts

C(x) =T(z) +V(x) (70)

2

which we will refer to as the kinetic term T := % (pabpab — %) and the potential term
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1 CLASSICAL THEORY
V := —YIR(P)(q). Then the Poisson bracket {C(N),C(f)} becomes
(c =/" /HDyN<>@HTm»+vm»T@>+V@» ()
=/' l/“@N' ;meT@»+mexV@»+{vu»T@n+
—/ﬁDg/&wNuw@>gT@Mﬂ@}+ﬂh¢V@»+{vmxﬂm}
sy Do e

:/de/dDy[Nm
z/dDar/dDy[Nx

) - N [ (

§(D)

)~ N @) [TV} + 3T 6. T

opeb(2)

T(x) 5(D)V(y))
5Qab(z)

where we employed that the variation 5;53 ¥ = 0 vanishes and also the term containing {7'(z), T'(y)}

vanishes, since it is ultra-local, i.e. %{T(Jj), T(y)} is proportional to 6(°)(x,y). We can simply
calculate the variation of T with respect to ¢us and p®®, namely

6(D)T(x) K b d p?

= — a C —_ —_—_—,_,. (D) 2
) N (pcdp Do 1) 6 (w, 2) (72)
SOOI ( ) 2k D

el S/ (D)

5pab(Z) \/& (pab D_ 1Qab> ) (.’17, Z) .

This indeed shows that the term containing ${7'(z),
the integral.

T(y)} is going to vanish after performing

Now the variation of the potential term V = —%R(D)(q) yields

5V = —%5 (Var® (@)

<L)
== [6va) R (0) + va (05¢) B (@) + vaa™ (9R (@))]
- _= \/@ (;R(D)qab “°q dbR )5qab+\fqab (5R¢(zlbj (4 ))]

1 .
=~ |Vq <2R(D)qab —~ R(D)“b> 0qab + /29" ( SRy )]

_ 1 [ VIG P15 qq + /34 (5Rabc )}

K

and we introduced the symbol G(P) for the Einstein tensor of spatial geometry. Similar we
can define G(P)90 for the spatial-time and G(P)%0 for the time-time components. In line four we
used that 6g = §det(gqs) = qq**dqap and 667 = 6 (¢°°qer) = 0, consequently 0,/q = 3/34**6qap
and 6¢°! = —q°*q™0qap.
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We assume in the following that the constraints and vacuum Einstein’s equations are satisfied,
that is G(P)b = 0, GP)0 = 0 and G(P)90 = 0. To calculate the variation of the Ricci tensor
5Rf£c) ® we use the definition of the Riemann tensor in terms of the Christoffel symbols Rabcd =
oTd, —0,Td + FZaFgf - szl“gf. Recall that I' § is not a tensor, however its variation ¢TI is a
tensor and we can show using the definition of the covariant derivative D,, also compare section
1.1, that

SRyt = DypoTl, — Dol =: —=2D(40Tf),, (74)

1
6Fltylc = iqae (Dc5er + Dbéqec - Deéqbc)

with D,dgpe # 0 despite that Dygpe = 0. Let h(y) be a test function of rapid decrease, i.e.an
element of the Schwarz space. Consider the variation of the integral, where we apply the results

from eq. (73) and eq. (74), especially for G(P)% = ( we have
[Pyt s (Var®) ) = [ aynyacory) " (75)

o o

=-2 / APy hy/qq"° D},6TY, = —2 / APy hy/qq°* D,oTY

g o

memeent _y [Py b, (h/agesty)) + 2 [ Py (D) vageory,

g ag

—Bi(h) + / 4Py (Dah) v/3q""¢" Debiges

o

+ /dDy (Dah) /31" Dydge. — /dDy (Duh) \/34°1%¢" D gy

= Bi(h) +2 / %y (Dah) \/ag" 4" Debien
= Bi(h) +2 / dPy D ((Dah) /e840 -2 / %y (DeDah) Vaa™*q" g

=: Bi(h) + By(h) — 2 / APy (D.Duh) /344" e

When we take into account that here the covariant derivative D, of a tensor density of weight
one V@ reduces to the partial derivative 0,, i.e. D,V* = 9,V%, since the contributions from the
Christoffel symbols cancel against each other, the boundary terms Bi(h) and By(h) read

By(h) = —2 / dPy 8%@ (h\/ﬁqc[“éFbﬁ]) (), (76)
R : D 9 alc e]b
Ba(h) i=2 [ %y 52 ((Dah) Viia"ea™"500) (o). (1)
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The boundary terms can be dropped for smearing functions of rapid decrease which we are
supposed to do in the following. Finally, the Poisson bracket becomes

{C(N),C(f)} =4 / dPz [N (pab - Dp_ 1Qab) ¢"tqVD.Daf — N < f (78)
=2 / dPz (Np* DDy f — fp**D,D,N)

=2 / dPz D, (Np™ Dy f — fp**DyN)

2 / APz [p*™ (DaN) (Dyf) — p* (Daf) (DeN) + (Dap®™) (NDyf — fDyN)]

o

—: By(N. f) +2 / dPz (Dyp™) (NDyf — fDyN)

g

= —/de (—2qaCdedc) q® (NOyf — fO,N)

g

_ / AP Caq®™ (NOLf — fO,N)

g

= —C (7 "1 (NAf — fdN)).

The second and third term vanish due to the symmetry in the derivative of the functions f and
N. For functions N and f of rapid decrease we can drop the boundary term

B3(N, f) := =2 / d%% (Np®Dyf — fp*DyN) . (79)

g

We obtain the so-called hypersurface deformation algebra, see [15, 16]:
(W), o(

C(N),C(f
{fev).ef

This shows that the constraints are first class constraints and the third Poisson bracket in eq. (80)
contains a phase space dependent structure function, for details on the definition of first class
constraints see section 4, hence we have no Lie algebra, but a so-called Lie algebroid. Later we
will come back to this point.

—

)} A
)} = (1\7[1‘ ) =-C(£Lyzf)
)}

In summary, the stability analysis of the secondary constraints C' = 0, C, = 0 arose in the
following picture: The evaluation of the Poisson brackets gives us

LA = (1,0} = - [CUN, /) - o(7IND)] (s1)

Lo = (7,0} = - [ + O (7 (Naf — fan)]
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So in case the constraints vanish C(f) = c ( f) = 0 for all f, f: consequently also the evolved

constraints vanish %C (f) = %é ( f) =0 for all f, f Therefore, the secondary constraints C' = 0,
C, = 0 are stable under evolution with respect to the Hamiltonian H. Notice that we did not
write time-evolution here for the reason we are going to explain next.

The Hamiltonian H is a linear combination of primary and secondary constraints given by

H= /dDa: (vII +v°I, + NC + N*C,), (82)
. _ 5Smm _ 0SEn _
with IT = =228 = 0, II, = 32 = 0 and
d d d d
—N = — N = —II=-C= —II, =-C, =0.
SN =v@), TN =vir), ST=-C=0, - 0 (53)
Furthermore, we have
d S, d S,
T5dar = {C(N) + C(N), qus}, &pab = {C(N)+ C(N),p"}. (84)

We gained the Lagrange multipliers v(x), v®(z) which are completely arbitrary functions and
we have the lapse function and shift vector N, N® which are arbitrary phase space functions.
Later on we consider the reduced ADM phase space which means that one sets II = 0 and
II* = 0. Then N and N® will become Lagrange multipliers as well. The arbitrariness of the
functions can be explained by the interpretation that the Hamiltonian H here does not generate
time translations, as we expect from classical theories, it generates gauge transformations with
respect to time. So here the parameter s has not a physical meaning.
We can classify the gauge transformations generated by H as follows. Remember that

{C(N)? QQb} = (£Nq)ab ) (85)
= a ab
{C(N),p™} = (£5p)" . (86)
These identities tell us that C (1\7 ) generates spatial diffeomorphisms of g, and p? on X along

the integral curves of the vector field N. We are left with the investigation of the action of the
remaining constraint C'(N) on gqp and p®. From the constraint stability analysis we got

%Qab = {Hv Qab} = {C(N)a qab} + {C_:(N)v Qab} = {C(N)a qab} + ("61\7(])(1(1 ) (87)

which gives us an expression for {C(N), ¢aup}, explicitly

(OO, ) = g~ (£30),,, (38)

In case we identify the foliation parameter ¢ with the evolution parameter s we can make use
of Ky = ﬁ (thab — (£1\7q)ab) and one can show that (£qu)ab = 2N K. Putting all of this
together, we end up with the following expression

{C(N)7Qab} = (£NnQ)ab : (89)

The constraint C'(IV) generates diffeomorphisms of g, orthogonal to the hypersurface.
We need to check whether this is also true for p®®. Again, we can use our results of the stability
analysis and of eq. (85) to obtain

{C(N),p™} = {H - C(N),p™} = p — (£30)"". (90)
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Here we only mention that it is possible to show that pe® — (.,Eﬁp)ab = (.,Ean)ab which was

calculated in [9, 80]. A straightforward calculation of {C(N),p®} making use of the results in
1.3 gives

ab __2N/€ a,cb pab Eab
{C(N).p"} = g PP mpp g )+ 5 C (91)

N % ( N [qab R(D) _ R(D)ab} — 2 lbgeld DCDdN) :

This leads us to the question whether this expression is equal to (£ an)ab- The equality

{C(N),p""} = (£Lxnp)” (92)
2Nk ab N
=7 <p‘épd’ prp_ 1) +54"C

N g ( N [qab R(D) _ R(D)ab} — 2¢°lbgeld DchN) :

is rather confusing because on the one hand we get {C(N),p®} = (£ ~np)® which gives rise to
the same interpretation for the action of C(N) on p® as it did for g, but on the other hand the
expression of the second identity does not look at all as (£ an)ab. To solve this obstacle one has
to lift the quantities from ¥ back to the space-time manifold M and use p** = % (K — Kgm)
as well as 2N Ky, = (£nnq),,- After a rather lengthy calculation, for details see [9], one arrives
at

{C(N),p""} — (£nap)™ (93)
—NVa (@"q”° — ¢"q¢") R\DTY + %Nq“”C-
K

The following observation sheds some light on this result. Consider the Einstein tensor of g,, on
M given by GEBH) = R/(BH) + %gWR(DH) and recall from section 1.2 that ¢"¥ = g*” — sn#n".

Then we recover, see [9], the temporal-spatial projection of the Einstein tensor

K sC

" VG(D+1) — 94
Gl = 55 (91)
and the temporal-temporal projection of the Finstein tensor
C
qﬁn”foZH) = L% (95)

2.4 '
The mismatch between {C(N),p*”} and (£nn,p)"" can be eliminated by demanding that the

equations of motion given by the vacuum Einstein’s equations are satisfied, that is GI(EH) =0.

Consequently, since for GR we have /g > 0, the constraints C' and C), need to be satisfied, that
is C =0 and C, = 0 for all p to make the left hand side of the equations vanish.

We conclude: transformations generated by H can be interpreted as space-time diffeomor-
phisms along the foliation vector field 7' = Nn* + N%p/, in case that

1. We identify the Hamiltonian evolution parameter s with the foliation parameter ¢.
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2. The vacuum Einstein’s equations hold, that is G,(fgﬂ) =0.

This might be misleading, since the Einstein-Hilbert action Sgy is always invariant under the
group of (passive) space-time diffeomorphisms, denoted by Diff(M), irrespective of the fact
whether the equations of motions hold or not. In contrast, we have the interpretation of the gauge
transformations, generated by the Hamiltonian C'(N) and diffeomorphism constraint C(N), as
infinitesimal space-time diffeomorphisms which only holds if the equations of motion are satis-
fied. The set of all transformations generated by the Hamiltonian and diffeomorphism constraint
is called the Bergmann-Komar “group” BK(M), see for example [83, 84, 85]. Only on-
shell the two groups are equal, i.e. Diff(M) = BK(M) iff G,(}BH) = 0. Strictly speaking the
Bergmann-Komar “group” BK(M) is no group at all because its underlying algebra, which is
the hypersurface deformation algebra, is generated by the set of all C(N), C/(N) which is no
Lie algebra but a Lie algebroid due to the phase space dependent structure functions ¢~ ! in
{C(N),C(f)} = -C (7 7' (Ndf — fdN)). On the contrary, the diffeomorphism algebra diff(M)
of the space-time diffeomorphism group Diff(M) is a Lie algebra isomorphic to the algebra of
vector fields on M. So we will have two actions on our tensor fields on M: first the action of
the kinematical group Diff(M) and second the action of the dynamical group BK(M). While
the implementation in quantum theory will be different, in the semiclassical limit there should
not be any difference, since classically the vacuum Einstein equations hold, for details compare
[83, 84, 85].

1.4 Ashtekar Variables

We presented in section 1.2 the formulation of GR in the ADM variables, that is in terms of the
intrinsic (spatial) metric g, and its canonically conjugate momentum p®. They give rise to a
Poisson*-subalgebra P of the classical phase space of GR and one can also define an abstract
quantum*-algebra £ based on the classical Poisson*-subalgebra of the ADM variables. How-
ever, until today people were not successful in finding a well defined, background independent
representation of £ which is also compatible with the formulation of the Hamiltonian constraint
operator. For a different set of variables the situation changes. In 1986 Ashtekar, see [86, 87],
found new canonical variables which make it possible to cast GR into the form of Yang-Mills
gauge theories which are familiar from Quantum Field Theory (QFT). The formulation of GR
in the new canonical variables consist of the following steps: the first step consists of an ex-
tension of the classical ADM phase space which leads to an additional constraint, known as
GauB} constraint. A symplectic reduction (reduction compatible with the symplectic structure)
with respect to this new constraint reproduces the ADM quantities and their associated Pois-
son algebra. An extension of the phase space with the occurrence of new constraints can even
be used in more common ways as we will see in chapter III. In the second step we perform a
canonical transformation that is a composition of a constant Weyl transformation and an affine
transformation, which will be explained in detail below. Our procedure here follows the one
given in [9] with supplements from [7, 80].

We start with the definition of a (D+1)-bein or triad in (D+1) dimensions. A (D+1)-bein

is a (D + 1)-tuple of co-vectors e{b with internal indices I = 0,1,..., D and tensorial space-time
indices = 0,1,..., D, such that in case an internal metric 7);; exists a space-time metric g,
is defined by

uv ‘= UIJGLGZ. (96)

Here we want 17y to be the Minkowski metric, such that g,, is also a metric of Lorentz

33



1 CLASSICAL THEORY

I

signature (—1,1,1,1). Since the metric g,, is non-singular, also the (D + 1)-bein e,, is non-
singular and we can define the inverse (D + 1)-bein e} by demanding that
e’;ei =07, e?el{ = oK (97)

with which it is easy to show that e} = g’“mKef and e = g,\n"Kex for nien®’ = §7. The
extension from g, to eﬁ adds additional gauge degrees of freedom to our theory as will become
clear when we go over to the ADM framework. Due to representational issues, the comparison
with the ADM framework works only in D + 1 = 4 dimensions. We are going to discuss these
issues in the course of this section. Despite that there exist more complicated higher dimensional
generalizations, see for example [88, 89, 90]. Let us write down the components of a space-time
metric g, after performing the ADM decomposition and in terms of 4-beins which looks like

git = —N? + g NN = —(e))? + dnelef, (98)
Gta = qabNb = 76?62 + @wief,
Gab = Qab = —€0ey + d;pelel.

We count the degrees of freedom (d.o.f.) of the 4-bein: For ef we have 1 d.o.f, each of the
elements e] and € gives us 3 d.o.f. and for the remaining e} we get 9 d.o.f.. Altogether this
gives 16 d.o.f. for the 4-bein.

Since the metric g,,,, has 10 components, we are left with 6 additional degrees of freedom which
correspond to the gauge group of SO(1, 3). We can partially fix the SO(1,3) gauge freedom to a
SO(3) gauge freedom by imposing the so called time gauge :

62 =n, =e) =0, (99)
since in the ADM frame the co-normal n, to the hypersurface has components n, = 0 and
ny = —N. Then we can solve the 10 equations above to obtain

Qab = Ojr€lel, el =eIN°, ) =—N. (100)

The spatial metric qqp in terms of e/ is no longer invariant under SO(1, 3), but only under SO(3)
because §;, is invariant under local rotations O € SO(3) that is §,,0%,(2)OF(z) = Gpmn as well
as el = Olel, i.e. the time gauge has frozen the boost part of SO(1,3). Notice that the definition

J a’ .
of gqp and the local rotation invariance of qqp = 5jkefle’g also works in D dimensions, that is for
jok =1...,D . For D = 3 the 3-bein €, can be viewed as an su(2)-valued one form due to

so(3) = su(2). Now we introduce another one form K’ from which we can derive the extrinsic
curvature K by

1 o o
—sKu = 5 (K;egaij + nggéij) (101)

where s = —1 for Lorentzian signature of g,,. Also K is for D = 3 an su(2)-valued one form.
Since K, is a symmetric tensor field, the additional condition Ggp, := 1 (Kiej — Kjel) = 0 needs
to be satisfied. We introduce the so-called densitized triad (‘“electric fields”) in D dimensions
by

1

E} := sgn (det (e})) m€aa1...aD—lejjl.“jDileéll elP = gl (102)

Using this definition instead of G4, = 0, we can equivalently demand that

1
ij = =

5 (Ko Eff — Ku E9) = 0. (103)
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The extended phase space coordinatized by (Ké, Ef) can be equipped with the following sym-
plectic structure

(B} (@), K} (4)} = 5605507 (2, y), (104)
(B} (@), BL(y)} = (K3 (@), Kf ()} = 0.

In the next step we want to establish the notion of a spin connection. The spin connection
is the extension of the spatial covariant derivative D94 from ordinary tensors to mixed tensors
with tensorial and so(D) indices. It is given by

Dty = DYt 4 T tgf + Doty 5, (105)
where a, b, c, ... are contracted with gq; and 7, k,4, ... with §;i.

Then the extension of the g, metric compatible covariant derivative DS, i.e. D%g,, = 0,
can be defined as the spin connection of the 3-bein e/ by

Dgel i= ge] — T el + T ef = 0. (106)

which allows to express Fik in terms of the 3-beins and I'¢;, namely

Ty = Taje = ¢}, |Dac) — Topel] - (107)
Often only Fik is denoted as spin connection. The position of the indices j, k, . . . does not matter
because the indices j, k, ... are contracted with 0. (Fa)jk = I'q;i takes values in so(D) that it

can be represented by anti-symmetric matrices.

Our aim is to rewrite the constraint G in the form of a so-called Gaul constraint of a
SO(D) gauge theory. To be able to do this, we need to restrict to D = 3 because E? transforms
in the defining representation of so(D), but 'y, transforms in the adjoint representation of so(D)
and only in D = 3 dimensions both of them are identical.

Constant Weyl transformation : Now we consider the constant Weyl transformation which
is only a rescaling of K7 and EY according to the maps

KI s BKI (108)

E°
a J _. (B a
EjH?—.()E]—7

where § # 0 is called Immirzi parameter. The rotational constraint G, in D = 3 dimensions
can equivalently be written as G; = €0 K, (’ng and is invariant under such a rescaling.

Affine transformation: From Daeg’» = 0 follows that DaEé? = 0 which in detail has the form
DoEf = 0,E$ + T, Eff = 0,5 + el b Ef =0, (109)
where we defined 'Y := %ejgkfgk' which is an isomorphism between antisymmetric tensors of

second rank and vectors in Euclidean space. Solving Daeg = 0 or respectively DGE;? =0 for T*
leads to, see [9, 80],

1, ..
It = Ee?ek” (Daebi — Obeai — €aresOpel.) . (110)
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From eq. (110) we can conclude that F? as a function of EY is invariant under the rescaling,
that is W17 := TJ (D E) = I'Z. Therefore, the derivative D, is independent of the rescaling,
i.e. D, U”E; = 0 and by adding a zero we can write the rotational constraint as

a

I E¢
Gj =0, (ﬂﬂ) + €ne [TF + BKE] (5) =: P)p, P Es (111)

which motivates us to define the new covariant derivative (®)D,. When we take a closer look
at eq. (111), we recognize that this relation has the same structure as a Gauf} constraint for a
SU(2) gauge theory. From this moment on we will denote G; as the Gauf8 constraint.

We arrived at the point where we can introduce the Sen-A shtekar-Immirzi- Barbero con-
nection (historical order) or shortly just new connection

B AT =TI + BKI. (112)

The exact name depends on the choice of 3: Sen connection for 8 = +i¢, G; = 0, Ashtekar
connection for § = 44, Immirzi connection for general complex S and Barbero connection for
real . However, due to Ashtekar’s seminal work [86, 87, 91, 92], often it is only referred to as
Ashtekar connection.

In summary the SU(2) connection (¥) A7 and the non-Abelian electric fields (B)E}l, with
spatial indices a = 1,2,3 and SU(2) indices j = 1,2,3 describe the phase space of an SU(2)-
Yang-Mills gauge theory. The symplectic structure of the phase space is defined by the following
Poisson brackets:

{(PES (), D Af (y)} = g555§?6(3)(m,y) (113)
{(5)E§L (z), (B)Eg (y)} = {(B)Aﬂ (z), (5)Alg (y)} = 0.

In addition to the Hamiltonian and the spatial diffeomorphism constraint, the phase space com-
plies with the Gauf} constraint

Gy = Bp, (ﬁ)E;,l =0, (B)E}l + €k (B)A’; (ﬁ)Eg —0. (114)

Now we want to consider the functions Qgp, P* in terms of () AJ and (ﬁ)Ef, respectively
EY, defined by

Qub(A, E) := |det(E)|EIEf 61, (115)
9 .
ab ,7 ardsik (((B) g2 _ 1% b e
PUAB) = g BB ( Al r[d) o0 E
with ks 1= (kasp — spka). It is possible to show that they have the same Poisson brackets as

the ADM variables gqp, p®® modulo G; = 0.

Even more, when we use the identity |det(E)| = (det(e))? = ¢, we can directly identify Qg
with ggup
k

J
el ep

Qup = | det(E)|EIEFS 5, = ¢—% ;
b | ()| b Y5k q\/a\/ajk

= Qub (116)

and analogous Q% with ¢®.
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As shown in [9, 80] an explicit calculation of the Poisson brackets results in

{Qab(), Qealy)} =0, (117)
{Pab(x)v(@cd(y)} - H(S 5d)6 ( 7y) 5
{Pab(x),PCd(y)} _ _7\[ (chGad deéac + @acébd + Qadébc) 5(3) ($7y)
with
b= Q" Q" Gjrelel = —aq4" 4" Gea, (118)

for Gy, see eq. (103). Eq. (117) reproduces the Poisson brackets of g5, p2® on the hypersurface
where the Gaufl constraint is satisfied, i.e. G;; = 0 or G; = 0 and we used that Q»Qyp, = 2.

Next we need to express the diffeomorphism constraint C, and the Hamiltonian constraint C
in terms of the densitized triad EY and the new connection (%) A7 . Remember that C, is given
by

Ca = —2acDep"® = 25Dy, [K]E} — 6} K1 E¢| (119)
for s = —1. The curvatures Rib and F gb connected with D, and ¥ D, can be defined via
[Da, D) vj =t Rapjrv® = €jex RS 0", (120)

[(B)Da , (5)])1)} v; = O Fpp oF = ;o BFL oF

which explicitly expressed in terms of I'J and (B)Aﬁ or KJ respectively read
R, = 201,y + €05y, (121)
(B)ng =20, (B)AZ] + €jke (/3)141; (ﬁ)All;
= R}, + 28D Kj) + B2e;n KL K.

Multiplication of ( F with (8 )E]b leads to

) 1 . .
OR), OB} = SRLE 428Dy, (K3 ED) + BELG, (122)
=—sC, + PKI Gy,

where we used that the first term RibE;? = 0 vanishes as shown in [9] with the help of the
algebraic Bianchi identity.

The Hamiltonian constraint C(x) is given by
Sk ab cd (3)
— |Qacbd — qachd R (123)
il |- va
8\/&( abKab 2) _ \/&R(B)

(K{ng - KgKf) EYE} — /4R,

s\m
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where we defined ¢ := det(gqs) and R := R®). Now let us multiply (B)ng with eik B Ee BIEL
this gives

Ricpel | B{DuGyd"
Bbtetel

(ﬁ)ng eé?f (ﬁ)E,'j (ﬁ)Eg - _ 5 3

+ (KIE;)" - (K9Ep) (KEED)  (124)

R a2 @ E¢D,G,6%
=~ + (KIE))" — (K{ By ) (K(EY) — 20—
RV (KiEe) (KEED) — (KiEg)® B DuC
g Ve Vi 3

= g [—VaR + B2 (sC + s\/qR)] — 2 P E? D,G),5
S

=54 {c + (1 - 62> \/gR:| —2 B! D,Gyo* .

Here we used that s = %1, that is for Lorentzian signature we have s = —1 and for Euclidean
signature we have s = +1, consequently s> = 1. In summary in terms of (B)EJ@, R and (B)Fib
we obtain for the constraints modulo gauge transformations G; = 0 the expressions

C, = —s ((B)ng (/3)Ejb) (125)

=2 (B gk B pe Bpb) (12
c ﬁ( Fj, e P Eg DE}) (1 ﬂ2>\/§R

To get rid of the additional ﬂ%\/(jR term we see that we can make the following choices to simplify
the form of C:

1. For Euclidean signature s = 1: choose 8 = +1, but this does not match with our physical
assumptions.

2. For Lorentzian signature s = —1: choose 8 = =i, however then (5)14% is no longer an
SU(2) connection but rather SL(2,C) valued. The problem is that SL(2,C) is a non-
compact gauge group for which we cannot apply the quantization techniques used in LQG,
since they heavily rely on the compactness of the gauge group. Furthermore, it is also
complicated to implement reality conditions.

We will come back to this obstacle when we actually need to quantize the Hamiltonian constraint.
For later use we define here the Fuclidean Hamiltonian density for s =1 and =1 as

1

V| det(E)]

Cy = (VF), P BREY) =~ (KK~ K?) — Gk (126)

with ¢ = | det(E)].
Remark: In the literature it is more common to define AJ := (¥ A7 .= T + K7 and instead
of AE? to use EY, then the Poisson bracket has the form

(B3 ), AB)) = 255856 (). (127)

We will stick to this convention in the following.
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2 Quantum Theory

For a given, possibly infinite-dimensional constrained symplectic manifold (M,w) with strong
symplectic structure w modeled on a Banach space (complete, normed vector space) and first
class constraints Cy, I being an element of a finite index set, the canonical quantization program
can be split into three main steps that we are going to describe in the following sections. In
our presentation we closely follow the one given in [9]. For mathematical details on differential
geometry, we refer to [93, 94]. The three steps we need to perform in order to arrive at our
quantum theory consist of:

1. Choice of the classical Poisson*-subalgebra ‘.
2. Choice of the quantum *-algebra £.

3. Finding a representation of the quantum *-algebra .

2.1 Choice of the Classical Poisson*-subalgebra 3

We are looking for a set of global coordinates that coordinatize the phase space in such a way that
all functions on M can be expressed in terms of these “elementary functions”. Furthermore,
these elementary functions need to form a closed Poisson *-subalgebra of the full Poisson *-
algebra C'*°(M) of smooth functions on M to be able to represent the Poisson bracket times if
as a commutator in the quantum theory. Here * stands for an involution map. In general an
involution on an algebra 2 is an antilinear automorphism on 2 with the properties: (z1a +
29b)* 1= Z1a* 4 Zb*, (ab)* = b*a*, (a*)* = a with a,b € A and 21,20 € C. For A =C and z € C
the involution is just the complex conjugation, that is zZ = z*.

The closed Poisson *-subalgebra can be found by considering any set of elementary functions
which separate the points of M, i.e.for z,y € M with x # y the elementary function f satisfies
f(z) # f(y), and then construct from the elementary functions and their complex conjugates the
smallest possible Poisson algebra they can generate. The result will be a separating Poisson *-
subalgebra B on M.

The choice of the separating elementary functions can be guided by the requirement that
they should have a simple transformation behaviour under gauge transformations (symmetries)
of the system in consideration and a symplectic structure that is as simple as possible, which in
the ideal case reduces to the canonical Poisson bracket. In case that M has the structure of a
cotangent bundle over a configuration space C, that is M = T*C, which complies with General
Relativity, we can determine 3 by the subsequent procedure.

Select an algebra of smooth functions (possibly smeared in case of a field theory) Fun(C)
on the configuration space C. Next determine the Hamiltonian vector fields of the (smeared)
momentum functions on M which should be sufficiently smooth defined to act as vector fields
V(C) on C that preserve Fun(C). Having found Fun(C) and V(C), we can define a Lie algebra
structure on the product space Fun(C) x V(C) by

{(f,0), (F )} = Wl = VIfL v, v']) (128)

for f € Fun(C) and v[f] € V(C) is the vector field acting on f. Since this expression is a classical
one, it is sometimes called a Poisson bracket despite the fact that it actually defines a Lie bracket.
The Poisson *-subalgebra R is then the closed Lie subalgebra of Fun(C) x V(C) generated by
the elements (f,v) and their complex conjugate algebra elements (f*, v*).
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2.1.1 Holonomy-Flux-Algebra

In LQG the holonomies, respectively the smooth cylindrical functions and the Hamiltonian vector
fields of the fluxes are the elementary phase space functions that separate the points of M and
build a Poisson*-subalgebra, the so-called holonomy-flux algebra. In the following we want
to introduce these quantities in detail. We follow [9, 11, 80].

Our description of the classical theory ended with the definition of the Ashtekar variables,
i.e.the densitized triads (electric fields) £¢(x) and the new connections A% (y) which satisfy the
Poisson algebra

KB 4
0 5563 (2, y). (129)

E
{E5 (), Ay (y)} =
Naively, we would like to go over to the quantum theory by making the replacement {.,.} —
% [.,.]. If this were possible, we would have the commutator

ﬁﬁaaak 3 (z,y)1, (130)

B2 (), Ak(y)] = i
here we used the same symbols for classical variables and their corresponding quantum operators
and 1 denotes the identity operator. Notice that hx = 6127 is the Planck area of order 10~%8cm?
Unfortunately, in LQG this naive quantization does not work, since Ef(z) and AF(y) become
operator valued distributions and not operators. Even more, later we will reexpress classical
variables, for example the Hamiltonian constraint, in terms of products of Poisson brackets of
E$(x) and A} (y) or objects derived from them. All of this means that if we try to quantize E¢(x)
and A¥(y) directly, distributions and products thereof will enter which are singular quantities.

To avoid this problem, we need to find suitable smearings of Ef(z) and A¥(y) to be able to
define the corresponding quantum operators. Three dimensional smearings lead to background
depedencies or non closing algebras, that is why one uses lower dimensional smearings, see [9].

Since E¢(z) is dual to the pseudo-two form eqp.E5(z) , we try to smear the pseudo-two form
in two dimensions along an oriented surface S which gives rise to the non-Abelian flux

E,(S):= /nj (xE); = /da:a /\da:beubCEJC»nj, (131)
3

where n is a Lie algebra valued smearing field. In the equation above occurs the so-called Hodge
dual (+E); = €aqy...ap_, Efda® Ndz?P-1 of Ej.

Analogous we try to smear AF(z) in one dimension along a path (edge) e(t) parametrized by
t € [0, 1] which leads to

/ dz® A, ( / dt &2 () Al (e()) (132)

However, A(e) is not invariant under SU(2) gauge transformations and also other classical vari-
ables written in terms of A(e) cannot be written in a manifestly SU(2) invariant way. For this
reason we will instead introduce the so-called holonomies h.(A).

Before we come to the definition of the holonomy we mention that in the upcoming we will only
consider piecewise analytic paths and piecewise analytic surfaces. A piecewise analytic path
p consists of finitely many real analytic segments, called edges e, i.e.e(t) = > o, %e(")(s),
3 Vs € [0,1], which meet in their boundaries, called vertices v which are the beginning b(e) or
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the endpoint f(e) of an edge e. We define a graph -y to be a finite collection of edges and denote
by E(v) the set of edges of v and by V(v) = {b(e), f(e);e € E(v)} the set of vertices of ~.
A piecewise analytic surface S is a finite union of entire analytic surfaces, called faces F',
satisfying the following conditions, for a generalization see [95]:

1. A face is an entire analytic, connected, embedded (D — 1)-dimensional manifold in o (with-
out a boundary).

2. The faces F are mutually disjoint. Their closures F' intersect at most at their boundaries
which are piecewise analytic (D — 2)-dimensional submanifolds. For D = 3 the boundaries
themselves are piecewise analytic paths.

3. The union of the faces is a connected (D—1)-dimensional submanifold (without a boundary)
of differetiability class CV, i.e. continous.

4. The closure of the surface S is contained in a compact, (D —1)-dimensional C° submanifold
with boundary.

5. S is orientable, i.e. it exists an open neighbourhood U of S, such that U — S =U; UU_
is a union of disjoint, connected, open non-empty sets U; and U_. In this sense we are
able to distinguish between “above the surface” U, and “beyond the surface” U_.

Later one usually sticks to semianalytic structures instead of piecewise analytic structures,
which is important for the uniqueness proof of the representation of the holonomy-flux algebra, for
details on semianalytic structures and the uniqueness proof see [95]. We will not give a precise
definition of semianalytic here but we want to explain the arguments for using semianalytic
instead of piecewise analytic structures. The main point is the locality or conservation of structure
on lower-dimensional subsets. Piecewise analytic paths or surfaces will stay piecewise analytic
on subsets of the same dimension, but piecewise analycity might be violated on subsets of lower
dimension. Semianalytic carries over even to subsets of lower-dimensionality. At points of non-
analycity a piecewise analytic path has to be continuous while a semianalytic path has to be C™
forn>0,neN.

Now we can go on constructing our elementary functions of our classical Poisson*-subalgebra

pts

Definition [9, 80]: Holonomy 2.1.1. Let A € A be a smooth SU(2) connection, where A
denotes the set of all smooth connections and let e : [0,1] — o, t — e(t) be a one dimensional
path in o (here we denote the path with e and not only a single edge). Then the holonomy of A
along e is defined as the unique solution he(A) := he(0,t)|t=1 = he(0,1) of the so-called parallel
transport equation which denotes the ordinary differential equation

Che(0.1) = he(0,0)A(e(r) (133)
with
Ale(t)) = é(H) Aale(t)) = &*(8) A% (e())r; (134)
for 7, = —io;, oj with j = 1,2,3 being the Pauli matrices and
he(0,0) = he(0,¢)|t=0 = Lsu(2)- (135)
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i)The explicit general solution to the parallel transport equation is a path ordered exponential

t t

he(0,t) = Pexp / =Pexp /dsé“(s)Aa(e(s)) (136)

0 0
= lgye) + i/t 7dsn 1. /dsl Ale(s1)) ... Ale(sn)),
n=1j

where in the Taylor expansion the latest parameter value is ordered to the right, i.e.0 < s1 <
. < sp <t . This can equivalently be written as

t

he(0,t) = Lgu(2) + Z % /dsn/dsn,l . /d31 P (Ale(s1)) ... Ale(sn))) . (137)
n=1""7% 0 0

ii) Let g be an element of the Lie group SU(2). Under SU(2) gauge transformation the
connection transforms as A9 = —dgg~' + gAg~—'. From this we can derive the transformation
behaviour of the holonomy to be h.(A) + hI(A) = g(b(e))he(A)g(f(e)) ", where b(e) := e(0) is
the beginning and f(e) := e(1) is the final point of the path.

iii) Impose that e; Ney = f(e1) = b(ez2), then one can parametrize the composed, connected

e1(2t), o<t<i
path by (ej 0 eg)(t) := { 62(%5? _)1) 1 t*< 2 and Peyoes) = ey Pe, -
PR W

iv) The inverse path (orientation changed) is obtained from e~!(t) = e(1 — t) and the corre-
sponding holonomy is h,-1 = h_ !

v) hiT = hZ! and det(h.) = 1 for h, € SU(2).

The definition of holonomies can also be generalized to complex valued functions of the
holonomies, the so-called cylindrical functions.

Definition [9, 80]: Cylindrical Function 2.1.2. Let G be a compact group, usually G = SU(2)
in LQG. Consider a graph -y, where the number of edges is given by |E(v)| and define a projective
map py A — GIEDI A — {hJ]A Yeer(y) A function f is said to be cylindrical over a
graph v iff there exists a function f, : G'Eﬁ)| — C such that f is gained from the composition
I = fyopy =pLfy, where p) denotes the pull-back of p,. The functions cylindrical over v are
denoted by Cyl, and the *-algebra of cylindrical functions is defined by Cyl:= Uwer Cyl,,, where
the involution is the complex conjugation. The subalgebras Cyl*, n =0,1,2...,00 of Cyl consist
of functions of the form f = f, opy with f, € C(GIEDN), where we denote the subalgebra of
smooth cylindrical functions by Cyl™.

To be more precise a cylindrical function is actually not one function but an equivalence
class of complex valued functions. Imagine you have one graph which consists of only one

edge v = {e} and a function cylindrical with respect to v and another graph 7' = ey,..., e,
whose edges satisfy e = e; o...0e, for n € N. In this case the holonomy can be expressed as
he = heo...cn) = hey +- - he,, see 2.1.1 and therefore the function is also cylindrical with respect
to 7.
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In the calculation of the Poisson bracket of holonomies and fluxes we need to split a path p
into edges depending on their orientation with respect to the surface. It is possible to classify
each edge as a member of one of the four following categories:

e out: The edge e,y has no intersection points with the surface S.
e in : The edge e, is entirely contained in the surface S.

e up: The edge ey is contained in U, (above the surface), its intersection point with S is
equal to its beginning with outgoing orientation from the intersection point.

e down: The edge egown is contained in U_ (beyond the surface), its intersection point with
S is equal to its beginning with outgoing orientation from the intersection point.

To actually calculate the Poisson bracket between holonomies and fluxes one has to smear
the classical quantities in D (here D = 3) directions by smooth functions and then perform a
limiting process to reduce the actual smearing dimension to get back holonomies and fluxes.
Visually, this is done by putting a path inside a tube in case of holonomies and making a
surface a section through a higher-dimensional surface in case of fluxes. Mathematically, this is
accomplished by introducing tailored delta distributions in the smearing functions and integration
then reassembles the holonomies and fluxes, for details on this see [9]. For piecewise analytic
edges and piecewise analytic surfaces the Poisson bracket of holonomies and fluxes as defined in
eq. (131) becomes, see [9, 12],

B5p=1 ni(p)7jhe,, for a single transversal intersection SN e =
{En(s)>he} = { 2 "Yedown (p) Jj'veup 0 lgf She— {p}7 (138)
where 7; = —io;, o; with j = 1,2,3 being the Pauli matrices. The edge e in this case is

composed of ey, and eqown as € = egolwn o eup, Where the intersection point with the surface S
is the beginning point of e, and ed_olwn. If one changes the orientation of the surface S, e, and
edown Will change their roles. This makes it possible to simplify the Poisson bracket of holonomies
and fluxes by making use of edges of type up only, leading to

{En(S),he} = %0’(5, e) [nj(b(e))rjhe] (139)

with b(e) being the beginning of the edge e and

+1,  ewp
o(S,e) = {—1, €down

0, €in, €out

Notice that we have % here and not % We gain a factor 1/2 by splitting an edge e going through
the surface in “up” and “down” pieces and consider them to be of only one type, namely type
up, because instead of an integral [~ dt&(¢) = 1 we have an integral [°dtd(t) =1/2.

Since in the general quantization process we consider fluxes and cylindrical functions, we lift
the Poisson bracket to the case where we generalize the action of E,(S) to smooth cylindrical
functions

Ofy

mn g (140)

1B8). 7} =203 o(5,6) [0 (b(e))ihe]

e€E(y)

)
ge=he
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where m,n are matrix indices. It is possible to further rewrite the Poisson bracket of the flux
and a cylindrical function by making use of the definition of left and right invariant vector fields
on SU(2). As a preparation we introduce the left A\, and right p, translations [96] by

Ag:G—= G, hw— gh, (141)
pg:G— G, h— hg,

where g,h € G and G is a topological group. In case that G is a Lie group A, and p, are
diffeomorphisms.

Definition [96]: Left and Right Invariant Vector Fields 2.1.3. Let G be a matriz Lie
group with Lie algebra £(G) and left Ay and right py translation diffeomorphisms.

For B € £(@G), g :=exp(tB) and f € Cyl*™® we define

(Ri 1) (k) = ol (9h) = Slimo (X3F) (1) (142)

to be the generator of left translations in B direction, called the right invariant vector field.

(L5 f) (h) = om0 (hg) = leco (23 (1) (143)

to be the generator of right translations in B direction, called the left invariant vector field.
Here x stands for the pull-back of a diffeomorphism.

The names right and left invariant vector fields come from the fact that A, py = pgAn, therefore
the generator of left translations p; Rp = Rppj, is right translation invariant and the generator
of right translations A} Lp = LpAj, is left translation invariant.

Using the definition of the right invariant vector field with B = 7; and R; := R, the Poisson
bracket of the flux and a smooth cylindrical function becomes

(BuS). 7Y =5 32 o(S I ()RS fy = ¥a(S) - . (144)

e€E(y)

By inspection of the right hand side of the equation, we see that the Poisson bracket with the flux
defines a derivation on the space of smooth cylindrical functions denoted by Y;,(5)- f and that R
acts only on the e-th copy of SU(2) in f,. From now on we will consider the Hamiltonian vector
fields Y,,(S) = {E,(S), .} instead of the F,,(S). Notice that the Poisson bracket { E,,(S), E/,(S")}
does not vanish. This comes from the smearing of EY in two instead of three dimensions, but a
smearing in three dimension would lead to a non closing subalgebra and to a dependence on the
background metric. As a consequence, the commutator [Y;,(S)[f], Yar (S")[f]] is also not supposed
to vanish.

Consider the Lie *-algebra & with elements ¢ := (f,Y,,(S)) in Cyl>™ x V(Cyl®) with smooth
cylindrical functions f € Cyl™ and smooth vector fields Y,,(S)(f) € Cyl™ on them. The complex
conjugate elements are given by ¢* = (f*,Y,,(S)*) and we can define a Lie bracket by

Further, we define the closed Lie *-subalgebra £ of & by taking into account only those elements
of R which are generated from the (f,Y,(S5)) elements by commutators. The resulting classical
Poisson (Lie) *-subalgebra 8 = £ is known as the holonomy-flux algebra.
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2.2 Quantization of Holonomies and Fluxes

There is also some important subtlety about the class of spatial diffeomorphisms we need to
mention before we go into the quantization. We restricted our paths and surfaces to be piecewise
analytic (semianalytic). Now we want the diffeomorphisms to preserve these piecewise analytic
(semianalytic) structures, since otherwise the spatial diffeomorphism would not implement an
automorphism on the holonomy-flux algebra. If we consider the class of analytic diffeomorphism,
the conservation of the piecewise analytic (semianalytic) structures could not be achieved. Entire
analytic diffeomorphism are too global, since an entire analytic function is already completely
determined by its values in an arbitrary small neighbourhood of any point € ¢. This is why
we move to the class of piecewise analytic (semianalytic) diffeomorphisms. Piecewise
analytic (semianalytic) diffeomorphisms are analytic everywhere except on lower-dimensional
submanifolds of o, where they are only differetiable for finitely many times, see [97, 98].

2.2.1 Choice of the Quantum *-algebra Q

Now we construct the abstract quantum *-algebra Q(3) based on the classical Poisson *-

subalgebra P following Dirac [16]. The construction will implement the classical Poisson (ac-
tually Lie) bracket structure on B times i% as a commutation relations on Q and the complex
conjugation on P8 more general as involution on Q.

We construct 9 from P as follows: define the free tensor algebra F(3) over B by

S(R) =Coanl, @ B (146)

with elements sometimes called blocks a := (ag,a1,...,an,...). Here ag € C and a,, is a linear
combination of monomials sometimes called words a,, = a1, ® ... ® ay, of elements ay, € P of
which all but finitely many vanish. The elements of the algebra are subject to the operations

a.) multiplication: (a®b), = Y, ap®b; apr @b =01, @ ... @ apr by @ ... R by,
k+l=n

b.) addition: (a +b), = an + by,
c.) scalar multiplication: (za), = zan; 2ap, = 201, Q@ ... Q@ App, = A1, ® ... ® ZApy, 2 € C,
d.) involution: a* = ap ® B2 ar; af = Upp ® ...  G1n.

Finally, we define the two-sided ideal J(P3) which consists of elements of the form

a1 @by — b1 ®a; — ih{al, bl} (147)

with a1, by € B. Then the quantum *-algebra Q which is an enveloping algebra of the Poisson
(Lie) *-subalgebra B is given by the quotient algebra

Q(F) = F(B)/I(B). (148)

For LQG let F(L£) be the free *-algebra generated by £ whose elements (blocks) consist of
finite linear combinations of words w = (¢1...¢x) build from a finite sequence of elements £y
of £, remember ¢ := (f,Y,(5)) and eq. (145). The underlying operations for multiplication and
involution for the words take the form

e multiplication: w-w' = ({1...¢n0) ... L).

e involution (complex conjugation): w* = ({n...41).
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We introduce the two sided ideal J(£) in §(£) generated by elements of the form
00 =0 0—ine 0, (149)

where - is the multiplication in F(£) and [¢, '] is the commutator in £. Therefore, the quotient
algebra of F(£) and J(£) defines the quantum*-algebra (L), i.e.

(L) = 5(£)/3(L). (150)

This is an abstract way of saying that we implement the canonical commutation relations in

Q(e).

%

2.2.2 Representation of the Quantum *-algebra Q

So far we have defined the quantum *-algebra on an abstract level, that is we are not dealing with
operators acting on a Hilbert space H yet. To obtain operators that can act on a Hilbert space
‘H, we need to find a representation of the quantum Lie *-algebra Q. A representation in this
case is a *-morphism (linear map which preserves the * operation) between 9 and a subalgebra
of the set of bounded operators on the Hilbert space B(H). In order to find a representation of
£, one usually does not consider the elements of 8 directly, but bounded functions thereof which
still separate the points of M. These bounded functions are called Weyl elements and they give
rise to bounded operators. The reason for considering the Weyl elements instead of considering
elements a € B directly is that the a € B are classically unbounded and so the operators defined
from them should be unbounded, i.e. they can only be defined on a dense domain. The problem
is then that we might not be able to define different self-adjoint operators on a common and
invariant dense domain in which case we might not be able to define the two-sided ideal J(3)
by elements that satisfy eq. (147). For this reason, and since we know how to compose them, we
consider the bounded Weyl functions instead.

Definition [9]: Weyl Functions 2.2.1. Let a € P be a real-valued unbounded element of B
and let 1q be the unit element in Q. The one-parameter family of unitary functions (operators),
denoted as Weyl functions, see [9], are defined as

Wi(a) := exp(ita) (151)

fort € R and a € P which fort — 0 approzimates 1q +ita. In eq. (147) we replace the elements
a, b € B by their associated Weyl functions and their commutation relation becomes

Ws(a)Wt(b)W—s(a) =W (Z (Z’;ﬁ")n {a’v b}(n)) (152)
n=0 :

with (Wy(a))* := W_,(a) = (Wy(a))™" and the iterated Poisson bracket {a, b} 1) = {a, {a,b} )}
and {a,b} ) = b.

In LQG the flux vector fields Y, (S) are unbounded functions while the cylindrical functions
are already bounded, for details see [99], so for ¢t € R and a = Y;,(S) the Weyl elements become
th(S) .= tYn(9) — —it[iYn(9)] (153)

with n’(z)n*(2)é;, = 1. The commutation relation among W/ (S) = exp(t(Y,(9))) and a
smooth cylindrical function f € Cyl®™ reads

oo

W S)F VST = D V() My = D

m=0 " m=0

m

V()" F=WiS)-f, (154)

tm

~
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where we used the iterated commutator bracket [Y;,(S), f] o) = f and [Y,,(5), f] (1) = [Yn (S), [Ya(9), f]
Inserting the expression for Y, (S) and f = p? f,

(m)|*

W(S)- f1(0) = [p5, [T eSO g ) = g, ({0 O} e piry) . (155)

e€E(y)

Thus, the W*(S) act on the cylindrical functions by left translations in their arguments. The
commutator of the Weyl-operators is

W S)WE () (W(S) ™ =exp | £ ) [Z o([8')z, [e])n” ()67 (156)
le]eE(y) LeeS'—S

where the calculation was performed in terms of germ operators [99] and we will not introduce
them here. The important thing to see here is that the algebra between the Weyl-operators
W (S) does not close. However, the elements are explicitly calculable. After the substitution of
the unbounded elements a € P8 by its associated Weyl functions W;(a) in the abstract quantum
Lie *-algebra Q we see that the elements of the quantum Lie *-algebra Q are invertible and 0 is
unital, i.e. there exists a unique unit element. From this we can conclude that any representation
of the quantum Lie *-algebra will be non-degenerate, that is for a representation 7 of Q the
identity 7(a)y = 0 for all a € 9 implies that H > ¢ = 0. Moreover, in any representation our
generating elements are unitary which means they will become bounded operators. We are in
a situation where we can apply the following lemma, compare Lemma 8.1.1 in [9] and the proof
therein or [100].

. ' jk
+ Y (8 e (@) [ero (S Datn @] il
xeSNS’

Lemma [100]: Sum of Cyclic Representations 2.2.2. Every non-degenerate representation
of the generators of a *-algebra by bounded operators is a direct sum of cyclic representations.

So the basic building blocks of our representation for  will be cyclic representations.

Definition [101]: Cyclic Representation 2.2.3. A representation (H,n) of a *-algebra 2 is
said to be cyclic if there exists a normed vector Q2 € H in the common domain of all a € A such
that w(A)$Y is dense in H. Then the normed vector §) is denoted as cyclic vector.

To come to the cyclic representations, we need to go a few steps back. The classical gauge
invariant configuration space A/G consists of the space of smooth connections A modulo gauge
transformations G. For a quantization we will need to enlarge this space. We follow the pre-
sentation given in [102]. As a subalgebra we consider the holonomy algebra H.A which is
generated by finite linear combinations of holonomies on .4/G with complex coefficients. Since
by construction it is closed under complex conjugation, which then is the involution operation,
it is a *-subalgebra of the algebra of complex-valued, continuous bounded functions on A/G. We
can complete H.A with respect to the supremum norm

I[fIl=sup |f([a])l, (157)
(A

leA/G

where f is a continuous bounded function on A/G. The completition of H.A with respect to
this norm will be denoted by H.A and is a commutative C*-algebra. A C*-algebra 2 is a
Banach algebra with an involution, satisfying ||a*a|| = ||a||? for every a € . H.A has also an
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unique identity element h.(0,0) which means that the algebra is unital. Now we can make use
of many powerful theorems introduced by Gelfand and Naimark concerning C*-algebras and
their representations. Though first, let us introduce a few expressions. By the spectrum A(2l)
of a unital Banach algebra 2 we mean the set of all non-zero *-homomorphisms x : % — C;
a +— x(a), called characters, into the *-algebra of complex numbers. We denote the spectrum
of HA by A/ G. The classical configuration space of gauge invariant connections A/G is densly
embedded in A/G. Next we define the Gelfand transform (representation) which is the
map from the unital Banach algebra 2l to all continuous linear functions C°(A(2)) on A(2l)

\/ (A — CUAR)); a~ a, with a:= x(a). (158)

Theorem [101]: Isometric Isomorphism 2.2.4. Let A be a unital, commutative C*-algebra.
Then the Gelfand transform is an isometric (||a|| = ||a||) isomorphism between A and the space
of continuous functions on its spectrum.

So HA is isomorphic to the C*-algebra C°(A/G) of continuous functions on A/G. Further-
more, one can show that the spectrum is a compact Hausdorff space.

Instead of the space A/G one often considers the space of generalized connections A
and let act the group of generalized gauge transformations G on A later on. Using the
framework of projective techniques, see [102, 103], it can be shown that the spaces A/G and A/G
are isomorphic.

Definition [102]: ‘Generalized connections A 2.2.5. The space of generalized or distribu-
tional connections A on v is the space of all maps he : E(y) — G from the edges E() of a graph
v into the compact Hausdorff (topological) group G that satisfy

1. heg-1 = h;l
2. h(ey oez) = h(er)h(es).

It can be shown that the generalized connections A form a compact Hausdorff space in the so-
called Tychonoff topology [9, 104).

Notice that A contains elements which are nowhere continuous (distributional). The gener-
alized gauge transformations G are the set of all maps g : ¢ — SU(2), that is G := X ,¢,SU(2).

We are interested in finding a representation for HA. What we will use in the upcoming is
that there is a two way relation between cyclic representations and positive linear functionals
which are in algebraic terms referred to as states. Namely, given a cyclic representation (m, H, )
we can construct a state on Q for a € Q by w(a) := (Q,7(a)Q)« and vice versa given a state on a
*-algebra we can construct a unique, up to unitary equivalence, cyclic representation (m,,, He,, )
via the GNS construction.

Theorem [101, 105]: GNS (Gelfand-Naimark-Segal) construction 2.2.6. Let w be a
state on a unital *-algebra A. Then there exist a Hilbert space H,,, a cyclic representation 7, of
A on H, and a normed cyclic vector Q,, € H,,, shortly denoted as GNS data (7, Hey, Quw), such
that

w(a’) = <Qwa7rw(a')Qw>7-lw~ (159)
Additionally, the GNS data is determined by eq. (159) uniquely up to unitary equivalence.

Due to the isomorphism between HA and C°(A/G) the state w(a) is also a positive linear
functional on C°(A/G). Now our task is to find a suitable state w(a) in order to be able to
construct a cyclic representation for H.A.
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Theorem [104]: Riez-Markov 2.2.7. Let X be a locally compact Hausdorff space and let
w: C%X) — C be a positive linear functional (state) on the space of continuous functions on X
with w(1) = 1. Then there exists a unique, reqular, Borel probability measure p on the natural
Borel o-algebra A of X, such that p represents w, that is,

v = [ dula)f(w) (160)

X
for all f € CO(X).

In our case the state corresponding to a € HA is

wla) = [ auADFA) o wiw)= [ au(a)fa) (161)
A/G A

A/G

for all f € C9(A/G) and here the square brackets denote equivalence classes with respect to the
gauge transformations, alternatively f € C°(A).

Since we know that the holonomies are elements of SU(2) and SU(2) is a compact gauge group,
there exists a unique gauge-invariant and normalized measure, the so-called Haar measure.

Definition [96]: Haar measure 2.2.8. A left (right) invariant Haar measure pb, (15;) on a
locally compact group G is a positive measure on G satisfying qu o )\;1 = ,u%, (uhy o p;l = pYy)
with left Ay and right pg translations as defined in 2.1.3 which is equivalent to

Jautt s = [ty nd et vanec (162)
G G

Theorem [96, 106]: Existence Haar measure 2.2.9. For a finite dimensional Lie group G
left u' and right p%;, Haar measure exist and are unique up to positive constants. If G is compact,
both measures are equal, i.e.py = ph. They are unique if fived to be probability measures
(normalized). In this case the resulting Haar measure is also invariant under inversions, i.e. maps
hs hL.

With the help of the Haar measure we can define a scalar product which enables us to turn
the space of functions cylindrical over a graph v Cyl,into a Hilbert space. For f, fle Cyl, with
respect to the same graph v and ¢ copies of the Haar measure the scalar product is given by

(IF) = o ol £ = / TT asr (he) FOoes AT et AD S (e (AL - e [A])

GIE(M)| €€EM)
(163)

This gives rise to a Hilbert space H, = Ciylu'H associated with a graph « and #H, is isomorphic
to L2(SU(2)Z7 dprr). Let from now on denote Hg the space of all cylindrical functions. The
form of H., and scalar product on H. guide us how H, can be express as a space of square
integrable functions and how we can construct a scalar product to turn Hg into a Hilbert space.

This brings us back to the question of finding a suitable measure on #( and thus according to
the Riez-Markov theorem a state. To reduce the infinite number of possible states on *-algebras
one makes additional physically motivated assumptions such as that the representations should
be irreducible and weakly continous.
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Definition [104]: Weakly and Strongly Continous 2.2.10. A unitary operator U(a) =
m(W(a)), that is a unitary representation of an element of the algebra on a Hilbert space H, is said
to be weakly continuous, if for a one-parameter group of unitary operators Uz(a) := m(Wi(a))
we have

lim (1, T(a)y') = (4, ), (164)

for all elements 1, ' in H. If in addition the one-parameter group of unitary operators satisfies
Uiys(a) = Ui(a)Us(a) for allt, s in R it is called strongly continuous. Notice that for unitary
operators weak continuity and strong continuity are equivalent.

Due to Stone’s theorem 2.2.11 this is important to see whether the operators of @ := 7 (a)
corresponding to the infinitesimal transformations caused by a exist or not.

Theorem [104]: Stone’s Theorem 2.2.11. Let Ut(a) be a strongly continous one-parameter
group of unitary operators on a Hilbert space H. Then there is a self-adjoint operator a on H,
called the infinitesimal generator of the group, such that Ui(a) = e'®.

With the definition of the so-called A shtekar-Lewandowski Measure, we obtain a measure
that respects the supposed properties of the representations and with which we can define a scalar
product such that we finally obtain a Hilbert space Hq for all cylindrical functions.

Definition [107]: Ashtekar-Lewandowski Measure 2.2.12. Let f = p> f, be a cylindrical
function over a graph v with the continuous complex valued function f., : GIEMI 5 C acting
on |E(v)| copies of a compact group G. We define the regular Borel probabzlzty measure on the
generalized connections A, referred to as Ashtekar-Lewandowski measure jiy, by

polf) =pols )= [ TT (o) £, (Uhe)eerin), (165)

GIE(M| €€EM)

where pp is the Haar measure on the {-th copy of G which is due to the compactness of G
invariant under left and right translations as well as inversions. In LQG we have G = SU(2).

Our Hilbert space is then given by the space of 1o square integrable functions over generalized
connections, that is

Ho = Lo (A, dpo) - (166)

The Hilbert space Hg is also the kinematical representation space we are looking for. It is
convenient to introduce an orthonormal basis for Hg. For the group G = SU(2) we can relate
the construction of representations for holonomies over graphs v with edges e to the construction
of a representation for the angular momentum in quantum mechanics, see for example [108].
For SU(2) the edges of a graph and the irreducible representations in correspondence to them,
are labeled by half-integer spin quantum numbers j. = 1, 272 . Furthermore, we consider
magnetic quantum numbers ne, me € {—je, —je + 1,... ,je 1 je} and then label the (2j. +
1) dimensional irreducible representation related to an edge e by [r(he)l; ., ,, and he is the
holonomy along the edge e. One can show that these matrix elements can explicitly be written
in terms of complex numbers a, b, ¢, d € C, see [9], by

[Tr( _ Z .76 + m@)'( ] ) (]e + ’n@) (]e - ne)‘ aje+ne—26bme—ne+&,cfedje—me—fe
Jem Te je—i—ne—@)(me—ne+€)(ye—me—€e).€e! ’

(167)
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where £, runs over all non-negative integers such that the factorials have non-negative arguments.
Notice that the matrix elements have the same form for G = SL(2, C).
To make the connection with angular momentum in quantum mechanics we define the states

bjemem; (he) = <he|jeme>m’e =vV2je+1 [ﬂ-(h‘e)]jcmcmé . (168)

They constitute an orthonormal basis for the Hilbert space L2(SU(2),duy) according to the
Peter € Weyl theorem for general compact gauge groups G.

Theorem [109, 110]: Peter & Weyl 2.2.13. Let j be a labeling of the equivalence classes
of finite dimensional irreducible representations of a compact Lie group G. Pick for each j a
representative (mj, H;) and define

bjmn(9) == \/d; [1(9)) (169)

withm,n € {1,...,d;}, d;j = dim(H;). The bjmy form an orthonormal basis of the Hilbert space
H = Lo(G,dup), where uy is the Haar measure on G.

In quantum mechanics the angular momentum eigenstates for the angular momentum opera-
tor Jy in the spin j representation are given by |jm). They also form an orthonormal basis. The
angular momentum operators Jy satisfy the algebra [Ji, Ji| = iegepJp. For the states Ueme>m/p
the action of the right-invariant vector fields Ry, is given by ‘

. d .
Riljeme)m, = £|t:0 U(eXp(tTk))|]emc>mg (170)

’
e

with 7, = —ioy and oy, k = 1,2,3 are the Pauli matrices. In case we define Y, := —iRY /2, the
Y}, satisfy the algebra [V, Y] = ierepY), which is exactly the same as for the Ji. From this we
can conclude that for fixed m/, there exists a unitary transformation between the Hilbert spaces
Hffl,c spanned by the sates |jeme)m, and H7 spanned by the states |jm).

Next we can generalize the definition of the state for single edges e to graphs v with arbitrary

but finitely many edges. Therefore, we define the spin network functions Tﬁ'mﬁ which provide

an orthonormal basis for the Hilbert space Ho = Lo (ﬂ, duo).

Definition [9]: Spin Network Function 2.2.14. For a graph vy with finitely many edges e
the spin network functions are the maps T 7. A= C, h={h}ecr) — Tﬁmﬁ(h), explicitly
written as

Ty_’mﬁ(h> = H bjomen, (he) = H V2je+1 [ﬂ(he)]jcmene (171)

e€E(y) e€E(y)

with ; = {je}eéE(y); m = {me}eeE(v) and 1 = {ne}eeE('y)~
The spin network functions T smi satisfy the following properties:

1. They form an orthonormal basis of the Hilbert space Hy, i.e.
(Lgma Ty} = / A0 T35 T jrgirgin = Oyt O O O (172)

2. The span of the Tﬁmﬁ is dense in Hg.
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According to the Riez-Markov theorem the state we are looking for is given by wo(f) = po(f)
for f € Cyl. The vector fields ¥, (S) can also be incooperated in the definition of the state which
leads to the so-called Ashtekar(-Isham)-Lewandowski state which is precisely given as

Theorem [95, 107, 111]: Ashtekar(-Isham)-Lewandowski State 2.2.15. The only dif-
feomorphism invariant state on the holonomy-flux algebra W, respectively Q, is the so-called
Ashtekar(-Isham )-Lewandowski state wy:

0 N >0
Y, (S1)... Y (S = ! 173
(Yo (51)- Yo (5 = {0 (173)
Then the GNS construction tells us that there exists a cyclic representation 7y such that
mo(f) - ¥ = flhelt), (174)

mo(W/H(S)) - ¢ := Wi (9)[¥]

More modern considerations about the Ashtekar(-Isham)-Lewandowski state and alternative vac-
uum states for LQG can for instance be found in [112] and [113].

Let us summarize the main results:

Theorem [9]: Existence 2.2.16. The kinematical LQG Hilbert space is the space of square
integrable functions over generalized connections A, see definition 2.2.5, with respect to the
uniform measure y

Ho = Lo (A, dpo) - (175)

Let D be a dense subspace of Ho spanned by finite linear combinations of spin network func-
tions (SNF), then we can find a representation my of Q such that the cylindrical functions f
act by multiplication and the vector fields W;*(S) act as derivations of ¢ € D, that is

mo(f) ¢ = f¢, (176)
mo(W{*(9)) - ¥ = W (9)[Y],

where W[ (S)[¢)] denotes the action of the Weyl algebra element of a vector field on a ¢ € D.
Furthermore, the representations of f and W['(S) satisfy canonical commutation relations and
the *relations.

2.3 Volume Operator

Next we display the derivation of the volume operator, as defined in [114], on the kinematical
Hilbert space Ho using a point-splitting regularization introduced in [115]. Aside to the
definition of the volume operator in [114] there exists an alternative definition of the volume
operator given in [116]. For kinematical and dynamical reasons explained in [9], we will how-
ever stick to the definition given in [114]. We display the regularization procedure following the
presentation given in [9]. Later the volume operator will be used in the definition of the Hamil-
tonian constraint operator. Its quantization is also a guiding principle in the quantization of our
physical Hamiltonian operator obtained from four modified Klein-Gordon scalar fields in section
9. However, we will not display the derivation of the area [117] and length operator here, which
can be derived in a similar way, since we will not use them. For D = 3 and an open, connected
region R € o we define the volume functional by

V(R) ::/d3x Va, (177)

R
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where we choose a coordinate system. We want to rewrite this expression in terms of densitized

triads B = \/ge}. Recall that ¢ := det(qap) and (/g = /| det(EF)| = det(ef) > 0. This yields

to the identity

1 ..
det(E?) = 5ew’%abcEgEgEg = sgn(det(E¢)) q (178)

with this the volume functional becomes

1
V(R) = / d*z \/ ‘?)!ewkeabcEgE;?Eg , (179)
R

where we have taken into account that classically det(Ej) > 0. Let us introduce a so-called
cubulation of R which means that we fill out the open region R by cubes. We choose an
arbitrary but fixed coordinate frame. Let p be the centre of a cube O, x be a coordinate point
inside the cube and let 7i; be the right-oriented normal vectors in the chosen frame. Then
the cube is spanned by the three vectors ﬁi = 0,7; and the volume of the cube is given by
vol(O) = Oy0,03 det (1, M2, 7i3). Let xo(p,x) be the characteristic function corresponding to
the coordinates of the cube, such that in the limit when we shrink the size of the cube to zero

O — 0 the limit éin})%z%) = 00)(p,x) reassembles the delta distribution. We define the
—

smeared quantity

1 ,

E(p,0.0.,07) = a3 /d3 /d3 180

(p, 0,0, 0) VOI(D)VOI(D’)VOI(D”)/ * Y : (180)
1

xo(p, ) xor (2p, T +y) xo(3p, = +y + Z)ge”’“eabcE? () ES (y) Ef(2).

To visualize the situation, imagine three cubes in a row with coordinate centers at p, 2p and 3p.
Each center of a cube will later reassemble one vertex of an underlying graph. With the help of
E(p,0,0’,0"”) we reproduce the volume functional in the limit when O,0’, 0" — 0 shrink to
zero evaluated at the point p, that is

— . . . 3 D D/ D//
V(R) = lim lim Tim [ d°p | 'E(p, ,0,07)]. (181)
R

For the Poisson bracket convention {A{) (x), E&(y)} = —%5{;5{ 63)(z,) we find that the operator
corresponding to Ef* can be expressed as a functional derivative by

. 25
Ei(x) =i-L —
L) =iy A Gy

(182)

acting on functions of smooth connections A. After performing the limits, i.e.removing the
regulator, the action of the final volume operator can be generalized to functions on the space of
generalized connections A.

The smeared and regularized version of the operator E%(z) reads

B9(p,0) = / 2 xo (p,x) B9 (2). (183)

o

vol(O)
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So as an ansatz for E(p7 0,0, 0") we get

A 1 .. A A A
B(p,0,0,0") = 5re ™ cao 7 (p, D) B (20, O) B (3p, 0). (184

Consider a graph v and an edge e € F(v) as a representative element from the set of edges of the
graph 7. Let the edge e be restricted by the vertices v, v’ € V(v), which are beginning or ending
points of the edge. We want every edge to be outgoing from a vertex v. If necessary, we can
subdivide an edge e into segments so(s’') "1, such that the segments s and s’ are outgoing from the
vertices v and v’. The so gained extra vertices © = eNe’ will not lead to additional contributions,
when we construct the volume operator, since as we are going to see only the vertices v = p will
contribute. We parametrize the edge e by e : [0,1] — o0,t — o(t). Next, consider the action of a
single operator Ef (p,0) on a cylindrical function on the graph v f = p? f., which leads to

1

B2 0) (elA) = s [ a0 () B2 (o) (e 4) (155)

i
2 vol(O)

]
[ € xo0) g )
MZP 1 ohe 6

~ 2 vol(O) / & xo (0 2) T g el 4D

% 1 / () % §
- Tonl(D) ee%(:ﬂo/dt xo(p,e(t))é (f)2Tr([he(0’t)Tihe(t’1)] (WLST(OJ)> b

with 7; := —io; and 05, j = 1,2, 3 are the Pauli matrices. Here we write f = f(h.[A]) to explicitly
display the dependence of the cylindrical function on the holonomies and the dependence of the
holonomies on the connections. The action of the operator EA(p7 0,0/,0”) will contain three
types of terms: a term that arises from the action of three functional derivatives on a cylindrical
function f,. Terms from letting one functional derivative act on a E(p,0) and two functional
derivatives acting on f, and terms coming from the action of two functional derivative on E (p,0)
and one functional derivative acting on f,. We mention here that only the term where all three
functional derivatives act on f, survives due to the vanishing contractions of €% with terms
containing traces of 7,7; + 7;7;, 77 + 7,7 and T, T; + T; 7, for details see [9]. Therefore, we are
left with

~ 1 .. ~ ~ ~
E(p7 D7 D/7 D//)f = gewkeabcEg(pv D)E2(2pa D)EZ(?’I% D)f“/ (186)

1 1 1
_ —Zf?; 1 1 / "
=78 8.3 vol(O)vol()vol(0) / de / dt / dt
0 0 0

{ Z TR eqpee® (1) ()" (1)

e,e’ e €E(y)
xo(p, e(t)) xor (2p, e(t) + €'(t)) xor (3p, e(t) + €' (t') + " ("))

5 , , 5
6hg(07 1)> Tr([he/ (07 3 )Tjhe’(t ) 1)] 6hz(0’ 1))

(
Tr([he(o,tmhe(t, 1) wfon) }fw- (187)

T ( [her (0,8 Tiher (¢, 1)]
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One defines a function of edges e, e’,e” of a graph v by Zee e (t,t,17) = e(t) + €' (t') + €”(t")
and observes that its Jacobi determinant is equal to

8 rel! t,tl,t// a I’l ’ //71'2 ’ //71' 7" t t/ t”
det ( (l'ee e ) ( )) -— det < ( ee’e ee’e ee’e ) ( ) _ Eabcéa(t)é/b(t/)é//c(t//)

ot,t',t") ot ¢, t")
(188)

which reproduces the product of derivatives of the edges with respect to the parameter ¢ entering
the integral. The integral will vanish, if the Jacobi determinant is equal to zero or if not all edges
e, e, e’ intersect in one common point p. The last point is due to the characteristic functions yg
which have their support in a neighbourhood around p whose size is determined by the size of the
O;. In case that even one of the edges does not intersect the other two edges in p and we shrink
the O; to some small enough finite size Oy, the characteristic function xyg will vanish. Therefore,
let us assume that all of the three edges e, ¢/, ¢” intersect in a point p at unique parameter values
to, ty, ty, where the uniqueness is guaranteed by the fact that the edges are not self-intersecting.
The edges can be parametrized by

e(t)y=p+c(t—ty), €t)=p+d{t' —ty), €{")=p+{t"—t) (189)

for analytic functions ¢, ', ¢”” vanishing at t —tg = 0 or ¢/ — ¢, = 0, t”” — tj = 0 respectively.

First we take the limit lei/go XD"(BP’E(?J(ED% V")) ()(3p, Zeerer) leading to

1 1 1

lim E(p,0,0,0")f = —itp 1 /dt /dt’ /dt (190)

0750 T 8 8-3lvol(O vol 0’
0 0 0

g cererr) (4,1 1")
{ Dy Gan(a@ )
t t/ t//
ee’ e’ €E(Y)

XD(p7 e(t)) X\:"(pv e(t) +e ( )) 6(3) (3p7 xee’e”

Tr([heu(O,t”)nheu(t” 1)] 5hT 01 > < /(0,8 Ther (¢,1)] M{f(),l))
O e e (191)

We concentrate on the cases for which the Jacobi determinant is not equal to zero, i.e.

det (%W) # 0. Then the function Zeerer(t,t',¢") is invertible in a neighbourhood

of p and its value at the point (¢t,¢',t") is Zeerer (to, th,t3) = 3p. Since we chose the edges to
be outgoing from a vertex v, it follows that the intersection point p has to be equal to the
common vertex v of the edges, i.e.p =v =eNe’ Ne”’, to lead to a non-vanishing result. In our
parametrization the vertex is equal to v = e(0) = ¢/(0) = €”(0), so we need toset t =t' =" =0
and tg = t{, =ty = 0 to reach at the vertex v. As a consequence we can replace the characteristic
functions xo(p, e(0)), xor(2p, e(0) 4+ €'(0)) by xa(p,v) and xao/(p,v) which gives
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~
<

dt

(192)

—

1 1
lim E(p,0,0/,0")f = —it) 1 /dt /dt’
0”70 T 8 8-3!vol(O vol o’)
0 0

c 8(:566/6//) (t t/ t”)
ijk s Uy
{ 2 : det( oL, 1)

e,e’ e €E(y

Xo (pa ’U) Xo’ (p7 /U) 6(3) (319, xee’e”)

[her (0, 8)75her (', 1)]

/\\_/O

1" 5 6
T‘I‘([heﬂ (O,t )Tihe”(t 1)] (ShT(O, 1)) (W)

Tr([he(o,t)Tkhe(t 5hT 0 0 Iy (193)
We approximate the integrals over t,t',t" by
1 1 1 5 o
rer) (B, T, T
/ dt / dt’ / dt” det( (Iz(; 2,(tj,)’ )) 64 (3p, Teerer) (194)
0 0 0

1\° K 1
=e(e,e,e") (2> /dxdé(?’) (p,x) = ge(e,e’,e”),
R

where we defined
ele, e, e") = €ue€®(0)e°(0)€7¢(0) = sgn (det(¢(0), €'(0),€”(0))) . (195)

Alternatively to sending O” — 0 first, we could have expanded the t,#',¢"-integrals of functions
h(t), g(t') and £(t"), representing the corresponding functions in the integral, around ¢t = t' =
t” = 0 in a small parameter e corresponding to the length of an edge of a cube, resulting in

1 1 1
de [ dt’ [ dt" et )g(t')h(t) fy (196)
/ ! /
/2 €/2

_ / / at / At + o) fvz(if(O)g(O)h(0)+0(€3)>fw-

We will also use this technique in part III in section 9 to derive our physical Hamiltonian operator.
So in the limes O” — 0 the regularized operator becomes

—its 1 1
li E oo o” _ wp 1
5750 (p, 0,0, B7)f 8 8-3lvol(O)vol(O) (97)
1, 0 (Teerer) (t, 1, 1)
{ > 3¢’ det< .t xo(p;v) xor (p, v)
e,e’,e”GE('y)

It 0.0 g7 ) T (500 0.0 g5 ) (1000 5 ) o

where we used that her (0, O) her (0 0) = he(0,0) = 1 and the €® from the expansion of the

integral cancels against W . We introduce the right invariant vector fields

X7 = TI‘([Tz'he//(O, 1)] 611?2),1)) . (198)
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With these replacements and definitions we have

—il% 1 1
lim E(p,0,0,0")f = _=F 199
Jim, E(p, 0,00, 0")f = — 8- 31 vol(O)vol(D) (199)
1 1] -a . c evye e’
{ Z ge”keabce (0)e"*(0)é”(0) xa(p,v) xor (p,v) X; X7 X }f’y
e.e’ e €E(7)

Next we identify O’ = O which yields to

_ip6 2
lim B(p,0,0,07)f = e _1_ X0, v)2
[7=0 82 83! (vol(O))

{ > e(e,e/,e”)eijkXf)(;'X,g"}f7 (200)

e,e’ e’ €E(v)

Finally, we substitute the sum over all triples of edges ) _ ., .. incident at a common vertex

e,e’

v by a sum Zve\/('y over all vertices v € V() followed by a sum Y - _.»_, over all triples
incident at the same vertex v. We end up with the volume operator
. o
VIR =g D elee )ik XeXY XE | (201)
veV(y)NR " ene’Né

where the sum runs over the set V(v) of all vertices v of a graph 4. The volume operator is a
linear unbounded operator on Hy which is symmetric, positive semidefinite and essentially self-
adjoint (possible self-adjoint extensions). Its spectrum is discrete, for details on the spectrum
see [115, 118, 119, 120, 121].

2.4 Dirac Quantization and Solutions of the Constraints
2.4.1 Gaufl Constraint

By making the transition to the densitized triad Ef (electric field) and new connection AJ
an additional constraint, the Gaufl constraint, arose. Classically, the smeared version of the
Gauf} constraint is given by

/ NG = / P’z (D E]) = / P’z (D A7) —E(DA), (202)

here the last equation follows from partial integration (no boundary). So in principle we have
a densitized triad smeared in three dimensions and can apply a similar quantization procedure
as in case of the holonomies and fluxes. In case of the holonomy and fluxes one needs to
regularize both of them to calculate their Poisson bracket. The regularization procedure includes
a three dimensional integral. Here to calculate the Poisson bracket one has only to regularize the
holonomy he, since G(A) already contains a three dimensional integral. We leave out the details
of the regularization process, which can in detail be found in [9], and follow the lines of [12] to
compute the expression for the Gaufl constraint operator. After the regulator is removed, we are
left with the Poisson bracket

voalhe) i= {(G(A), he(A)} = B [ QD) O RO, Fh((A) (209
0

with DA = 9,A + f,zéA’;Af. Soon we will see that the expression under the integral can be
written as the total time derivative of a product of holonomies. As a concrete basis for su(2)

57



2 QUANTUM THEORY

we choose 7; = —io; with o;, j = 1,2,3 being the Pauli matrices. In this case the structure
constants f;rs are given by the totally skew symbol €jr,. We set A := AJ7; and consider the
term
.a dA ; ‘ -a d\ 1 /-a dA
D.A(e(t))e*(t) = o + eieAﬁA Tj€%(t) = e + B [Tk, Te] ARA e (1) = e
where we used [ry, 7¢] = 2¢],7; and we define A(e(t)) := é¢*(t) A% (e(t))7;/2. With this the term
under the integral, hiding the arguments, reads

he(0, 1) (‘fﬁ + [A(e(t)m]) he(t,1). (205)

+ [A(e(t)), A], (204)

Remember that the h.(0,¢)(A) satisfy the parallel transport differential equation

d

23 11e(0,1) = e (0, ) Ae(1)) (206)
and the holonomy is defined as the unique solution he(A) := he(0,1) with h.(0,0) = Igu(g)
thereof, compare definition 2.1.1. Furthermore, we can derive from the parallel transport equation
that

d
ahe(tv 1) = _A(e(t))he(t7 1) (207)
and h(1,1) = lgy(). Now applying the chain rule, with respect to the d/dt derivative, to the

expression h.(0,t)Ah.(t,1) and inserting the derivatives of the individual terms we obtain

@ (he0.0)AR(1.1) = he(0,1) (‘fﬁ n [A(e(t»,A}) het.1). (208)

This shows that the expression under the integral can indeed be written as a total derivative and
consequently we obtain, after performing the integral,

vpa(he) = {G(A), he} = —% (A(e(0))he(A) = he(A)A(e(1))) . (209)

The generalization to cylindrical functions using the definitions of left and right invariant vector
fields 2.1.3, compare eq. (144), leads to

vpa(f) ={G(A), f} = —% D (M(b(e) RS — M (f(e))L5) f1(A), (210)
e€E(y)
:_% SN Y R- Y ] £, (211)
veV(y) e€E(y);v=b(e) e€E(v);v=f(e)

where the parametrization ¢ of the edge is chosen such that b(e) = e(0) is the beginning and
f(e) = e(1) is the final point of the edge and we finally expressed everything in terms of a sum
over vertices of . We identify G(A)[f] = —vpa(f) which is real-valued, since A is real-valued
for compact G.

Then the Gaufl constraint operator is given by

e =2 Y e | Y - Y A4 (@)
)

veV(y e€E(vy);v=b(e) e€E(y);v=f(e)
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It is essentially self-adjoint with dense domain C(.A), see for example [9].

Now we come to the solutions to the Gauf$ Constraint. Notice that the Gaufl constraint
can be solved before or after solving the diffeomorphism or Hamiltonian constraint. Moreover, we
can deal with the GauBl constraint in two different ways. We can solve the Gaufl constraint on the
classical level and work directly with gauge invariant states, as explained in section 2.2.2, or we
can solve the Gauf} constraint at the quantum level on Hy what we are about to do now following
the lines of [11]. According to section 2.2.2 the kinematical LQG Hilbert space, i.e. without
solving the constraints, is given by Hg := Lo (fl, dMo)- Since the SU(2) Gaufl constraint only
arises due to the variable transformation to the new connection and densitized triad variables,
we will nevertheless denote the Hilbert space after solving the Gaufl constraint with Hy, =

Ly (A/G, d,uo). Here we point out that Hy, C Ho, so Hiin is a subspace of Hy. Recall from

definition 2.1.1 that a holonomy transforms under SU(2) gauge transformations with g € SU(2)
as he(A) — hi(A) = g(b(e))he(A)g(f(e))™!, where b(e) := e(0) and f(e) := e(1) denote the
beginning and the final point of an edge, which are the vertices of a graph. Notice that the gauge
transformations only act on the vertices of a graph. Therefore, a gauge invariant cylindrical
function should be invariant under the action of SU(2) at the beginning and final points of edges,
ie.

fuan(heys - he,) = fian(g(bex)he, (A)g(F(e) ™ -, g(b(en) he, (A)g(F(en)) ™) (213)

for frin € Hiin- We can reduce the problem of constructing gauge invariant cylindrical functions
to the task of finding a gauge invariant basis in terms of spin network function, sometimes called
spin network states. We define the gauge variant spin network functions (SNF) as

A/jmﬁ H b; eMe ne e H V 2]6 jem Ne ? (214)

e€E(y) e€E(y)

where the bj, i, n, (he) or [(he)]; ,, . are the irreducible SU(2) representation of the holonomies
along an edge e. Now we introduce a projector which projects the gauge variant SNFs to gauge
invariant SNFs. For this purpose we split each edge e € E(v) in « into two segments s; and
s such that e = s1 o (s2)~!, where s; is outgoing from the beginning point b(e) of e and s5 is
outgoing from the final point f(e) of e . As a consequence we get some additional vertices which
are the intersection points of s; and so. We denote the new graph, consisting of the edges {s},
as 7. The projector we need is then defined by

P= / dg by (9). (215)

seE(y ) b(s)=v

The idea behind the projector is that also the irreducible SU(2) representation transform under
SU(2) gauge transformations like

bj. (he) = bj. (he) = bj. (g(b(e)heg(f(€))™1) = bj. (g(b(€))bj. (he)bj. (9(f(e)) ™), (216)

where we suppressed the indices me, ne to simplify the reading. So by application of the projector
P to the SNF T «/]mn(h) we access the beginning and final points of the edges which are the vertices
of the graph and by integration over the group elements g € SU(2) we integrate out the gauge
variant parts. Since we used that we can identify our basis |j., me) with the angular momentum
basis |7, m) used in quantum mechanics, we can also interpret this in terms of angular momentum
coupling at the vertices. To begin with, we describe the coupling of two angular momenta j; and

Jo according to the theorem of Clebsch and Gordan, see for example [118, 122].
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Theorem [118, 122]: Clebsch & Gordan 2.4.2. Given two irreducible representations m;, ,
7j, of SU(2) with angular momenta (weights) j1 and ja, their tensor product space splits into a
direct sum of irreducible representations m;,, with angular momentum jio taking values between
lj1 — J2| < j12 < j1 + Jo such that

T & Tjy = Tjitjo D Mjitjo—1 D - - D Tjy—jp+1] D TPjy g (217)
In terms of Hilbert spaces
Jjitj2
HD) = 3(D1) ¢ 3 (D2) — @ 74 (2d12+1) (218)

Jr2=|j1—J2|
with dimensions D1 =251 + 1, Dy =2j5+ 1 and D = Dy - Ds.

The angular momentum j;o is called the coupled angular momentum of j; and js. Now
we have two optional basis for H(P). First there is the tensor product basis |1, m1; jo, ma) :=
lj1,m1) ® |j2, m2) and second the possibility to express H(P) in terms of the coupled states
|71, J2; J, M), where J := j12(j1,J2) and M := mq + my. This on the contrary means that we
can also expand one basis in terms of the other basis, i.e.

1, g2 J, M) = (1, mas o, malin, jai J, M) [jr, ma; oy ma). (219)
M
The expansion coefficients Chy, m, = (J1, m1; J2, M2|j1,72; J, M) € R are known as Clebsch-

Gordon coefficients. In the same manner as we coupled j; and js to ji2, we can go on for N
angular momenta, that is

J1:J2 = Jiz, (220)
J12,J3 = j123,

J123, Ja — J1234,

Ji2..(N—1),JN = J = J12. N

which shows the recoupling scheme.

Usually, one couples the spins {jc}ccp(y) to a total angular momentum J, such that a state
of an angular momentum system expressed in the tensor product basis of the |j.,m.) can be ex-
pressed in a new basis |J, M), to simplify the notation the {j.}ccr(+), respectively their partially
coupled angular momenta, are left out. Mathematically, the coupling corresponds to a change
of representation, where the map from one representation space to the other on is called an in-
tertwiner I,, realized by the collection of all Clebsch-Gordon coefficients at a vertex v € V(7).
Graphically expressed, the intertwiners sit a the vertices of a graph. The vectors |.J, M) form the
basis of their image space.

The Hilbert space at a vertex v for split edges has the form

Hv - (®sljs§) ® (®52j5§) s (221)

where due to our split now all segments s of type one or two are outgoing from the vertex v.
So to get a trivial tranformation behaviour at the vertices and therefore gauge invariance, the
angular momenta or spins jse and js¢ need to couple to a total angular moment J = 0, and
consequently M = 0 needs to be satisfied, then the resulting recoupling state |0, 0) is invariant
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under SU(2) gauge transformations. This makes also sense when one looks at the classical
expression for the GauBl constraint in eq. (111) and notices that right and left invariant vector
fields and their representations are associated with the beginning and final points of an edge, so
their contributions should cancel in order to determine the gauge invariant Hilbert space Hyip.
Note that sometimes in the literature the term intertwiner is used only for the collection of all
Clebsch-Gordon coefficients of the form (0, 0|je, m.) at a vertex v € V(). Now the projector P
can be expressed in terms of sums of scalar products of the form (0, 0|j, m.) which are nothing
else than Clebsch-Gordon coefficients. To complete the definition of the gauge invariant spin
network states, one contracts the magnetic quantum numbers ng which yields

Tv,j,f = Z |:H<050|jsfynsf;js§ans§> T’Y/,J_",f,ﬁ’ (222)

Ns

where T’Y/J, Fais the state after perfoming the momentum recoupling at each vertex v € V(7). I
is a vector which contains one entry for each vertex with one of all possible couplings to obtain
the combined angular momentum of jg, and j,,. Finally, our auxillary construction of splitting
an edge e into s; and sy is irrelevant, since their interior vertex is contracted with the same
intertwiner. The T FF form an orthonormal basis for Hy, because mapping from the tensor
product basis to the recoupling basis (intertwiner) is a unitary transformation, see for example
[118].

2.4.3 Diffeomorphism Constraint

The diffeomorphism constraint derived in section 1.3 modulo gauge transformations G; = 0 is
given by C, = —s ((B)ng (B)Ef). For Lorentzian signature we set s = —1 and consider the
smeared version

C(N) = / &3z N(z) (<B>ng WE?) (), (223)

g

where N is the shift vector. One can approximate c (1\7 ) in terms of holonomies and fluxes and
realizes that the operator corresponding to infinitesimal diffeomorphisms does not exist on Hyi,
which is due to the fact that then the unitary operator exp(itC_"(J\_f )) would need to be strongly
continous which is not the case. If exp(itC(N)) is not strongly continuous, which is equivalent
to weak continuity in case of unitary operators, then Stone’s theorem 2.2.11 tells us that the
operator for the generator C(N) does not exist, see also [9]. In the following we will show this

M be a one-parameter family of diffeomorphisms generated

explicitly. For this purpose let <ptC
by the vector constraint C'(N) # 0, then we have U(gotc(N)) = exp(itC(N)). Now choose a graph

~ such that for all ¢ € (0,¢) for € > 0 we have @E(N)(fy) # ~. Consider two identical SNFs

T, 57=T, 5 p since the SNF form an orthonormal basis we know that (ijv s 7 =1
According to the definition of weak continuity 2.2.10, we consider
(T 5 Ul T, 50 = BT 5 0 Tooon = =0#1=AT, 7 1T, 5.7, (224)

which shows that indeed U (gotc (N)) is not weakly continuous, so C (N ) does not exist.
However, this is not a problem, since finite spatial diffeomorphisms can be implemented
unitarily due to the diffeomorphism covariance of the Ashtekar-Lewandowski representation, see
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[95]. For all diffeomorphism ¢ € Diff(0) we can specify the action of the unitary operator U(y),
representing the finite diffeomorphisms, on a spin network function by

U, ;7=T,

L5 (225)

.31

We remark that it is also possible to formulate the hypersurface deformation algebra in terms
of finite instead of infinite diffeomorphisms and to implement this at the quantum level. As a
consequence physical states ¢ on Hpnys need to satisfy

Ulp)y = .

To determine the diffeomorphism invariant Hilbert space Hqig, we will apply the so-called re-
fined algebraic quantization (RAQ) framework, for details see [123, 124]. The first step
of the RAQ consists in finding a sequence of spaces for a given Hilbert space Hyi, , also called
rigged Hilbert spaces or Gelfand’ triple

Dyin C Hiin C Dy (226)

Here Dy, is a dense subspace of the Hilbert space Hyi, whose elements in the case of LQG
consist of the (gauge invariant) cylindrical functions, i.e. Diin = Cyl and Dy, is the so-called
algebraic dual. Dy, consists of all linear functionals £ on Dyiy,, where all especially means that
they do not need to be continuous. The algebraic dual Dy, is per se equipped with the weak
*-topology of pointwise convergence of nets (generalization of sequences), see [105].

In the second step we extend the action of the unitary operator of finite diffeomorphism 0(<p)
defined on Hyin to linear functionals ¢ in Dy, acting on Hyin by

Vet ()] (£) = €T (0 ) = LT ()) (227)

for all f € Dyin, ¢ € Diff(c) and Uext(go) on Dy, is the operator extension of U(g@) on Hyin.
Since the cylindrical functions are dense in Hy;, and the spin network functions lie dense in
Dyin = Cyl, we can concentrate our search for solutions to this domain. Let us define the multi-
label s := {v,7, f}, then ¢(s) := {p(7), ], f} For solutions to the diffeomorphism constraint,
that is for invariant linear functionals, we demand that

Vet (9)€) (1) = U0 (PIT) = UT1) = UT). (228)

The solutions to these condition are linear functionals in the algebraic dual of the diffeomorphism
invariant space D}, C D, and act on Hyin. Given that we have a linear functional ¢ € Hiin C
Dy, then the Riesz representation theorem [125] tells us that we can find an unique element
fe € Hyin such that £ can be expressed as £ = (fs, Jxin and (., .)xin is the inner product on Hyiy.
We can concentrate on spin network functions T, since their finite linear combinations give rise
to the cylindrical functions. All diffeomorphisms which relate a graph v to its diffeomorphic
image define an equivalence class [s], more general equivalence classes generated by elements of
a group are denoted as orbits, given by

[s] := {¢(s), ¢ € Diff(0)}. (229)

Our motivation to work with the orbits is that we want to work with one representative s’ of
each equivalence class of diffeomorphisms. Taking all of the points mentioned above into account
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we reach at the solutions

U (T5) = Z (Tsr, Ts)xin (230)

s’ €[s]

for any gauge invariant spin network function T3. which indeed are invariant under the finite
diffeomorphisms, that is Uextﬁ[s] (T5) = £;5)(T5) as can easily be checked. This expression is always
convergent, since the right hand side of eq. (230) will only contain finitely many non-vanishing
terms due to the orthogonality of the spin network functions. In [102] it was shown that the
Hilbert space Hyin decomposes into a direct sum of Hilbert spaces associated with each orbit [s]

Hkin = @Hl[(sl]ny (231)
[s]

where each Hilbert space Hl[jl]n itself is composed as a direct sum Hl[i]n = @ Hi
s'€|s]
Assume that we have managed to determine D}, then we have the topological inclusion

Dair C Haix C Diig- (232)
The map from Dy, to D is the so-called rigging map n(f), written as
1 Diin = Daig, = n(f) (233)

for all f € Dyyy. It is useful to construct an inner product on the diffeomorphism invariant Hilbert
space Hai , that is (., Yaig . The rigging map n(f) is basically given by a linear combination of
the K[S] ()= ZS,G[S] (Tsr, Yxin- Notice that, since Hyi, splits into the Hl[j]n, the rigging map needs

to be defined for each orbit [s]. Therefore, we choose a dense subspace Dl[fi}n C Hl[j]n and take its

algebraical dual (Dl[j]n) . As an outcome the rigging map for each [s] is defined by

771[15] (T‘?‘) = a’[s]g[s] (T§)7 (234)

where a4 is a non further specified real positive number. A general method to obtain the rigging
map 7(f) is group averaging, see definition 2.4.3 below. Notice that group averaging cannot be
applied to the the diffeomorphism group Diff(c), since there exist uncountably infinitely many
diffeomorphism which leave a given graph invariant. To obtain an explicit expression for the

rigging map, we take those diffeomorphisms into account that leave our graph invariant based on

our considerations to obtain a well defined element of (D([fl]ﬂ) - (DEL) , see for example [9] for

details on this. In the next section we will see that states which are solutions to the Hamiltonian
constraint are also solutions to the diffeomorphism constraint.

2.4.4 Hamiltonian Constraint

For the derivation of the Hamiltonian constraint operator we follow the lines of [9, 126, 127]. To be
able to work directly with the elements of a SU(2) Yang-Mills gauge theory, i.e. without the need
to impose complicated reality conditions in the quantum theory, one chooses real connections
AJ and densitized triads EY. Besides from now on we set 3 = 1 and for Lorentzian signature we
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choose s = —1, then the Hamiltonian constraint, compare eq. (125), becomes

C=-— (W, eWE;;Eg) — 2GR (235)

Vi (
1 J a b 2 k¢ rha b
7 (FabejkgEkEé) _ ﬁRabé ESED
; - 1
_ J a b a b
5 = J a = a
) (F bEkEZ) - \/atr(gkag)R Wordor

2\
{ 7 J a b 1 1 a b
= QWtr(ajakag) 5 (F Fba> ELE; — %tr(akog) B (Rap — Rpa) ELEY
. 1 ; ; . . a
- Ntr((—wj)z (72 - F.) <—wk><—w—e>EkE2)
1 1 . . a
+ \/atr(Q (Rab — Rba) (ZUk)(ZUg)EkEg>

Tk Te

1 /1
Fi F)z@EEE) tr( = (R, — R E°E
2\[(<ab 9 o kT \/ar2(ab ba)22ké

jatr([Fab 4 Rup) [E%,E")).

In line three we used that for the Pauli matrices o, j = 1,2,3, we can reexpress ok = iy =
%tr(akag) and €jp0 = S tr(oj000). Furthermore7 we defined 7; := —io; which are su(2) gener-
ators and we introduced the notation Fyp := F,7;/2 and E* := E{7;/2. Analogous we find for
the Euclidean Hamiltonian constraint

Cp = 7 (< VF? ejkgEkEé> = —%tr(Fab (B, E"]). (236)

It will prove to be useful not to write C in terms of Fyp, Ry, and E,, but instead to use the
expression for Cg in terms of K, and R,p, namely

Cp = —/q (KK — K?) — \/qR (237)

with this we can rewrite C, see eq. (125), as

C = —Cg + 20k + 2/ (Kb K — K?) (238)
=2q(KapK™ — K?) + Cg
1

= (KgKg - KgKg) EYE? + C
4
- %tr([Ka,Kb} [E*, E"]) + Cg

where we set K, := KJ7;/2.
To include the 1/k factor which appears in the Einstein Hilbert action one defines

1 1
H:=-C, HY:=_Cg. (239)
K K
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Notice that the classical Hamiltonian constraint is a real-valued function on the phase space of
GR. It therefore suggests itself to search for an operator in the quantum theory which is self-
adjoint or at least symmetric. However, from the point of view of the (semi)classical limit it is not
necessary to construct a symmetric operator. Furthermore, the classical Hamiltonian constraint
is not diffeomorphism invariant, but it is diffeomorphism covariant which will be carried over to
the quantum level by the construction following below.

Here we follow the presentation of Thiemann given in [126, 127] to construct a non-symmetric
Fuclidean and Lorentzian Hamiltonian constraint operator. The construction of the symmetric
version can also be found in [126, 127]. In the first step we replace the complicated curvature
term R, by Poisson brackets using the subsequent quantities:

1. Volume of an open region R of o

V(R) = [ &*x/q (240)
/

2. Integrated densitized trace of the extrinsic curvature

K = /dSngE; (241)

There are two key tdentities which relate the volume V and the integrated densitized trace
of the extrinsic curvature K to the terms appearing in the Hamiltonian constraint and between
each other. Recall for 3 = 1 we have K} = AJ — ') and TY = f[E] meaning that I is a
homogeneous, rational function of EY and its first derivatives are of order zero. The first key
identity reads

S = B / 'y KEWELG) = ey / @y (AW BLW)) - / @y () EL )
(242)
= 4](x) - T () = Ki(r) = (K, 4}(@)),
where we used that {K,T%} = {K, f(E)} = 0. The second key identity is
1 a __ ,abc_j . ac(sV(R)iéac J
(sentatte)) TeneF ) (n) = o) = 2 Sl = S vm, Al (289

for any region R such that x € R.
With the help of these key identities we find for any open neighbourhood R, of x € &

(sgn(det(e)) [H — Hg]) (z) = — (2

H) eabctr({Aa(x),K}{Ab(m),K}{Ac(l’),V(Rw)}) , (244)

(sen(det(e)) Hg) (z) = — (2

K

) e tr(Foy{Ao(x), V(R,)}).

We absorb the factor sgn(det(e)) into the lapse function N and write down the expressions for the
smeared Hamiltonian and Euclidean Hamiltonian constraint, i.e.for H(N) = [ d*xz N(z)H (x)
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and analogous for Hg(V), which then become

1~ ] (V) = = (2) [ @ N ({4, KHA) KHAW)VRY) (219

Hy(N) = - () [ @ N @ s A,V (R,

Since the holonomy-flux algebra gives rise to the Hilbert space Hy we also want to recast the
connections A, and their curvature Fj,; in terms of holonomies in order to be able to find a
representation of the Hamiltonian constraint on Hg or Hyin in case that we solve the Gaufl con-
straint first. For this purpose we fill out ¢ by tetrahedra which intersect each other only in lower
dimensional submanifolds (surfaces) and whose volume depends on a small parameter e. We call
this a triangulation T'(¢) of o. The triangulation will be defined such that for € getting smaller
the number of tetrahedra is increasing to make sure that o is always filled out with tetrahe-
dra. The triangulation should be adapted to an underlying graph in order to give reasonable
meaning to the limit ¢ — 0. In the following we want to explain what it means to adapt the
triangulation to an underlying graph ~v. Let A := A, € T(¢) be an analytic tetrahedron,
where we will suppress the € dependence of the tetrahedra in the following. Denote the edges of
the tetrahedron by e;(A), I = 1,2,3 and their intersection point by v(A). We assume that all
vertices are at least three-valent. In case of two-valent vertices one can make them three-valent
by adding an additional edge not intersecting v in any other point except the vertex v which
means that its tangent is transversal to all other tangents of edges of v at v. The final Euclidean
Hamiltonian constraint operator H E(N) annihilates functions based on graphs with two-valent
vertices. Without loss of generality we choose the edges to have an outgoing orientation from
v(A). Otherwise, one can subdivide the edges like in the case of the derivation of the volume
operator in section 2.3. Moreover, we introduce the notions of segments s; and arcs ay;. A
segment sy of ey is a part of e; such that it starts at v with outgoing orientation and does not
include any other endpoint v; of e; apart from v. An arc ay; intersects two edges ey and ey
in their endpoints and we define a loop a;;(A) == er(A)oars(A)oe;'(A) that has positive
orientation with respect to the boundary (I, J) = (1, 2), (2, 3), (3, 1).

In order to cast eq.(245) in terms of holonomies we choose two embedded edges e(t) : [0,1] = o
and €'(t') : [0,1] — o with ¢t — e(t), ¢’ — €/(¢') such that the have a common starting point
v = ¢(0) = €/(0) and we set e.(t) := e(et), analogous for €'(t'), for 0 < e < 1 and ¢,t" € [0, 1].
Here we abuse the notation and use the same symbols for the edges and their embeddings. The
expansion of the holonomy h.(A?) in powers of € reads

he,(41) = 12 + e(0) AL () + O(), (246)
where dot denotes the derivative of e(t) with respect to the parameter ¢.
To rewrite the term containing the curvature Fj,;, we need to introduce a suitable loop.
For our embedding of the edges e(t) : [0,1] — o and likewise e(¢') this loop in a coordinate
neighbourhood is given by

ec(4t) 0<t<1/4
te o (1) = e(l)+e(dt—1)—v 1/4<t<1/2 (247)
el(1)+e(3—4t)—v 1/2<t<3/4
el (4 — 4t) 3/4<t<1.
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Then the expansion of the corresponding holonomy in powers of € yields

ha, ., = 1o+ e2ngéa(O)é’b(0)% +O(). (248)
The integral over o can roughly be decomposed into a sum over tetrahedra which we will explain
in more detail for the derivation of the quantized expression. Then eq. (245) becomes

1/2 _ _
(i~ H") (V) = () S NSt (o (et Ko B BY (249)
AET (€)

w0z oy V (Rua)}) + O(e)

1/2\? _
HF(N) = 5 (K) > Nt (B her (o) 05 oy V (Ruiay)}) + O(E),

ANET (€)

where we have defined N, := N(v(A)). For any triangulation the expressions in eq. (249) con-
verge pointwise on M to the expressions in eq. (245). The constant terms vanish under the action
of the Poisson bracket. Actually, to replace the integral over ¢ by the sum over tetrahedra is a
very rough description of the situation, since there is still some “space” around the vertex left
with is not filled by the tetrahedra. To obtain the correct prefactor in the quantum description
we need to treat the integral over sigma in the subsequent sense. We will not go into details of
the construction of the so-called mirror tetrahedra here which can be found in [126], but it
is not hard to imagine that at each vertex we actually have eight tetrahedra constructed from
a triple of edges ey, e;,ex and their prolongations or “mirror edges”. The eight tetrahedra,
constructed from these edges, saturate the region around a vertex v. Let D(A) be the closed
region in o filled by the eight tetrahedra constructed from a triple e, ey, ex. Their union is
D(v) = Uya)=y D(A) and their complement with respect to D(v) is D(A) := D(v) — D(A).
The left space D := o — |, vy D(v) is triangulated arbitrarily, but will not give any contribu-
tion. Thus, the integral according to [126] can be rewritten as

SR IR0 Y-t RV B | I

o o=U,evy D) veV(Mp)y p  veEV(Y ) (A) v ID(A)  D(a)

VRN IR DV RSP

v(D)=v | AED(A)X,  AED(D) A

Due to the symmetry of the problem we can make the replacement

> /—>8/. (251)

A/ED(A)A/ A

as in the limit € — 0 all the tetrahedra shrink to their base point which is a vertex of the graph.
The remaining sums over integrals containing tetrahedra in D and D(A) vanish. Now we have
re-expressed H¥ and H in terms of quantities we know how to quantize. One more subtlety we
need to take into account is that classically it does not matter whether we quantize H® and H or
their complex conjugates H® and H because they are real-valued, however for the construction
of the solutions to the constraints, we need the adjoint operators. Observe that H does not
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need to be self—adjoir_lt, see [1_267 127], so there might be a difference between H and H' on the
quantum level. For H® and H the corresponding operators acting on a function cylindrical with
respect to a graph ~ are given by

o t 128 N(v)
PP, 18 JIK 252
(=)ol = ey 2w 2 N

(s [0 K] ey [y K] B [ s ¥ ()] £

) t 32 N _ .
[HE(N)} fr=g—m D E((z)) > e”Ktr<ha”<A>heK<A> {he;(AVV(RU(A))}) fy
P vev(y) v(D)=v

with K = % [ﬁ B(1), V(O’):| which comes from the classical identity for the integrated densitized

trace of the extrinsic curvature K = —{H(1),V (o)} for a constant lapse function N = 1.

N . T
Application of H¥(N), respectively [H E(N )] , to a cylindrical function results again in a cylin-

drical function which depends on additional edges. The algebra of two Hamiltonian constraint
operators can be shown to be non-anomalous, i.e.the algebra is closed. More on the action of

the Lorentzian Hamiltonian operator and especially the calculation of its matrix elements can
be found in [128].

The solutions to the Hamiltonian constraint operator have to be states on the diffeo-
morphism invariant Hilbert space ¢ € Haig C Dj;¢ which should satisfy

(EN)') fi=w (AN F) =0 (253)

for arbitrary smooth lapse functions N € C*°(o) and cylindrical functions f € D in the (dense)
domain of H(N). If we would impose the condition (H(N))i4 = 0, we cannot require ¢ to be dif-
feomorphism invariant, since according to the hypersurface deformation algebra the Hamiltonian
constraint does not leave Hqig invariant. Meaning that we needed to solve the Hamiltonian before
the diffeomorphism constraint. To construct the solutions to the non-symmetric Euclidean and
Lorentzian Hamiltonian constraint we will introduce a couple of definitions. The construction of
the solutions to the symmetric version of the Hamiltonian constraint is even more complicated
and we will not display it here, for their construction see [127].

Following [127], we begin with the definition of an extraordinary vertex. An extraordinary
vertex is a tri-valent vertex which is the intersection of two analytic curves ¢,¢’ C ~, that is
v = ¢N ¢, such that v is an endpoint of ¢ but not of ¢’. An extraordinary edge is an edge
whose endpoints are extraordinary vertices v, vo. There is an at least tri-valent vertex v of ~y
which is such that at least three edges incident at it have linearly independent tangents at v and
there are two edges s1, s2 C v which connect v and vy, v and which have linearly independent
tangents at v. We call v the typical vertex associated with e. Further, to construct the solution
of the Hamiltonian constraint we need rules to choose suitable spin-network functions, therefore
we present the definition of a spin net.

Definition [127]: Spin-Net 2.4.1.

e

1. A spin-net is a pair w = (7, j) consisting of a graph v € I' and a colouring of the edges of
v with spins j > 0 such that the set of intertwiners (vertex contractors) I compatible with
the data vy, j is not empty. We will denote the set of all spin-nets by W.
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-,

2. The subset Wy C W is defined to be the set of all (,j) € W, where vy is a piecewise analytic
graph, all of whose extraordinary edges carry a spin j > 1/2. We also set Wo =W — W.

-, -,

3. Given w = (v,]) € W there exists a unique spin-net wo(w) = (yo(7),jo(j), called the
source of w and which is defined by the subsequent algorithm:
First let 4 be a copy of v which we dye in white. If w ¢ Wy remove all the extraordinary
edges e of v which carry spin 1/2 in v to obtain a graph +'. Now if s1,se are the segments
of v which connect the extraordinary edge e with its typical vertex then dye s1, s2 black in 7
to produce 4'. Iterate the procedure with v',7' instead of v,7. The procedure must come to
an end after a finite number of steps because v had only a finite number of edges. The final
v is the searched for ~o(y) which by construction is unique. Its colouring fo is obtained
as follows: Each edge e of yo(y) has finite segments s which is dyed in white in the final 7
and which belongs to an edge ¢’ of v. We define ;0(;) by requiring that the colour of e is
the same as that of €': It is clear that the pair ('yo,fo) defines an element of Wy: it is an
element of W because the space of vertex contractors associated with a tri-valent vertexr as
that given by the endpoints of an extraordinary edge is one-dimensional and that it lies in
Wy follows from the construction.

The idea behind this abstract construction is to assume that we have a final graph on which
we applied the Hamiltonian constraint. A rough analogy is to think about this like applying a
creation operator several times on an initial state unless a certain final state is reached. Then the
upcoming definition enables us to go “backwards” to the initial state or “forwards” to a derived
state.

Definition [127]: Derived Spin-Nets 2.4.2.

1. Let wo = (70, jo) € Wo. We define inductively finite sets of spin-nets w = (v,7) € Wo with
source wy as follows:

(a) Let WO (wp) := {wp}.

(b) Given W™ (wy) take anyw = (7,7) € W (wp) and construct elements of ' = (v',7")
of Wt (wg) as follows: add precisely one more extraordinary edge e to v in all
possible, topologically inequivalent ways. Furthermore, if v is the typical vertex for e
and if e; = s; 08,1 =1,2, s;,8, = @ carries spin j;, where s1, sa connect v to the
endpoints of e then we define up to four colourings for vUe as follows:

i. The extraordinary edge e is coloured with spin 1/2.
ii. s} is coloured with spin j; as before.
iii. s; s coloured with spin ji = j; £1/2.
iv. The edges of v — {e1,ea} carry the same spin as in 7.
v. From the colourings of v U e so obtained we keep only those which admit a non-
empty set of vertex contractors.

vi. Define v/ = yUe, (y —s1)Ue, (y—s2)Ue, (v— 81 —s2)Ue if (4§1,7%) is
(# 0, 0), (0, 0), (£ 0,0), (0,0) respectively. The set of data ' = (7/,j) (at
most four) w = (’y,f) and for each e extraordinary for v so obtained comprises
the set W1 (wg). The finite set W™ (wo) will be called the set of derived

spin-nets of level n with source wy.

2. We will denote the associated set of equivalence classes of spin-nets under diffeomorphisms
by [W(") (wo)} which itself, of course, depends only on the equivalence class [wo] of wp.
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Finally, to be able to define states which satisfy the diffeomorphism constraint as well as the
Hamiltonian constraint we need to perform a group averaging.

Definition [127]: Group Average 2.4.3.

1. Let Tw i be a spin-network state. Its group average is defined by the following well-defined

distribution on ® = Cyl™(A/G) which is also a solution to the diffeomorphism constraint,
i.e. a subset of Haifr,

T = D Tojr (254)
Y €]

where [y] denoted the orbit of v under smooth diffeomorphisms of o which preserves ana-
lycity of ~.

2. The group average [f] of any cylindrical function f is defined by first decomposing
it into spin-network states and then averaging each of the spin-network states separately.

According to the following theorem the solutions to the (Lorentzian) Hamiltonian constraint
H and dffeomorphism constarint are then given by:

Theorem 1.1 [127]: Group Average 2.4.4. Fach distributional solution to all constraints of
Lorentzian quatum gravity is a finite linear combination of states W of the following two types:
Type 1)

¥ = [f] where f is an arbitrary linear combination of spin-network states based on spin-nets
wo € Wy.

Type II)

¥ = [f] where f is a certain linear combination of spin-network which are constructed from
spin-nets in W.

The solutions of type I are trivial in the sense discussed in the proof of Theorem 1.1 in [127].

Therefore, we only try to explain the solutions of type II in more detail as also done in the proof
of Theorem 1.1 in [127].

Let f=3 af;])([wo])T. The sum extends over
T

1. All spin-nets w € W (wp) for some wo = (70, o) and some n > 0.

2. All spin-network states T° compatible with precisely on of these w. We denote the set of all
spin-network states 7' compatible with precisely on of these w by S(™ (wo).

Let [s] = [7], 7, I be a label for the diffeomorphism invariant and gauge invariant with respect
to the Gauf constraint SNF Tj), compare section 2.4.3, and define [S(") (wo)] = {[s]sest (wo) }-
Then the solution for the non-symmetric Hamiltonian constraint operator is of the
form

N
pi=3Y a7 ([wol) Ty (255)

k=1 [s]e[s) (wo)]
The tricky part are the constants afg’“)([wo]) which need to be determined from eq. (253). So in

principle for the non-symmetric Hamiltonian constraint operator we are able to determine the
complete kernel which then gives us the physical Hilbert space. We see that the physical Hilbert
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space is actually the one already constructed in [102]. This is closely related to the point that it
is diffeomorphism covariantly like its classical counter part. The Hamiltonian constraint operator
acts by annihilating, creating, and re-routing the spins (angular) momenta in a spin-network.
In the case for the symmetric operator one has to do even more work and there is no complete
solution, but solutions can be calculated case by case as explained in [127].
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3 REDUCED PHASE SPACE QUANTIZATION

Part I1I
Construction of Physical Hamiltonian
Operators

Most of the content in this part has been published in [129] and [130]. Sections of text within
this part have been reused from an article published in Classical and Quantum Gravity [130].
IOP Publishing Ltd is not responsible for any errors or omissions in the text included within this
thesis. The Version of Record of the published article is available online at the URL stated in
[130]. However, this thesis contains additional calculational and theoretical work.

3 Reduced Phase Space Quantization

Instead of Dirac quantization as applied in section 2 we can also perform a so-called reduced
phase space quantization. In this case we solve the constraints, which is meant by “reduce”,
at the classical level and then we try to find a representation of the resulting observable alge-
bra. Usually, it is more difficult to find a representation of the observable algebra than of the
kinematical algebra. However, in case we add a suitable reference matter action to the Einstein
Hilbert action we are able to rewrite the constraints linearly in the momenta of the reference
fields. After we have rewritten the constraints, we can use them to apply the so-called observ-
able map, see section 5. The observable map maps the kinematical quantities and their algebra
to observables and the observable algebra. Whether the reference matter action was suitable is
reflected in how the resulting algebra of the rewritten constraints looks like. In the ideal case
the observable algebra is isomorphic to the hypersurface deformation algebra which means that
we will be able to use the standard LQG kinematical Hilbert space representation. We do not
need to solve all constraints at the classical or at the quantum level. It is also possible to solve
some of the constraints at the classical level and then solve the remaining constraints via Dirac
quantization at the quantum level. In the upcoming calculations we add four (modified) Klein-
Gordon scalar fields to the Einstein-Hilbert action. Afterwars we rewrite the Hamiltonian and
spatial diffeomorphism constraint. In the following we solve these constraints at the classical
level but we will use Dirac quantization to solve the remaining Gauss constraint at the quantum
level. We denote the reference matter fields, often called “clocks”, by ¢! and their conjugate
momenta by 77, where I denotes an element of an index set with countable cardinality Z and
each index usually marks a field. Mathematically, the procedure can be described as follows: By
adding a matter action to the Einstein-Hilbert action we extend the phase space. Now given
a phase space with canonical coordinates (z,p,) one can, at least locally, subdivide the phase
space into two canonically conjugate subsets (¢, 77)7er that corresponds to our reference mat-
ter and (¢%, pa)aca, where A is an index set with countable cardinality, that corresponds to our
gravitational (ADM or Ashtekar) variables. Then one can solve the first class constraints Cy for
the momenta 7w; which results in equivalent constraints C’I(cpl,m, q%,pa) = 71 + h1(p!, q%, pa)
for functions hr(p’,q%, pa) depending on the remaining coordinates. In case that the function
hr only depends on the (g%, p,), and not on the reference matter !, i.e h;y = hy(q% p,) one says
that the system deparametrizes. The next step is to set C'[(wI,ﬁj,q“,pa) = 0 and to solve
for hi(p!,q% ps) = 77. We will see that h; gives rise to a so-called physical Hamiltonian
H,1ys that generates the evolution of the observables. In the subsequent sections we explain the
concepts of constraints and observables in section 4 as well as the observable map in section 5
in detail. We shortly classify the reference matter models in section 6. Afterwards we apply

73



4 CONSTRAINTS AND OBSERVABLES

the knowledge from sections 4 to 6 to the case of four (modified) Klein-Gordon scalar fields and
display our results in sections 7, 8 and 9 before we conclude in section 10.

4 Constraints and Observables

Observables are usually understood to be measurable quantities. Therefore, they play a central
role in physics because they are accessible by experiment and can be used to falsify or support
a physical theory. From their understanding as measurable quantities in quantum theory one
draws the conclusion that operators should be self-adjoint, since then they have real eigenvalues.
In gauge theories, i.e.theories that are invariant under certain transformations we demand the
measurable quantities, that is the observables, to be invariant under the transformation in con-
sideration. This can on the algebraical level be expressed by the requirement that observables
commute with the generators of the corresponding gauge transformations which are first class
constraints. In the following we summarize some definitions, where we stick to the presentations
given in [17, 18]. Let Z be an arbitrary index set with countable cardinality. Moreover, let
{Cr}1ez be a system of first class constraints, that is a system of functions Cr = Cr(g) on a
phase space I', where g denotes a point in the phase space I', which satisfy

{Cr.Cs} =) f5Ck (256)
K

for all indices I,J and phase space functions f& = fEK(g), g € . If the fK are constants,
they will be called structure constants otherwise they will be called structure functions. A
function O = O(g), g € I', on the phase space I" is then called a weak Dirac observable if and
only if there exist non-vanishing functions g7 = g7(g), g € ', on the phase space for all I such
that

{Cr,0}y =Y g{Cy. (257)
J

This means that the Poisson bracket {Cr, O} is going to vanish on the constraint hypersurface,
that is the submanifold of the classical phase space selected by C; = 0 for all I. One says that
{C7, 0} is weakly vanishing on the constraint hypersurface denoted by

{Cr,0} =0 (258)

for all I. More general one says that a relation holds weakly and denotes it by = in case that
equality is only valid on the constraint hypersurface. For g/ = 0 the equality holds exactly and
O is called a strong Dirac observable.

Given a set of first class constraints {C7}rez and chosen a corresponding set of reference
matter {¢!}ez, we want them to be, at least weakly, canonically conjugate, that is

{!,Cs} = 5. (259)

This requirement is important for the construction of the observables we are going to introduce
in the next section. However, in general the reference matter ¢! and first class constraints C;
form a second class system, which means that

{¢',Cs} =: A} (260)
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with A% being an invertible matrix. Now we can define the equivalent set of constraints

Cr=> (A"Hicy. (261)
J

With this new set of constraints {C}} ez, as one can easily show, we have indeed
{. 0oy =45, {C1.Chy=~0 (262)
for all indices I, J. This procedure is called weak Ablization and is discussed in [17, 19].

Now we come to the relational formalism based on an observation made and investigated
by Rovelli, see for example [21, 22]. Rovelli observed that there are basically two different
kinds of observables in physics which he calls partial and complete observables. In [22] the
following definitions where given:

Definition [22]: Partial Observable 4.1. A partial observable is a physical quantity to which
we can associate a (measuring) procedure leading to a number.

Definition [22]: Complete Observable 4.1. A complete observable is a physical quantity
whose classical value or in quantum theory whose probability distribution can be predicted by the
theory.

Roughly, “relational formalism” in this context means: a function F(T') takes a certain value
F(Ty) when a clock or more general reference variable T' takes a certain value 77 and if the
function F(T') is the outcome of a physical theory, it will be a complete observable. In case that
the values for F' and T are measurable separately each of them is a partial observable. These
concepts together with the framework of the Hamiltonian flow generated by first class constraints
C', which is explained in section 5, were used in [17, 19] to construct observables for constrained
systems described by a Hamiltonian.

5 Observable Map

Large parts of this section have been published in [130]. Now we want to describe the construction
of the observables for a given set of first class constraints {C}rcz and a chosen set of reference
matter “clocks” {(p!} ez which are at least weakly canonically conjugate, that is {¢!,C;} =~ 6%.
If this is not the case, we can define a new set of constraints {C7}sez, as explained in section
4, which satisfies this property. Consider the Hamiltonian vector field X; associated with
C7 defined by X := {C1,.}. In the following constructions we make successive use of the fact
that the X; mutually weakly commute. For each constraint C; we introduce an arbitrary real
number A7 and consider the sum of Hamiltonian vector fields

Xpi=> B'X;. (263)

I

Let f be a smooth function on the phase space, then the Hamiltonian flow f — ag(f) on the
set of smooth functions on the phase space is given by

os(f) = exp(xp)- £ =3 TV xn (264)

n=0
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here the multiple action of the Hamiltonian vector field on f is given by Xpj - f := {Cs, [}n)s
where Cg := >, B1Cr and {., -}(n) denotes the iterated Poisson bracket defined by {Cg, f}0) = f
and {Cp, [}(n) = {C5,{Cs, f}(n—1)}- The Hamiltonian flow generated by the C represents the
gauge transformations on the phase space. The additional factor (—1)" in ag comes from the
fact that we use the Poisson bracket convention {¢*,pg} = 04 here, in contrast to [9, 26] and
part IT where {¢”,pp} = —d4 is used. As an alternative to inserting (—1), we could define
X5 - f=A{f,Cs}n) with {f,Cs}0) = f and {f,Cs}tn) = {{/f. Cs}(n-1), Cs}-

By making use of the Jacobi identity for the Poisson bracket as well as the definitions of the
Hamiltonian vector fields and the Hamiltonian flow, one can show that the Hamiltonian flow
defines a canonical transformation (symplectomorphism) and an algebra isomorphism
(Poisson automorphism) on the algebra of functions on the phase space, see for instance
[17, 18], that is

asg(f+f) =ap(f) +as(f), as(ff)=as(fas(f), {O‘B(f)aaﬁ(f/)}:O‘B({fvf/}()é%)

In accordance with the relational formalism we construct with the help of the Hamiltonian flow
a map that returns the value of f at those values where the reference matter ¢! as a function on
the phase space takes the values 7. Therefore, we choose another set of real numbers {77} ;¢
and look for those values of the gauge parameters 3! for which ag(¢?) = 7. The application of
ap to the reference matter gives ag(p?) = ¢! + 81, which can easily be solved for 3! yielding
Bl =11 — p!. We will denote this equation for short as § = 7 — ¢ suppressing the indices. This
input is enough to obtain a map for the phase space function f which gives us an observable
related to f. We refer to this map as the observable map

O5(7) = a(f)lp=r_, - (266)

During the calculation of the observable map it is important first to calculate the Poisson brackets
or the action of the vector fields Xg on the phase space functions f respectively, since then the
B! are considered as constants and afterwards to set 5 = 7 — ¢ because by that the 8! become
phase space dependent. In [17, 18, 19] it was proven that O;(7) weakly commutes with the
constraints C for all I € Z, i.e.

{Of(T)a OI} ~ Oa (267)

hence O¢(7) is indeed a weak Dirac observable. From the properties of the Hamiltonian flow in
eq. (265) follow the addition and pointwise multiplication of the observable map

Of(7) + Og(7) = Op1g(7),  Of(1)04(7) = Ojg(). (268)

Therefore, the multi-parameter family of maps O7 : f — Oy(7) is a homomorphism from the
algebra of functions on phase space to the algebra of weak Dirac observables as explicitly shown
in [17, 18, 19, 20]. However, concerning the Poisson bracket we do not any longer have a Poisson
automorphism by the multi-parameter family of maps O7 : f — O(7). Despite that it is possible
to find a Poisson homomorphism by the introduction of the Dirac bracket. For any two smooth
phase space functions the Dirac bracket is defined as

{f.9}" ={f.9} =D _{f,CHA™ e g} + D {g.CrHA™){e”, £} (269)

I.J I,J

with invertible matrix A% := {!, C,}. Usually, we try to find “clocks” such that the matrix A/
is weakly equal to 6% on the constraint surface, that is ~ 6% or use Abelization as explained in
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section 4. On the constraint hypersurface we then have the weak equalities

{05(7),04(7)} = {0f(7), Oy (1)} = Oy,93-(7), (270)

which shows that the multi-parameter family of maps O™ : f — Oy(7) is a Poisson homomor-
phism, also explicitly proven in [18, 20].

Assume that we have a smooth phase space function f = f(¢%, p,) that only depends on the
canonically conjugate coordinates (¢%,p,) but not on the elementary variables of the reference
matter (¢!, 77). In this setting we can by making use of the Taylor expansion and the addition
and pointwise multiplication in eq. (268) show that

O (1) = [(Oqa, Opa)(7), (271)

i.e.the observable Of(T) corresponding to the function f is the same as the function f of the
observables corresponding to ¢ and p,.

Remember that with the help of the reference fields and their conjugate momenta we can derive
equivalent constraints

él(wlawl7qa7pa) :7r1+hl((p17qaapa) (272)

to the constraints C;. Let us discuss the construction of the observables for the elementary
variables (g%, p,) with respect to the new constraints C;. Since ¢* and p, both commute with
all momenta 7y, we can consider the Hamiltonian vector field associated with the h;’s instead
of defining Xz via the equivalent constraints C;. Moreover, for the reason that also q® and p,
commute with all reference fields !, we can already when applying Xz to f, for a function
f that only depends on (¢%,p,), replace 8 by 7 — ¢ which yields to the following form of the
observable map

Of(1) =Y CUn (273)
n=0

n!
where X, is the Hamiltonian vector field of the function

Hy =Y (' —¢")H; (274)
I

and Hy := Op, (1) denotes the observable associated with each h;. We denote the observables
associated with ¢* and p, by Q*(7) := Oga (1) and Py, (1) := Oy, (7).

Another point is that if we restrict to functions that do only depend on ¢ and p,, the Dirac
bracket will according to eq. (269) reduce to the Poisson bracket because those f commute with
all reference matter !. In particular for the algebra of the observables Q%(7) and P,(7) we

obtain

{QU7), Bo(7)} = {O4a (1), Op, (1)} = Opga p,} (1) = Osg (1) = 0y, (275)

showing that the reduced phase space has a very simple symplectic structure in terms of the
coordinates Q%, P,, an important property if the quantization of such systems is considered.

Let us add a few more observations: the observable associated with the reference matter (!
is given by

Oy (1) = [aﬁ(gol)}B:Tﬂp =71 (276)
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and therefore is just a constant function on the phase space. According to eq. (272) the momenta
77 can be expressed as functions of the observables O, (7) = 71, Q*(7) and P,(7) because on
the constraint surface we have

;= Ox, (1) = =Op, (1) = =h1(7",Q%(7), Pu(7)) = —Hi. (277)

The system deparametrizes in case that we have hr(q®, p,), that is hy in eq.(272) depends
on (q%,p,) only but not on the reference matter !. If none of the h; depends on the reference
fields ¢!, we will get {p!,Cs} = 6% and {h;,h;} = 0. From the last Poisson bracket follows
that, if all constraints C; are linearly in the momenta 77, then the associated constraint algebra
will be Abelian {C’I, C’I} = 0. Consequently, we have {hy, C'J} = 0 which shows that each hy is
already a Dirac observable, i.e. Hy := Oy, (7) = hy. Moreover, from the Abelian constraint alge-
bra we can conclude that also the associated Hamiltonian vector fields commute not only on the
constraint surface but on the entire phase space. Meaning that all weak equalities that we have
used above can be replaced by strong equalities here. Since h; = hr(q%,p,) is a function of ¢¢
and p, only, once the observables for the elementary variables Q%(7) and P,(7) are constructed,
we obtain Hy as Hr = Oy, (1) = h1(Q%, P,)(7) by the map given in eq. (271).

Finally, we consider again an observable O;(7) associated with a function that depends on
q* and p, only. We want to formulate the evolution of such observables. Certainly, the evolution
cannot be generated by the constraints because by construction Of(7) Poisson commutes with
all constraints. However, O¢(7) gives us the value of f when the reference matter ¢! as functions
on phase space take the values 77. Let us without loss of generality denote the reference matter
associated with physical time by ¢° and the values that it takes by 7°. Then the time evolution
of Of(7) can be described by the derivative of Of(7) with respect to 7°, since this encodes
how Oy (7) changes with time 7°. Considering the form of O¢(7) in eq. (273), we can explicitly
compute this derivative and as shown in [18] for a deparametrized system one obtains

90¢(7)
or0

= {Of(T)a H0}7 (278)

where Hy := f d3x Oy, is the integrated observable associated with hy that occurs in the con-
straint Cp := mp + ho(q®, pa) associated with reference matter ©° that we interpret as reference
matter for the temporal coordinate. In the following we will call Hy the physical Hamilto-
nian, later denoted as Hy,ys because in contrast to the constraint C'O, which is generating gauge
transformations, Hy does not vanish on the constraint surface and therefore can be understood
as a true Hamiltonian which generates evolution with respect to physical time 7°. Since hg does
not depend on ¢° and on any other reference matter, the final physical Hamiltonian Hj is time
independent.

Above we mainly discussed the case where the system deparametrizes but as has been shown in
[23] and will be also important for the models discussed in the following, if the system does not
deparametrize, the function hg will depend on the partial derivatives of ©° only. In this case the
final physical Hamiltonian Hy will be still independent of time.

For simplicity we only considered functions on a phase space here. Despite that we also can

and will apply the techniques discussed here to field models taking care of the mathematical
details regarding field theories.
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6 Classification of Reference Matter Models

Large parts of this section have been published in [130]. As discussed in [23] reference matter
models can be classified as type I and type II models. Type I models can be characterized by
containing two pairs of four scalar fields and usually form a second class system. If one reduces
the system with respect to the second class constraints one pair of the four scalar fields can be
expressed in terms of the remaining degrees of freedom and one ends up with a first class system
for which the remaining four scalar fields can be used as reference matter. This first class system
is then the starting point for the reduced phase space quantization. Thus, a full reduction with
respect to the Hamiltonian and spatial diffeomorphism constraint is possible. An example for
such a model is the Brown-Kuchai dust model, that has been introduced by Kuchaf et al in
their seminal papers [25, 131, 132] and has been used in [5] to perform a reduced phase space
quantization of Loop Quantum Gravity.

In contrast, type II models only partially reduce the phase space with respect to the con-
straints, since these models only include one reference field usually used as reference matter
associated with the Hamiltonian constraint. An example for a type II model that has been
applied in the context of Loop Quantum Gravity is the model in [1], where one Klein-Gordon
scalar field has been considered as reference matter.

7 Four Klein-Gordon Scalar Fields as Reference Matter

Large parts of this section have been published in [129] and [130]. In this section we consider
the model of the gravitational field coupled to four Klein-Gordon scalar reference fields and
derive the physical Hamiltonian of this model. This model can be understood as the natural
type I model associated with the one scalar field model in [1] which originally was considered
because it is the full Loop Quantum Gravity generalization of the Ashtekar-Pawlowski-Singh
(APS) model introduced in [24]. We denote the four Klein-Gordon scalar fields by ¢! with labels

I1,J=0,---,3. The action of the total system under consideration is given by
1
Slg.e') = [ @Y VaRY = 5 [ Y VGous gl el = 57+ 5, (219)
M M
where g, is the space-time metric, g := |det(g,,)|, R denotes the four-dimensional Ricci
scalar and pu,v = 0,---,3 are space-time indices. Note that the indices I,J = 0,---,3 are

just internal ones labeling the reference matter fields. They have no relation to the space-
time indices. We choose our signature convention for the space-time metric tensor g,, to be
(—,+,+,+). The comma denotes a partial derivative with respect to the space-time metric g,,,,
or later on with respect to the spatial metric ¢,,. Next we want to perform the ADM split.Let
(M, g) be some globally hyperbolic four dimensional manifold diffeomorphic to R x x, where x
is a three dimensional manifold, as discussed in section 1.2. The x; denote the spacelike leaves
of a foliation which correspond to the images of a one parameter family of embeddings ¢ — Y;,
where Y (t,2) = Yy(z). The timelike normals to the leaves are given by n# = L[V} —n*Y#].
They are future oriented which requires n > 0. The three metric g on Y is then obtained from
the pull-back of the space-time or four metric g,,, under the embeddings g (¢, ) = YoYygu.

We perform the ADM split using /| det (g)| = n+/det(q) =: n\/q, g"* = n¥n” + q“be;YE and
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define ¢ := n“gpfu, <p:]a = Y’;QD‘L then our action for the Klein-Gordon fields becomes

3
1 2 a
S = +§ Z /dt /d?’xn\/& ([cpi] —q bgoilgo:{,) (280)
J=0% %
with a,b= 1,2, 3.

7.1 Total Action in Canonical Form

Next we determine the canonically conjugate momenta and constraints of the total action S =
58¢° + §¥. 58 is the ordinary Einstein-Hilbert action in the ADM frame, see for example part
IT section 1.1 and [26]. The canonically conjugate momenta corresponding to the Klein-Gordon
fields are

05 - 3 1&/751
WJ::W:Z/dt/d xn\/@pnw (281)

J=0p X

3
1
= E /dt/dgmn\/agoflfégd(‘l)(x,y)
J=0% % n

= \/67190261 = \/Zl@rjw

where dot denotes the derivative with respect to the time parameter ¢ in the ADM frame. The
canonically conjugate momenta corresponding to the lapse n and to the components of the shift
vector n® are

_5_,

pi=z=20 g (282)
6S
Pa = Zq 1= S 0

They cannot be solved for the corresponding velocities which means that they are primary
constraints.

Now the total action in canonical form after performing the Legendre transformation looks
like

3
, 1
S= [dt [dx | pi+pai® + —p™as + Y ms¢” 2
//x<pn+pn 0y + ) mf (283)

R X J=0
- / dt / d*z hprimary
R X

and hprimary is given by

3
1 . .
hprimary = Epaanb - »Cgeo + E 7TJLPJ — ﬁw +vz+ VaZa. (284)
J=0

The term %p“bqab — Lgeo gives rise to the geometric part of the Hamiltonian and diffeomorphism
constraints ¢ and c£°°, for example they can be found in [9, 26] and compare part IT section
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1.3. They are given by

1 1
geo __ e — = Qube ab cd R 285
ke VG <q God — 54 bq,d> -4 (285)
cheo = —2¢q4c Dbpbc

From Zi:o myp? — L, we determine the part of the constraints which belongs to the four
Klein-Gordon scalar fields. Writing out the terms in detail leads to

3

> me! - L, (286)
J=0

3 1 3
= m =g v (CARSTREAZA

3
5 Z [ + 19" ¢ ‘2@‘2] +nt Y mel,
J=0

=: nc“’—i—n c?,

where we used that 7; = \/(jcp;{ and we solved ¢; = %(gb‘] = naapi) for the velocities, that is

T a, J
n—— + np:,. (287)
Va "
By defining c*' := ¢8%° + ¢¥ and ' := 8% + ¢¥ we can write the primary Hamiltonian as
Hprimary = /d3$ hprimary (288)
X

¢7 = npp +nlpl =

= /dgz: (ne** + nc + vz +12,) .
X

In summary we end up with the following expression for the canonical action

S Q(zbv y 1, D, 1 apa7@J7ﬂ-J] (289)

/dt / dx qabpab + @Iy +np + npg — [nctOt + et vz + V“za]) ,

with
2=, 2q:=DPa, C°i=cBC 4P O i= B0 4 ¥ (290)
and
KB = 1 (qac%d - 1qachd) p™pe? — \/gR®, (291)
V4 2
? = 5[;7:/];] + %ﬁtiuq“bwfaw;{,,
KCE™ = —2qacDyp"

© J
Co =TJP a>

here kK = 16wG where G is Newton’s gravitational constant, D, is the torsion free metric com-
patible connection with respect to the ADM metric as defined in section 1.2, ¢ := det(qqp) and
Z, z, are primary constraints of the canonical action.
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7.2 Constraint Stability Analysis

To analyze the time evolution of the primary constraints z and z, under the primary Hamiltonian
we notice that the non-vanishing Poisson brackets on the phase space are given by

{gea(x),p"* ()} = K705 6, y), (292)
{n(x),p(y)} = 8z, y),

{n’(x), pa(y)} = 676z, y),

{o"(x), 75 (y)} = 656z, y),

where we use a different Poisson bracket convention here than we did in part II to make our work
easier to compare to other results in the literature, see for example [1, 26, 133]. The analysis of
the stability of the primary constraints shows that ¢*°* and c¢°* are the secondary constraints of
the system.

z= {Zv Hprimary} = {pa Hprimary} = 7Ct0ta (293)
féa = {ZaaHprimary}’ = {pcmerimary} = —CZOt~

No tertiary constraints arise, since we are in a similar situation as in [26], for a prove see appendix
A there. As expected each of the four reference fields ¢! contributes to the Hamiltonian and
diffeomorphism constraint with the standard expression of a Klein-Gordon scalar field. The set
of constraints {z, z,, c*°, ¢t} is first class. We go over to the reduced ADM phase space for
which z ~ 0 and z, ~ 0 and in this phase space we can treat lapse n and shift n* as Langrange
multipliers.

7.3 Step 1: Construction of Observables

Now we will use the formalism introduced in section 5 and apply it to the four Klein-Gordon
scalar fields model in order to construct observables with respect to the Hamiltonian and spatial
diffeomorphism constraint. For this purpose as a first step we have to rewrite the Hamiltonian
as well as the spatial diffeomorphism constraint in an equivalent form as described in sections
3 and 5 such that the set of resulting constraints becomes weakly Abelian, compare section 4.
To achieve this we will use the same strategy as in [26], that is first we solve the four con-
straints for the four reference field momenta 7; and then we apply the so-called Brown-Kuchar
mechanism in order to ensure that the final physical Hamiltonian is given in deparametrized form.

7.3.1 Weakly Abelian Set of Constraints

We start with the spatial diffeomorphism constraint ¢°* and want to solve it for ;. In order

that the scalar fields ¢’/ with j = 1,2,3 serve as good reference fields we have to assume that
@ : x — § is a diffeomorphism, where S denotes the scalar field manifold consisting of the values
the fields ¢’ can take. We denote by ¢f the inverse of ¢/, such that np?gofb = 0y PRply = o7.
Using this we can solve for 7; and get

At=0 & 7= —<p? (c%eo + ﬂ'ogp?b) =: —hj(qab,pab,@o,goj,wo) =: —h;. (294)
Further, we want to solve ¢*°* for my. Considering the explicit form of c*°! in eq. (291) we make
use of the constraint condition c** = ¢8%° + ¢¥ = (0 multiply with 2,/q and reinsert the result
for the momenta 7; from eq. (294) into it, where the last step is known as the Brown-Kucha#
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mechanism. Note that we apply the Brown-Kuchai mechanism not in its standard form here

a"P (B4 07, ) (s 0,)

because then we would replace qabcpoacpo by 5 but here we use the spatial

71'
diffeomorphism constraint to replace 7;. The advantage of this is that we get at most a quadratic

equation in 7y and not a fourth order one as in [1] which in general yields to a more complicated
form of the final physical Hamiltonian. These steps lead to

—2/qc® =m0 + 50 (8% + mogl,) i (57 + mogl) + adska® el (295)
In an intermediate step we calculated the term

5jk<ﬁ? (Cieo + 7T0900 ) SDk ( 50+ 7T0<P?b)
= 67F 5} [BOE™ + mocs 9, + mocE 9, + 507

= 075 SR BOcE” + 57 o} (809, + 590, ) mo + 67 0 0% G mo’.

This is a quadratic equation for the scalar field momentum 7y and can be rewritten as

0= (14 6Fp20h% %) mo® + 6%k (c5°¢% + 50", ) mo (296)
+ 461k q" Pl + 67RO EEO ™ + 2,/qc5 .

Let us define the following abbreviations

a= (1+06"%500¢%¢5%) | (297)
b= 5J'k @ b (cgeo(p )+ Cgeo 0 )

a

c:= q5Janb<PJa<PI§ + 5]k90j RSO + 2/qc5,

then solving for m yields

b b\° ¢ .
=2 () =& = (g p®, 0, 07) = —h. 2
o 2 (2@) a (q P PP ) ( 98)

Note that the application of the Brown-Kuchai mechanism in its standard way does not result
in a form of the Hamiltonian constraint that can be written linearly in 7y and a function that
does not depend on the remaining scalar field momenta ;. In order to ensure later on that
the physical Hamiltonian density is positive we choose the plus sign for the square root in the
definition of h. Now we will use the results in eq. (294) and eq. (298) to write down an equivalent
set of constraints that is linearly in the scalar field momenta. Here we leave out the tilde in the
new constraints to simplify the notation. We obtain

¢t := 70 + h(qab, 0™, %, ¢7), (299)

tot

¢ =yt hy (qas, p b7(poa90j)>

where we used g = —h to obtain from Ej a function h; that no longer depends on the momentum
mo. The result here also coincides with [132], where a model with eight scalar fields was considered
to implement the harmonic gauge condition. There the second class model can be reduced
to a first class model with four remaining scalar fields of the Klein-Gordon type. We realize
that neither the new Hamiltonian constraint nor the spatial diffeomorphism constraint is in
deparametrized form for the reason that the function h as well as the functions h; still depend
on the scalar fields 7, J = 0,...,3. However, as pointed out in [23] in case these functions
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depend only on spatial derivatives of the reference fields the final resulting physical Hamiltonian
will still be time-independent and this is exactly the case for the present model as we will show
in the next subsection. In contrast to the old constraints the constraints shown in eq.(299)
are weakly Abelian and can thus be used to construct observables for the geometric degrees of
freedom using the four scalar fields as reference fields. In the following we will construct the
observables in two steps. First we reduce with respect to the spatial diffeomorphism constraint
and afterwards with respect to the Hamiltonian constraint.

7.3.2 Explicit Construction of the Observables

For the construction of the observables we closely follow [26], where four dust reference fields are
used. Likewise to the case of the dust reference fields, we will construct the final observable in
two steps. First, we derive spatially diffeomorphism invariant quantities. For this purpose, as in
[26], we define the smeared constraint

Kp, == / 4Pz Bt (300)
X

Observables with respect to Kpg, are given by

(301)

W o ()"
oW = [ Kg,, } . .

f7{¢.7}(0) T; n { B1 f}(n) Bi—i— i
For the dust reference fields in [26] an explicit form of the iterated Poisson bracket {Kg,, f} ) in
terms of vector fields v; acting on a scalar g by v; - g(x) := S¢g , was derived, where S7 denotes
the reference dust fields and S7 the inverse of 57, . All the steps used [26] in order to prove the
explicit form of the iterated Poisson bracket go through also for the scalar field reference fields
©?. We just have to replace S by ¢j. For the benefit of the reader we have reviewed the proof
in the appendix in section B. Using this result we obtain for the case that f is a scalar function,
e.g. some function g : x — R on x

{Kﬁlvg(x)}(n) = [ﬁ{l'"ﬁ{’nvjr“vjn 'g] ((,C) (302)

with v; - g(z) = ¢$g.4(x). Hence the spatially diffeomorphism invariant quantity for g is given
by

(=), , , ,
O (@) =g+> ( n!) [0 =)o — ¢ vy, - g (303)

n=1

We have v, - o* = go?gof“a = (5;“ To see this, in eq. (831) in appendix B we calculated the action

of the vector field v on O;lgw}(a). The result is given by

o0
1 (D" i gy,
vk Ogitoy (0) = D =Bl [owo vy, vy, - g. (304)
n=1 :
As explained in the appendix we are allowed to choose any ¢/ and a convenient choice is 07 to be
constant. This requires that ¢/ is invertible for j = 1,2,3 which is an assumption entering the
whole construction and means that ¢’ : x — S can be understood as a diffeomorphism, where
we denote with S the scalar reference field manifold. Hence, for a scalar function g on y
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we therefore obtain the following explicit integral representation for the spatially diffeomorphism
invariant expression

(1)
Og {p?

(@) = [ @a | den(o /0,)]6(6 @), o)g(o). (305)

X

Now as introduced in [26] for the quantities that are no scalars on x we use the inverse map
(¢?)~1 : 8 = x to pull back tensors that become scalars on x but tensors of same rank on S,
where we denote the physical space being the range of ¢/ within S. Explicitly, we construct for

all variables that are not reference fields for ¢i°* using the abbreviation J := | det(9¢7/9,)| the

following quantities
. mo/, gk =daer, T =p"0,0% /), (306)

where J is used to transform the scalar/tensor densities of weight one 7y and p® into true
scalars/tensors. The integral representations of the corresponding observables are then given by

2= 0 (o) = / a | det(9¢! /0,)|3(¢ (2), o))" (@), (307)
7o :=0 WO {W} /d3x5 z), 0" mo(x),

Tni= 0 (o) = / &? | det(D? /0,)[6(¢ (), 07 o (),

7= 00 / &3¢ (), 07 )l ™ (@),

where we will denote spatially diffeomorphism invariant quantities with a tilde. For the degrees

of freedom that adopt the role of a reference field for c{** we get

P = OSJ),{W'}(U) = |:a51£1 (7 )} af(ﬁl e =gl = /d3 | det(&pi/az)’é(w (z),07) (),
X
(308)

7= 0;” (@ / d® [ det (97 /9,)|6(¢ (2), 07 )i ().

~tot

Thus, the spatially diffeomorphism invariant version of the constraints ¢*°* and ¢t°* become

ot = o + h, (309)

=T+ hy =7+ — h@% =7, — 23;0Dpp*’ — h@Y,

where we used that

0%) (o) = [ @] den(051/0,)]6(47 (0), o)t = . (310)

X
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and likewise O((PI% (0) = 6F with

7 1 €0 ~0 ¢jk
I T

[ = (1 ) [ @ + At @ (R0 + ) + 5,
1 o 1o~ Nkt
9 = (el — 50em )P — AKDR()-
det(q) 2

Next we will continue with constructing full observables that are also invariant under ¢*°t. As
before we denote the smeared Hamiltonian constraint as

I~(52 = /dg’aﬁgﬁmt. (312)
S

Then the observables are given by the power series

2
O qpo.i1(0,7) = 05 (0)(r) (313)
RSN
- nz::o nl {{Kﬁz y f}(n)} By 50

I
=
Q
_|_
(]

S
= |
e

&0 (r = (01).. [ @07 = BN E ), (01, Fl0)}-),
S

Again we want [ d30 (1 — @° (¢))h(0) to be spatially diffeomorphism invariant. This requires a

constant 7. We will denote full observables by capital letters, explicitly

2
Qi(0.7) = Oy 0,001 (0,7) = OF) ) o, (314)
. 2
P (0,7) := Opon 0,09} (0.7) = OF ) o

2
Mo (o, 7 ro(0.01 (0,7) = 0L ) o,

):
)
):=0
) i= Og, (0,451 (0,7) = OF

1L (o, 7 .
I 7j(0),8°

Note that Iy and II; are no independent observables because using the constraints in eq. (299)
these can be expressed in terms of Q7* and Pjj,.. Furthermore we have

Otpoy{tpo#pg‘}(g, 7') =7 and O¢j7{¢07@j}(0, 7') = O'j. (315)

7.4 Step 2: Dynamics encoded in the Physical Hamiltonian

Likewise to the dust case in [26] this power series for Oy 0,53 (0, 7) cannot be written down in
closed form. However, what is more important is that we know an explicit form of the physical
Hamiltonian Hpyys generating the evolution with respect to the physical time 7. Therefore, we
could derive equations of motion for O f7{w07¢j}(0, 7). Solving these equations yields a possibility
to obtain an explicit expression for the observables. When choosing dust fields as reference fields
it could be shown that Hpys is the (physical) space integral over S of the observable associated
with the function A in ¢*°*, see [26] for more details. The proof that H,nys generates 7- evolution
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7 FOUR KLEIN-GORDON SCALAR FIELDS AS REFERENCE MATTER

uses the property that c'°* deparametrizes for the dust reference fields. Nevertheless, as we
will show now also in the scalar field case where deperametrization is not present Hpp,s can be
expressed as the integral over the observable associated with h. Let us consider phase space
functions f that are independent of the reference field degrees of freedom used for c¢*°* that is
f is not allowed to depend on ¢ and/or my. Then by considering the explicit power series for
observables in eq. (313) we have

O “’J}(U M= O )(T) (316)
Z s / &0 / PO, . AT 01, Flo)} -} = ) (7 — 301)
/d3 ’1.../d3 LA (G)), . TN,
S

—{/d?’ff'“’“"t F@)} . YT = @%(01)) - (r = 3°(07))

--¥

= *O{g d3a”c't°t(a’),f(a)},$0(a) (T)
O{Sf B0, F(0)}.2°(0)(T)
O{g B0, F(0)} 2 (0) (T)

= {000 @52 (7 Qo (0,500 (T}

Ja3a ) pd 70 frpd
= {01 darn(an) 10,07} (7), Op (40,43 (0, 7)}

= _{Of dsg/ﬁ(g/),{wow}(ﬂv Of,{saoﬁpj}(a7 )}
S
— 4 / 0" O 10,333 (0'7), Of.pon oy (0.7)} = { / B0’ H(0',7), 01 10 0y (0.7)}

- _{thyS(T)v Of,{wo,apj}(av T)} = {Of,{apo,apj}(o'v T)’ thYS(T)}~

In the third line we used that ¢*°*(¢) mutually commute and in the fifth line that f is by
assumption independent of ¢° that allows us to replace ¢t°t by h. Furthermore we could use the
Poisson bracket instead of the corresponding Dirac bracket because f (by assumption) does not
depend on the reference field momentum mg, compare section 5. Consequently, all terms in the
Dirac bracket additional to the Poisson bracket vanish. The Dirac bracket here has the following
form for the spatial diffeomorphism invariant quantities

(FFY = (R 7 [ @0 (F NP 20} - F e @HEF@))  G1)

S

and for the unreduced case

LY =100 - / & Z LR @ HT 9 @)} = L P @9 (@)) (318)
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with ¢f°t := ct°t. In the last before the last line in eq. (316) we used the linearity of the observable

map and introduced the abbreviation H(o,7) := Op(o,7). Thus, the physical Hamiltonian in
case of the Klein-Gordon scalar field reference field is given by the following expression

Hphys = /d30 O-}(;(l)’@o(a, T) = /d30 H(o,T), (319)
S S

here we denote the (full) observable associated to h according to our notation by H and the
latter is explicitly given by

H(o) = \/ - <2\/det(Q)Cge° + det(Q)Qikd; + 5jkc§e°c,§e°) (320)

and does not depend on the physical time 7 where

1 1 )
= s (QieQum = 5QQem ) PP = VAHQIR(Q) +2//Aet(Q)A, (321

C8° := —2Q;¢ Dy P*".

The reason why H includes less terms than hin eq. (311) and looks less complicated is that all
terms involving spatial derivatives of the reference field $° can be dropped because Ogo)_ 0 (o,7) =

dr/do? = 0. A side effect of this is that Hphys although involving still explicit reference field
variable dependence @°, is nevertheless a time independent Hamiltonian since only derivative
terms occur. However, the additional explicit dependence on the reference fields @’ survives
because their derivatives give a contribution in terms of Kronecker deltas. From the first im-
pression it sound astonishing that although we started with a full covariant theory, we end up
with a physical Hamiltonian that looks not covariantly due to the occurring Kronecker deltas.
Though, we should keep in mind that the index j in the equation above refers to the label of the
scalar reference fields and is no spatial index of a space-time index. Thus, the non-covariance
of the physical Hamiltonian refers to the manifold S associated to the spatial reference fields 7
and there is no guarantee that Hppys might be covariant there even if we start with a covariant
action on Y.

Furthermore in contrast to the deparametrized dust case here we cannot conclude from the fact
that the c**%’s mutually commute that also the h’s do. For this reason it is more complicated
to understand in the scalar field case what precise symmetries Hpys possesses. This will be
discussed more in detail in future work.

7.5 Step 3: Reduced Phase Space Quantization

Finally, we would like to complete the quantization program and find a representation of the
observables algebra whose non-vanishing Poisson brackets are given by

{Q*(0,7), Pom (5, 7)} = 61656 (0,5). (322)

For the reason that we want to apply the quantization used in Loop Quantum Gravity, we
formulate the geometry phase space in terms of su(2) connections and canonically conjugate fields
(A2, E9), i.e. as Ashtekar variables, rather than in terms of the ADM variables Q7%, Pj;, where
A is asu(2) index. This describes the geometrical sector of the phase space as a SU(2) Yang-Mills
theory. As mentioned in section 2.4, as a consequence we obtain next to the Hamiltonian and
spatial diffeomorphism constraint the so-called SU(2) Gauss constraint on the (extended) phase
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space. If we perform a symplectic reduction with respect to the Gauss constraint we get back the
usual ADM phase space. Now in the context of Ashtekar variables the observables constructed
in section 7.3 describe a partially reduced phase space (only with respect to the Hamiltonian and
spatial diffeomorphism constraint) on which we still have to solve the Gauss constraint given by

Ga = 0;F) +SpAPEL. (323)

The introduction of Ashtekar variables allows to rewrite general relativity in terms of the lan-
guage of gauge fields and this suggests to formulate the theory in terms of holonomies along
one dimensional paths and electric fluxes through two dimensional surfaces, likewise to the case
when one applies Dirac quantization in unreduced Loop Quantum Gravity as displayed in part
II. For the unreduced case a uniqueness result [95, 134] showing that cyclic representations of
the holonomy — flux algebra which implement a unitary representation of the spatial diffeomor-
phism gauge group Diff(x) are unique and are unitarily equivalent to the Ashtekar — Isham —
Lewandowski representation [107, 111]. In our case, that considers the (partially) reduced phase
space, we do not have the diffeomorphism gauge group but rather a diffeomorphism symmetry
group Diff(S) of the physical Hamiltonian Hppys. This is physical input enough to also insist on
cyclic Diff(S) covariant representations and correspondingly, like in [5] we can copy the unique-
ness result. Hence, we choose the background independent and active diffeomorphism covariant
Hilbert space representation of Loop Quantum Gravity that becomes the representation of the
physical Hilbert space here. Thus, Hpnys = La(A, o) can be understood as the space of square
integrable function over the set of generalized connections with respect to Ashtekar-Lewandowski
measure i, for more details and a pedagogical introduction, see part II section 2.2 and for in-
stance [6, 9, 10, 12, 13, 135, 136] and references therein. We solve the remaining Gauss constraint
by simply restricting to the gauge invariant sector of that Hilbert space. This can be achieved
by choosing appropriate intertwiners for the vertices of the so-called spin network functions that
provide an orthornomal basis in Hpnys. For more details see also [5] and part II section 2.4.

As mentioned earlier we are only interested in those representations that also allow to implement
the physical Hamiltonian Hpyys as a well defined operator. However, looking at the particular
form of the physical Hamiltonian density in eq. (320), we realize that it is exactly this point where
the reduced phase space quantization cannot be performed. Let us explain this in detail:
Due to the fact that in the Loop Quantum Gravity representation used for Hpnys the spatial
diffeomorphisms are not implemented weakly continuously, only finite diffeomorphism exists at
the quantum level but the associated infinitesimal generators cannot be defined as operators on
Hphys, see for example part 1I section 2.4. In our model this carries directly over to C’?eo. As
a consequence the expression 67 kC’feC’C’,feo under the square root cannot be quantized and this
implies that the physical Hamiltonian Hpyys cannot be implemented as a well defined operator
on Hpnys. This shows that the four Klein-Gordon scalar fields model is an example for a model
where Dirac quantization and reduced quantization yield very different results. In case we would
use this model and apply Dirac quantization we would meet no technical problem in implement-
ing the constraint operators on the kinematical Hilbert space that also involve the contribution
from the Klein-Gordon scalar fields. Therefore, a formulation of the Quantum Einstein Equa-
tions in the context of Dirac quantization would be possible, although the final physical Hilbert
space would still need to be derived. However, in the case of reduced quantization, we are able
to construct the physical Hilbert space Hpnys, but then on Hphys the dynamics encoded in the
physical Hamiltonian cannot be formulated as a well defined operator. Therefore, the quanti-
zation program cannot be completed in the reduced case. This implies that four Klein-Gordon
scalar fields do not provide an appropriate set of reference fields in order to obtain a reduced
phase space quantization of general relativity.
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Let us close this section with a few remarks.

1. One could ask the question why such issues are not present in any of the other currently
available reference matter models. The reason for this is that in all current available models
the generator C§** occurs only in the combination Q7 ijgeoC,%eo and it is exactly this com-
bination that can again be quantized in the usual Loop Quantum Gravity representation
[5] used for Hpnys here.

2. In [137] a lot of progress was made to formulate an operator that corresponds to infinites-
imal spatial diffeomorphisms at the classical level. However, because this work requires a
particular phase space dependent form of the shift vector, the techniques developed there
cannot be applied here in order to find a suitable quantization of Hpypys on Hppys.

3. One could take the point of view that this negative result does only occur because we require
the theory to be quantizable within the representation used in Loop Quantum Gravity.
However, if we drop this requirement and consider for instance Fock quantization, then we
could not implement the original constraints and quantities like the volume operator as
well defined operators on Fock space. Therefore the situation is even worse in that case.

In summary, we conclude that the four Klein-Gordon scalar fields model cannot be used as
a natural extension of the APS-model [24] and the one scalar field model [1] to obtain the
corresponding reduced quantum theories associated with these models. In section 9 we will
demonstrate that a slight generalization of the four Klein-Gordon scalar fields model is sufficient
enough to get a model for which the dynamics can be implemented and thus the reduced phase
space quantization program can be completed but before that we will consider a more general
case.

8 Generalized Model with four Klein-Gordon Scalar Fields

The introduction to this section is similar to an introduction to a section in [130], however in
this section we consider first an additional model that is not discussed in [130]. We saw that
the combination of the standard action of four Klein-Gordon scalar fields with the Einstein-
Hilbert action describing the gravitational field results on the level of observables into a physical
Hamiltonian which cannot be quantized on Hphys in the usual LQG representation due to the
fact that an operator for the generator C?eo of infinitesimal diffeomorphisms on Hyi, in LQG
does not exist. In a second ansatz we want to extend the former model with four Klein-Gordon
scalar fields in order to obtain a model that is suitable for completing the quantization program
in the reduced case. The seminal models [27, 132] have a common property, namely that at first
they introduce more than the necessary four scalar fields in addition to general relativity. It
turns out that then these models describe a system with second class constraints. A symplectic
reduction with respect to the second class constraints results in a first class model with only
four additional scalar fields. For the generalization of the four Klein-Gordon scalar fields model
we want to follow a similar way. We first introduce six additional scalar fields which will later
in section 9, after a further simplification, reduce to three additional scalar fields in such a way
that the final physical Hamiltonian can be quantized on Hppys. The model we want to consider
contains a modified Klein-Gordon action. It can be described by the following total action

; 1 1 L
Slov M) = [ Aty aRO - 0 [ @ty ag e, - 5 [ty vaMe e, (320
M M M

— g8e0 4 g¥° 4 S¢j7
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8 GENERALIZED MODEL WITH FOUR KLEIN-GORDON SCALAR FIELDS

where we assume that the indices p,r run from 0 to 3 and M is a 3x3 matrix with entries
M;; whereas the indices %, j run from 1 to 3 and we sum over repeated indices here. Note that
we also could have considered a model with a 4x4 matrix with entries My, I,J = 0,...,3.
However, then the reference field for the Hamiltonian constraint would no longer be a standard
Klein-Gordon field and since we want to compare our model to the one in [1], we will only work
with a spatial matrix here. In principle we have introduced 9 new degrees of freedom sitting in
a not further restricted arbitrary matrix M in three dimensions. In the course of this part we
will put further restrictions on this matrix which will reduce the number of independent degrees
of freedom. In this respect the first assumption we make is that M is a symmetric matrix, that
is M;; = Mj;, which reduces the number of degrees of freedom from 9 to 6. Again we perform
the ADM split and define ¢}, := @l I =0,...,3 with n# = L[Y} —n?Y#] and ¢/, := YHo!,
then our modified Klein-Gordon action in the ADM frame reads

0 j 1 a i g ab i J
§9 487 =+3 /dt /d?’m\/fl ([@2] — ¢ 0%y + Mijoneh — Mijq ”so,awfb) . (325)
R X

8.1 Total Action in Canonical Form

Analogous to the previous case of four standard Klein-Gordon Scalar fields we need to calculate
the canonically conjugate momenta of the total action S8 + 5¢° + §¢’ , where S&°° denotes
the Einstein-Hilbert action, to bring the action into canonical form. In the following again a
dot denotes the partial derivative with respect to the time parameter ¢, that is ¢! := go,ft with
1=0,...,3.

The canonically conjugate momentum corresponding to the scalar field ¢ is given by

/dt /dgxnfgoo gp" (326)
- / a / Bn /G’ ~D(z, y) = agl.
n
R X
For the conjugate momenta of the spatial scalar fields ¢/ we obtain
L. 3 <pn k 59071
mj 5@3 /dt/d Tn.\/q (M —I—M,;fgon(s J) (327)

1
L /d?’x\f( Mgl + Mugh%) 6, )
R X

7\[( Jk?@n + sz@n) = \/EIMijDZ-

In the last step we used that we assume the matrix M to be symmetric, that is My; = M, and
changed the index ¢ into k, since here we sum over repeated indices. In this case we are in a
different situation compared to our first approach with the four standard Klein-Gordon fields in
section 7: o can still be solved for its velocity ¢ but the 7; could only be solved for ¢7, if we
assumed that M is also invertible due to the summation over k. Therefore, for a non-invertible
matrix M a new primary constraint arises which we denote as ®; and define by

(I)j = 7Tj - \/(}Mjk(pf; = 0, (328)

91
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for a symmetric matrix M. We consider the entries M;; of the matrix M as dynamical variables,
so we also need to calculate their canonically conjugate momenta

. y )
M7 := A% := —— =0. (329)
5M1‘j
As before the canonically conjugate momenta corresponding to lapse n and shift n® are

08

pimzm g (330)
Pa ‘= Za ;: 0. (331)

In summary ®;, A, z, z, are primary constraints, since they cannot be solved for their cor-
responding velocities. Performing the Legendre transformation yields to the total action in
canonical form

S = /dt /d3 =Gapp™ + @O0 + P + "p + NaPa + Mijnij) (332)

— / dt / d*z hprimary
R X

and hprimary is given by
. . 1 .
hprimary =vz+ Vaza + p](bj + MijAU + EQabpab - 'Cgeo + ¢O7T0 + Sb]ﬂ.j - ‘CLP' (333)
The term +Gqpp® — Lgeo gives rise to the geometric part of the Hamiltonian and diffeomorphism
constraints ¢°° and ¢£°° as already displayed in [26] and above in section 7.1. From the term
@Omo + @m; — L, we determine the part of the constraints belonging to the four Klein-Gordon
fields which leads to
¢Omo + @i — Ly (334)

= ¢Om — 3nVa ([900] — q*0%0% + Myl o, — Mz‘jqab@fa@fb) + @'

= \f[ +qab<P0a<Pb M;jph¢2 +Mijqab90fa90?b:| +n® 7T0<P?a +nmipl J’_naﬂ-j@?a
_n ab 0 n ol Mt o
—§f . +q @%@ | + 1wl + nmip, +n7wn—§\/?1 Mijonel, — Mijq® 00,

0 0 j . n .
= e’ +n® (e +ef’) +nmioh - T | Miggheh — Migq™ o'y

0 n . n b
=:nc¥ +n%cf + 5(,0% [27rj - \/QMijgoﬂ + fﬂM,]q“ <pla<p "

=nc? +ncf + i+ \waq 0l +

<I>
9 90

2

where we used that w9 = \/@p% and we can solve for the velocities ¢° according to

0 aO)

1 . a
gpn:ﬁ((p —n%p) o @0 *mp +n® gaa— \/C,]—Fn <p0a, (335)
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but we cannot solve for the velocity ¢»/ which therefore stays
¢ = ngl, +nl,. (336)

Notice that from the last line in eq. (334) we see that we can consider ¢/ as a Lagrange multiplier,
since ®; is a primary constraint.

. 0 0 j .
By defining %0 := ¢8%° 4+ ¢¥ and ¢!t 1= 8% 4 ¥ = 8% 4 ¥ + ¢¥ we can write the
primary Hamiltonian as
3
Hprimary = /d l‘hprimary (337)
X

= /d?’:zz (I/Z + 102 + pj<I>j + pij A9 4 netot O nbetet 4

X

2

Finally, the action in canonical form becomes

qaba npa 7pa7<)0 7‘-07()0 7T]7M’LJ7H ] (338)

/dt/d3 (qbp +g07r0—|—g07T]—|—np—|—npa—l—Minij—hprimary)

with primary constraints
Z=D, Zq'=0pa, Pji=m;— \/§Mjk<pﬁ, oY .= AY
and we defined that
ctot0 . cgeo | c<p07 c:clot — Cgeo —I—Cf
with
1

1
Hcgeo = % (Qacqbd - 2Qachd) ab cd \[R(B) (339)

0
==+ \fqab C%

\[

cheo = _2QacDbp ¢

— 0 Y
ca - ﬂ—os@,a + T‘—JSD,a'

8.2 Constraint Stability Analysis

In the following we need to perform the constraint stability analysis in order to check whether
the primary constraints are stable under time evolution with respect to Hprimary Or not. The
non-vanishing Poisson brackets on the phase space are given by

{ch(x)ap b( } 55‘15 (5(3)(w,y), (340)
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8 GENERALIZED MODEL WITH FOUR KLEIN-GORDON SCALAR FIELDS

We need to calculate the Poisson brackets
z= {Za Hprimary} = {p, Hprimary}y (341)
Za = {Zavarimary} = {paa Hprimary}a
AV = {A”a Hprimary} - {Hl]7 Hprimary}v
q)j = {(I)j7 Hprimary} = {7Tj - \/&Mjkwmeprimary}

After a tedious calculation which is displayed in detail in appendix D, we find that:

. 1 1 o 1 .

z = —;p’“\/&waL —cfon0 — 5\/?1Mijq“b¢fa@fb - 590%7% (342)
. 1 1 1 . 1 .
e = *Pk\/aMM%(p?a -t + 2%+ 3PP — §<P3,,\/ZIMJ'€<P,€W

A ij i i, n i g ab i j
AJ:p\/&sﬁ%Jrg\/&(@n%—qb@,acpfb),

. 1 1 1, 1,
;= V\/ankEWﬁ + v\ /qMjy E‘p,kb +pF {n" \/ank] + 20", {n" ﬁMjk]

a

n
= 13k /@Pn + 5 Mikenaap™ + VaMiey (=1l + 1" gac Dog™)

1 a a
+ [Qn Tl'j:| + [nvaq ijkQOFaLb
1 a n a
[n" \@Mfk] - [32m]

a ,a

n 1 n
+[4t] {n”“ﬁMﬂ‘k] g
We see that for a symmetric matrix M we will generate new secondary constraints which are
quite complicated due to the fact that we cannot solve for the velocities of the (7 fields. Since
we are only interested in finding a quantizable model including four Klein-Gordon scalar fields,
we will make some further assumptions about the matrix M in section 9. We will see that this
will work out to obtain a quantizable model, where we can solve for the velocities ¢7.
We can compare the model here and in section 9 by choosing the Lagrange multiplier p¥ = 0
which gives rise to

. 1 L 1 .

3= —ctot0 _ 5\/§Mijqabtpfagpfb — 5@%7@, (343)
. 1 1 . 1 .
Zq = —cfft + 590?1,7@ + 590%‘1%‘ - 5@%\/§Mj&0£,a,

AV =Sva (wp% —q bw,aw?b) :
. 1 1
®; = V\/(?Mjkﬁwﬁ + Vb\/ZJMjkESOf%
n a a a C
— [jK/aeh + EMjWﬁqabp b+ aMrelk (—n + n®qacDyg™)
1 1
+ |:2na7rj:| - Lpfl,a |:n\/ana Jk:| + [n\/aqaijk(p{ca],b
nog 1 a nok 1 a n a
+ |:§Q0n:| ﬁn \/aM]k; +2 |:§g0ni| " E’I’L \/ank — [§¢Jn :|

,a

,a

,a

If we take into account that we can solve for the velocities @7 in section 9, then the constraint
that arises from A" will be equal to the constraint ¢/7 in section 9. In case that we can solve
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for the velocities ¢/ the constraint in # reduces to the constraint —ct*°t with ct°t = ¢8%° + ¢¥ and
¢? includes all fields ¢!, I = 0,...,3, as shown in section 9. For the situation in section 9 Z,
reduces to —ct°" plus term proportional to ®; which also vanishes there, since in section 9 we
have ®; = 0 and therefore as displayed in section 9 there would also be no <i>j.

Now we are left with the question how we can make these second class constraints vanish
in the context of this section. As we have just discussed choosing p* = 0 is necessary to be
consistent with the model in section 9. In gravity we have that /g # 0 and we usually assume
n # 0 and n® # 0. Also on the primary constraint surface we have ®; ~ 0 and we saw in
eq. (334) above that ¢ is a Lagrange multiplier. Therefore, we are left with two options making
the secondary constraints vanish

(i) ¢4 =0 and M;; # 0 with i, j = 1,2,3 for a non-invertible matrix M
(ii) M;; =0 and ¢, # 0 with 4, j = 1,2,3 for a non-invertible matrix M

Let us first consider option (i) ¢/, = 0 which leads to ®) = 71 and we are left with

Z' — tOtO sz]qab@laSO s (344)
. 1 1 .
Zq = —CZOt + i(p?bﬂj + 590%‘1)]'7

.o n . .
A = ——\/aqabsofad,ﬁ

. n
= V'VaMi— sﬂb + [271 7"]} + [nv/aq Miuel,] |, — [gq’j”a} .

70’ ’

On the primary constraint surface for the case ¢, = 0 we have ®; = 7; ~ 0. Further, we
know that the contribution to the diffeomorphism constraint c{°* ~ 0 weakly vanishes on the
constraint surface and that the same holds for the contribution to the Hamiltonian constraint
ctot0 4 %\/QMZ]q“bgo’ago , ~ 0, which leaves us with

A = —fﬁq“bw Lo (345)
VM~ ¢b+ [nvaa™ M) - (346)

We already see that the choice ¢/ = 0 makes it impossible to compare this model to the one
in section 9. To make A% and ®; vanish, we need to choose the Lagrange multiplier v* = 0
and n = 0. However, the choice n = 0 is not consistent with our usual choice n # 0 in gravity.
Moreover, option (i) ¢? = 0 conflicts with our observable construction so far in section 7 and in
section 9, since there we have

0L (o) =4, (347)
but for ¢? = 0 we would obtain
0y)(0) =0 , (o) = N’ (348)

which is not compatible with our gauge fixing conditions, also compare appendix C.

Next let us consider option (ii) for different numbers of vanishing matrix elements. For a
non-invertible matrix M we have a vanishing determinant, i.e.det(M) = 0. Since M is also
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9 SIMPLEST CASE GENERALIZATION

symmetric, we can bring M into a form where it contains a 2x2 submatrix m and zeros otherwise
and we have three independent matrix elements. Now we still have two subcases det(m) # 0 and
det(m) = 0. For det(m) # 0 we can only have two spatial scalar fields which is not suitable for
our purpose. However, due to det(m) # 0 the submatirx m is invertible and we can solve for the
velocities of the two fields, then the constraint ®; will not exist. For det(m) = 0 we are only left
with one independent degree of freedom, assumed that it does not vanish, it corresponds to one
spatial scalar field. Again we can solve for its velocity and ®; will not be present but it is not
useful for our purpose either. Finally, we assume that a primary constraint ®; # 0 is present,
then all M;; have to be zero but then we have zero spatial scalar fields left and we are again in
the situation of [1].

Because we see that the constraint stability analysis in this section contradicts section 7
and also the results we are going to derive in section 9 and is not compatible with our needs
to introduce additional reference matter fields, we stop with the constraint stability analysis in
this section. Maybe the situation changes if we will not assume M to be a symmetric matrix.
However, since we are only interested in finding a quantizable model and this does not bring us
any further, we will go on with an even simpler model.

9 Simplest Case Generalization

Large parts of this section have been published in [129] and [130]. Now we assume that the
matrix M;; is not only symmetric but even diagonal. This further reduces the additional degrees
of freedom, except from the Klein-Gordon fields, from 6 to 3. Note that this is a minimal
generalization of the former Klein-Gordon scalar field model in section 7 that can be obtained
by choosing M;; = §;;. Thus, the form of M;; that we work with is

Mll(-r) 0 0
0 MQQ(J?) 0
0 0 My(x)

and thus we have three additional degrees of freedom sitting in M;;(x). Because M is diagonal
it is also invertible, that is we have M, (M 1)k = 85 = (M~1* M,,;, where the inverse matrix
is defined by (M~1)¥ := M;l Moreover, we even have ¢ = j and for the jth element Mj? =
Mljj = (M~1)37. The form of the action stays the same as for the symmetric matrix and still
reads

; 1 1 o
Slovi e M) = [ty yGRO = 0 [ @ty ag e, - 5 [ty VaMgelel, (309
M M M
— g8e0 4 ¥ 4 g¥

9.1 Equations of Motion for the Simplest Generalized Model

We start with the equations of motion that follow from the Euler-Lagrange equation for the
variables M;; and obtain for each j =1,2,3

69 1 o
0= —= Jad" i o 350
M, 2\/§g oLl (350)
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9 SIMPLEST CASE GENERALIZATION

If we define for each j = 1,2,3 a four velocity U(”j) = g“”(pfl,, then the equation above can be
rewritten as

UM

(j)('a?u = ﬁU(MOj =0, (351)

where Ly, denotes the Lie derivative with respect to U(”j). Thus, the reference field ¢/ is
constant along the flow of the vector field U (”j). A similar property can be found in [27], however

there the four velocity is not constructed from one scalar field 7/ only but it is constructed from
7 scalar fields T, W;, S7 where j runs from 1 to 3. Next we discuss the equation of motion for ¢°
which is, as expected, the standard Klein-Gordon equation as can be seen from

8 6S v v v
0= G0 = O (VILE™) = VIV (6"60) = V39" Vgl = vFOUe"  (352)
Ny
— 0 =y,

here V,, defines the torsion free covariant derivative metric compatible with g, compare part 11
section 1.1, O the d’Alembertian operator and we used how covariant derivatives act on tensor
densities. Finally, we consider the equations of motion for (/. In the former model discussed
in section 7 the dynamics of ¢’ was also described by a Klein-Gordon equation. This will be
modified in the generalized model here. We obtain for each j =1,2,3

8 oS ; v v 1 v j
0=—5"> 50 O (VaM;59%,9") = gV (9" Mj;0%,) = /99" V u(Mj;97,)  (353)
o

as before no summation over repeated j indices is considered here. Hence, the equations of
motion for each 7 are given by

M;;/g09 7 +\/g(V,, M) g" ¢l =0, (354)

where again no summation over repeated j indices is assumed. For the reason that the canonical
momenta associated with the Mj;’s vanish and the Mj;;’s themselves enter only linearly into
the action, the equations of motion do not determine Mj;; completely. As we will see in the
Hamiltonian framework the equations of motion for Mj; still include arbitrary Lagrange multi-
pliers. Depending on the choice of these Lagrange multipliers the fields ¢’ satisfy the generalized
Klein-Gordon equation shown in eq. (354). Comparing with the Brown-Kuchai dust model in
[25] the role M;; plays in our model is taken by the scalar fields p and W} in the Brown-Kuchaf
model. As discussed later, it is exactly this modification for the spatial reference fields that leads
to a reduced model whose physical Hamiltonian can be quantized using Loop Quantum Gravity
techniques. In section 9.3 we will show that the model is second class and can be reduced to a
first class model with only four instead of seven additional scalar fields.

9.2 Total Action in Canonical Form

Since M;; in diagonal form is invertible, we are now able to solve for the velocities of the ¢ fields.
Namely, 7; = /qM;pk = \/523:1 M; ;3 which is equivalent to ¢f = iq Z?Zl(Mfl)jjﬂj
which leads to the velocities

3

¢ == (M ")r; +n, (355)
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9 SIMPLEST CASE GENERALIZATION

here we mean with M;; the elements of the diagonal matrix M and with (M ~')77 the elements
of its inverse and for the conjugate momentum 7y to the field ©° we still have my = \/cjapg, S0 its
velocity is still given by

=L+ ntel,. (356)

Va

Therefore, we are left with only three primary constraints

08

A =TI = =0, (357)
4S
Zi=p:= 5h = 0,
0S
Zq 1= Pq = e 0,

here is no summation over the repeated index jj.
Again we perform the Legendre-Transformation which leads to the total action in canonical
form

S[CI@b7pab7 n,p, naapaa 9007 0, on7 iy ij7 Hjj} (358)
1 3 3 -
= / dt / &’z Eq‘abp‘”’ + @m0+ > G+ np+0%pa+ Y My — hprimary
R X j=1 j=1

with primary Hamiltonian

Hprimary = /d3l‘ hprimary (359)
X
1 3 3
3 . ab -0 . a ..
:/dm —dabp — Lgeo + 7r0+zl<p]7rj—£¢+1/z+1/ za+zl,ujjA“
X j= j=

Note that here we write down the summation over repeated j-indices explicitly for later conve-
nience.
The terms %pabqab,t — Lgoo give rise to the geometric part of the Hamiltonian and diffeo-

3 .
morphism constraints ¢8° and ¢&°° already displayed in [26]. From ¢%my + Y ¢J m; — L, we
j=1
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9 SIMPLEST CASE GENERALIZATION

determine the part of the constraints belonging to the four Klein-Gordon fields which is

3
@Omo+ > _@Im— Ly (360)
j=1
2 3 3
=nl0 4 po Top + 1 )7 UELE 5%,
Vi 2T

1 ) 3 3 )

—5nva | (] —a el + D0 Myselel = Y Miia el
j=1 j=1

1 a T ab i g
= n2x/§( +q*%0% 0 b) +ng WZ( Jq t+ Mjjq bs@i;%)

+n 77050?(1 + Z ﬂ—jw?‘a
j=1

@ Wigm; 1 S
=n 2\/ +5 \fq ’ Oasoob+z< — Zﬁijs@?asafb>
j=1

+n? 71—050?(1 + Z ﬂ—j@?a
j=1

=:nc?+nc?.

By defining ' := 8% + ¢¥ and ¢!°* := ¢&°° 4 ¢¥ we can write the primary Hamiltonian as

Hprimary = /d-gaj hprimary (361)
X
3
= /d?’x e + nctt + vz + v, + ZujjAjj
X J=1

Finally, the action in canonical form becomes

S[qabapabanap7naapaa¢07W0ﬂ¢j77rJ7M]J7H } (362)
3
/dt/d €T 7Qabpab+90 o +Z§0 Uy +np—|—n DPa +ZMJJH hprimary
j=1 j=1

with primary constraints
Z:=p, Z2q:=pa, HY:=AY
and we defined that

Ctot = cgeo + Cga’ CZOt = cieo + C;p
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9 SIMPLEST CASE GENERALIZATION

with

1 1
cheo = 7 (qacqbd - 2Qachd) ab cd \[R(g) (363)

7T7T
cf = \f+ fqabosﬁﬁz:( ”+ f Jsoasob>

b
“Cgeo = —2qq.Dyp ¢
3
_ 0 E j
Ci =To¥P q + ngpfa.
j=1

9.3 Constraint Stability Analysis

In the following we need to perform the constraint analysis in order to check whether the primary
constraints are stable under time evolution with respect to Hprimary Or not. The non-vanishing
Poisson brackets on the phase space are given by

{gea(x),p"* ()} = k6105 6Nz, y), (364)
{n(z),p(y)} = 5(3 (z,y),
{n*(x), po(y)} = 650, y),

{"(x), mo(y)} = 6 a, ),
{&7(x), mi(y)} = 61.6Pz, ),
{M;; (), TT¥ (y)} = 6%, y).

We need to calculate the Poisson brackets or respectively secondary constrainst

zZ= {Z, rlmdry} = {p, prlmdry} (365)
Za = {Za7 primary} - {pa7 primary}

Ajj = {Ajj, rlmdry} = {H Hpr]mary}

The details of this calculation can be found in section E of the appendix. In summary the
constraint stability analysis of the primary constraints z, z, and A?7 leads to

Z - {Z Hpmmary} - {p; prlmary} - _Ct0t7 (366)

Za = {Zaa primary} = {pav primary} = _sz()t?

g A1k A1)
AT = (A Hogimary } = {T7, Hopimary } = 5 ( ) ( ) mme

27

— Vg™, 0| -

9.3.1 Secondary Constraints

In order to ensure that z and z, are stable we require c*°t and ct°t to be secondary constraints
a q a y

and these are the Hamiltonian and diffeomorphism constraint. We realize that we obtain three
more secondary constraints that we denote by ¢?7 which are given by
g n [T b

Al == — @l | 367

2 \/a \/aq SD,G.SD,() ( )

We obtained a set of secondary constraints {c°t, ctot ¢77}.
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9 SIMPLEST CASE GENERALIZATION

9.3.2 Tertiary Constraints

Now given the set of secondary constraints {c*°t, ¢t ¢/7} we need to compute whether these

constraints are stable with respect to Hprimary OF Whether tertiary constraints occur. For writing
comfort we define M := (M~1)% := 13 and I,J = 0,1,2,3. We display the calculations in
some detail here, for even more details see appendix E.

Tertiary Constraint ¢°t(n)

We define the smeared constraint ¢*°*(n) := [d3zn(z)c***(z) and calculate
X

{CtOt() prlmary} (368)

/d3 /dBy{n )} + /d3 /dSy{n 9t (2, 1 ()2 (1)}
+ X/ B X/ By {n(z)c(z), ;; pik (Y) A ()}

+ [@% [Ey @@ e )+ [@ [Eyn@e @ o o),

For the single terms we obtain the expressions:

L [dPz [dy {n(z)c (), v(y)2(y)} = ¢ (v)

X X

2. [dPx [dPy {n(z)c*t(x), v*(y)2(y)} = O

3. [dPz [dPy{n(@)c' (@), pr ()T (y) } = — fd3 E pjj (@) (z) = —c(p)

X X

Since the fourth and the fifth term are rather lengthy7 we display them here separately divided
again into subterms.

4. [&z [Py {n(z)c (@), (y)c " (y)}

= [z [y {n(x)c=(x),n/ (y)c*( }+fd3$fd3y{n z)c? (), n’(y)c " (y)}

= [&z [dy {n(z)c=(z),n/ (y)c=(y)} + fd?’fc fdgy {n(z)cse(z),n"(y)e? (y) }
(

T fdba [dby (n(z)e (o), n () @) + [ [y {n(x)e? (2),n' (5)e? (1))

X X

4.1. [d3z [Py {n(x)cE(z),n/ (y)cB*(y)} = {c&°(n), B (n)} = & (¢! [ndn’ — n/dn])

4.2. [Pz [d3y {n(z)cs(z),n (y)c? (y)}

= —fd?’xnn'%c”qabp“b + fd?’xnn’\‘/% {Z MJJfgo Lo f}
X X

4.3. [d3x [d3y {n(x)c? (x),n (y)cE (y)}

3
:fdgxnn’%c‘/’qabp fd?’xnn i LZ sMys\/3¢: g@f]
X
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9 SIMPLEST CASE GENERALIZATION

44. [dx [Py {n(z)e?(z),n' (y)e? (y)}
pe E(q—l [ndn’ — ' dn])

We see that the terms 4.2. and 4.3. cancel each other so that in the end we are left with
4. [dPx [dPy {n(x)c (x),n (y)c* (y)}

= 559 (g fndn’ — n'dn]) + @ (¢ [ndn’ — ' dn]) = & (g~ [ndn’ — n'dn])
5. fd3f€fd3y{n ) (z),n" ()i (y)}

= fd% dey {n(z)ce(x),n"* (y);* (y)} + fd% dey {n(x)es (), n" (y)cf (y)}

+ fd% fd3y {n(z)c?(x),n"*(y)g™ (y)} + fd?’x fd3y {n(z)c?(x),n"*(y)ey (y)}

X X X X

5.1 [dPx [dPy {n(z)e= (@), n"(y)ef™ (y)} = {5°(n), (i) } = —c#*°(L7m)

5.2. [d*z [dPy {n(z)cE(z), " (y)cf (y)} =0

5.3. [da [dy {n(2)e? (@), 1" ()5 (1)
= e [nf (£n5) ] )+ [a% Ikl (£nyar) @)
54. [d3z fd3y{n z)e? (z), 0" (y)ef ()}

X

_ fd3 = (£arf) (2) + [Pany/ge (£ak) . ()
X
Finally, we obtain for term 5.
5. [ [y {n(2)ct™ (), n" (y)cie" (3)}

= [P [nf (,eﬁ/ 1 )cdh [d3 k) (£30/G0%)+ fd3 (L )+ fd3:cn\[q°d(£~/k)

Vi

— 8 (Lan)

= [d*x [nf (fﬁ/ﬁ) }+ S 2 (£ )+ fd3 [nkas] (£7/3¢%)+ [dPany /G (£/K)
X X

— 8 (Lan)

:>{d3xn (,,E %) +fd3mn(£~/fqabk: b) — &°(Lzm)

:fd3xn<n’b%) +fd3xn( ’C\[q“bkab) — B (L7m)

= ffd?’:cnbn fd 1 o'\ /qq " kap — E°(£7/n)

= —fd3 £L7m) fd3 £7m) /79" kap — 2 (£L7/n)

_ —fd3 ( n \[qabk/, ) — B0 Lm)

== fd3 c?(x) = —c?(Lm) — (L) = = (£zm),
X
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9 SIMPLEST CASE GENERALIZATION

where we defined

3
flr M)(@) = 3 S mgms, hale, M(@) = 3 3" Mol

J=0 J=0

Tertiary Constraint ot (i7)
Analogous we define the smeared constraint ¢*f( f d3z n?(x)ctt(x) and calculate

{ Ot prlmary}

/d3 /dBy{n }+/d3 /dBy{n 190 (2), 11 ()26 ()}

/dS /d3y {TL tot Z,Ukk Akk

/d3 /d?zy{n o (y)} + /dS /d3y{n 8 (), m (y) i ()}

L [z [dPy {n®(z)ci™ (), v(y)2(y)} = O

2. [d3z [d3y {n(z)c (z), V" (y)2(y)} = fd3x1/ (x)ctot(z) = ot (D)

3. [d3z [d3y {n(2)ciot (x), prr (y)TIF (y)} = 0

X X

4. [dPz [dPy {n®(z)ci (x), n'(y)c* " (y)}

X

= [ [dPy {n () (@), 0 (g)c ()} + [P [y (@) (). () ()
= a0 [y {n® (0)es (@), W ()es==(0)} + [ [dPy {n ()8 (@), ' (9)e* ()
+ [ [dPy o (@)ct (@), 0 (y)e= (y)} + AP [dy {n®(@)eg (2), ' (y)e? (4)}
41, [d [Py (n®(@)e (@), n' (y) == (y)} = (e (), 5 (')} = =0 ( L)
12, % [y {n @) (@) (e )}

_ fd3 wf(£ads) | @ — [ ko) (£av/Ag™) (@)
4.3. fd3xfd3y{n ()cg (), n' (y)cge‘)( )} =0
4.4. fd% fd3y{n“( Jeg (@), n'(y)e? (y)}

:_fd3 2 (£af)( fd3:cnfq°d(£ k) q ()

with f and ku as given in eq. (369).
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9 SIMPLEST CASE GENERALIZATION

5. [d*z [Py {n®(x)ck(x), n*(y)ci* (y)}
= [z [dPy {n®(z)cg® (x),n" (y)c* ()} + fdgﬂ«“ fd?’y {n®(z)cg (z),n" (y)ci*t (y)}
= [d3z [d3y {n ()8 (x),n" (y)c;™ ()} + fd% fd3y {n®(x)cg® (z), n*(y)cf ()}

+ [dPz [dPy {n(z)cf (x), n"(y)c;™( }+fd3fffd3y{n (@)cg (z),n" (y)cf (y)}

5.1 [dPz [dPy {n®(z)e5e (), n (y)cf* (y)} = {@(), & (n')} = &0 (L)
5.2. [d®x [dPy{n?(x)c5™(x),n"(y)cf (y)} = 0

5.3. [d®x [dPy{n(z)cf(2), n"(y)ci™ (y)} =0
X X
5.4. [d3z [d3y {n%(z)c?(x),n®(y)cf (y)} = fd3 (nbn’g n’bn“b) c? =¢c?(£z1)
X X
The addition of 4.3 and 4.4 leads to ¢*(£5n’). In summary we obtain for term 4. and 5.
4. fd%fd?’y{n (@)ce? (), 0/ (y)e" (y) } = #(L£an') + 5 (£zn") = " (£an).
5. Jd [d%y {n (@)l (o) ()l (4)) = G800 £47) + 62 (£il) = 80 (£)
X X
Tertiary Constraint ¢(r)
.. .. 3 ..
Finally, we consider the stability of ¢/J. Therefore, we also smear ¢/7 that is c(r) := [d3z Y rj;(x)c/(z)
X

i=1
and calculate

{e(r), Hprimary }

3 3
- / Ea / By (> s (2) (@), v(y) =)} + / dx / By (> 1y (2 (@), v ()20 (0)}
j=1 ¢ j=1

3 . 3
b [0 [@y 3@l @), 3 A 0)
¢ ¢ j=1 k=1
3 3
+ /dsx /d?’y {Z rii(2)c (2),n (y)c (y)} + /dSl’ /d3y {Z rii(x)cd (z), " (y)ei (y)}

step by step.

L [dPx fd%é 1 (@) ), v )2(w)) = A% £(2) 3 35 (@) () = e(7)
2. [dPz [y { ; ryi ()67 (), v (y) 2 ()} = 0

3. [dPz [dPy{ i:l i (x)cd (), I;: puek () A ()}

X

= 3 s ta) [0 (o)

Jj=1
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9 SIMPLEST CASE GENERALIZATION

The terms 4. and 5. need not to be calculated explicitly as we will explain in the subsequent.
Here we just notice that they are non-vanishing, i.e.

L@ [y 32 1500 (). () ) £0

X X

5. [de [dy é i3 (2)e (@), W (y)cieH(y)} £ 0

When computing the stability in the case of c!°® all non-vanishing contributions are propor-

tional to either c*°* or c!°'. Thus, we can conclude

{c°, Hppimary } ~ 0. (371)

a

Further, for c*°* we have a similar situation. There all non-vanishing contributions are propor-
tional to ¢'°, ¢t or ¢77 respectively. Hence, also here we have

{c*, Hprimary } = 0. (372)

For ¢/7 let us consider the individual contributions of the primary Hamiltonian separately. We
have

[ e @), () )} = =gy, (373)

X

o2
Va '’

again no summation of j is assumed here. The non-vanishing contributions that are not again
proportional to already existing constraints come from

/ Byl (z), (nc'”)(y)} # 0 (374)

X

and

/ By {c (z), (nc) ()} £ 0. (375)

X

However, we do not need to compute these contributions in explicit form because the result
in eq. (373) involves the Lagrange multipliers f;; in linear form. Therefore, although we have
non-vanishing contributions from the Poisson brackets also on the constraint hypersurface we
can solve {c”, Hpvimary } = 0 for the Lagrange multiplier ;1 and likewise in the cases j = 2,3
where we can solve the corresponding equations for uos and pz3 respectively. As a consequence,
the stability is also ensured for ¢/ and thus the model contains no tertiary constraints and the
constraint algorithm stops here. The final set of constraints is given by {z, z4, ct°t, ¢t AJ7 7},

Now we need to classify the constraints into first and second class. We define the following linear
combination of constraints

3 3
chot .= ot Z Mol +nop+ (£:p), = i + Z Mjj a7 + 142+ (£72),.  (376)
=1 =1
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9 SIMPLEST CASE GENERALIZATION

The constraints ¢t° are the generator of spatial diffeomorphisms on the phase space with el-
ementary varlables (qab, P, 1, D, n®, pa, M;;,1177) and thus the constraints ¢t°® are first class

constraints. For the constraint c*°* we consider the following linear combination

3
¢oti= et Y BN (377)
j=1

and determine f3;; such that ¢*°* and ¢/ have vanishing Poisson brackets up to terms proportional

to the constraints for all j = 1,2,3. We have

71-2.

@ (@), e (y)} = {"" (@), < (y)} + By \[(T

5 0. (378)

9.3.3 Calculation of §;;

Solving this equation for 3;; yields

5@) = [ @yyal @), ) (379)

J

3
:‘/d%ﬁ% (e (@), (1)} + {c (), 97 (1)})
3 . .
:‘ﬁ%%) ( 2\1[ (6™ aas) — gy o

{( —m;

o O )
)

Va
{n\/flqab%} + = [\/anjqabW?b )
a 7T]' ,a

)

] [nfqab ]} - [\/5 ]qab%} [n

_ (M3)° s (M;;)*
7Tj2 ? nm;

M ij (o0 . a
= OBl i (04 + /g % 0+

2nms
where we used the following results of the calculation of the Poisson bracktes.
L dy{nes®(@), e (y)} = —rgbecid (pau) — wnglyy p
X

VWi (M),

9. ){d?’y{cﬂ"(x),cjj(y)}:f [(M 1)”#;} {nfqab J} 7{\/@quab(p]b} [ (M~ = i

The rather lengthy but straightforward calculation also presented in more detail in appendix F
shows that

1(M;;)? y (M)
515() = s Y i)+ g M (350)
nﬂ'j 7Tj

+ COE (i) @+ 252 (yvas)) (o)

On the constraint surface ¢/ = 0 the expression for 3;; reduces to

(M)

J

o (M)? M;;)? iy .y
Bj () = /a7, 0 2 p) ) (z) + (nj:‘) (m/&q bwfb) (z) + (ij\/&q bsofb) (@).
J J '@ ,a

(381)
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9 SIMPLEST CASE GENERALIZATION

Given this choice of §;; also ¢*' is a first class constraint. The remaining constraints A7/ and

¢/ build three second class pairs (¢!t A11), (¢®2, Ag2) and (¢33, A33). Let us shortly summarize.
We have extended the four Klein-Gordon scalar fields model by 6 additional degrees of freedom
(M;;,1197). The constraint analysis showed that our model has four first class constraints ¢t°*
and ¢*°t and a system of six second class constraints ¢//, A77. Therefore, if we reduce with respect
to the second class constraints and consider this partially reduced phase space, we also reduce
exactly the six additional degrees of freedom because each second class constraint reduces one
degree of freedom in phase space. This partially reduced model consists of gravity plus for scalar
fields that we will use as reference fields later in order to derive the reduced phase space with
respect to ¢*°t and ¢°t. To perform the reduction with respect to the second class constraints
we need to compute the associated Dirac bracket. For this purpose we define the following set
of constraints ¢; with I = 1,---,6 and {c;};=1.. ¢ = {¢//,AV|j = 1,2,3} and introduce the
matrix

Nik(z,y) :={cs(x),cx(y)} = (éj:g:;}; Bjk%$7y)> (382)

where Aj(z,y) = {¢//(2), ™ (y)}, Bju(w,y) = {7 (x), A" (y)}, Cii(x,y) = {A(x),c*(y)}
and we used that {A%7(x), A**(y)} = 0. We have, compare eq. (373),

{¢ (@), A¥ ()} = —% Ayt o).

and {c?7(x),c" (y)} = 0 for j # k and as a consequence all 3 x 3-matrices A, B, C are diagonal
) . . SN
matrices. The inverse matrix (N ~1)"" is given by

WK B 0 ( Yk (z, )
N () = ((B_l)jk(x,y) —(B~1AC— 1) (:&y)) (383)

The associated inverse matrix satisfies

/ &2 Ny, 2) (N (2,) = 6z, y)o].

Given the inverse matrix, we can write down the Dirac bracket that is given by

(g} = {fg) - / dy / @ ({f, s (@WK (@,9){ex (4),9) (384)
— {f.g}- / a*y / A (({F, & ()} (O™ V" () (A (), g}
/ a*y / Pl f. A (@)} (B (@) (M (v). 9)
" / a*y / da (£, (2)} (B ACT)H () {A™ (4), 9}).

For the reason that the constraints A7 = I’/ are equal to the canonical momenta of M;; we
can immediately conclude that the Dirac bracket for the subset of variables .5, p®?, @, 70, @7, T
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9 SIMPLEST CASE GENERALIZATION

coincides with the usual Poisson bracket because each of the variables commutes with A77. Hence,
the Dirac brackets affects the variables (M, 1177) only. The algebra for this subset has the form

{Mjj(x), M (y)}* = —(B71AC™H) M (a,y),  {TF(2), T (y)}* =0, {Mj;(x), ¥ (y)}* = 0.

To obtain the partially reduced phase space we can set A7 = I’ = 0 and express M;; in terms
of the remaining variables using ¢/ = 0. We obtain, compare eq. (367),

1
€7 =0 \[ 4" Pai?,

ij for _] = 1,2,3 (385)

and as usual no summation over repeated j’s is considered here. On this partially reduced phase

space the constraint ¢t° has the following form

~tot __ _tot
&l =ct +ngz+ (Liz)g.

a

In order to rewrite the constraint ¢** on the partially reduced phase space we use M; in eq. (385)
leading to
et =B+ -+ o fq“b 0.0% + Z VM4, (386)

¢33 =0,A37=0 \[ =
= 8% \[ 4= \/>qab 0 b + Z e /qab(p{a(p?b
R cE \f +5 f 4Pl Z 05 (52 + 0w, )\ 4P Ple-

j=1

Now as usual in the context of the ADM formalism we go to the reduced ADM phase space,
that is the one where a reduction with respect to the primary constraints z and z, has been
performed. In the reduced ADM phase space we can treat the lapse function n and the shift
vector n® as Lagrange multipliers. On the reduced ADM phase space we have ¢t = ctot.
Summarizing, starting from the model whose action is given in eq.(349), we end up with a
reduced ADM phase space with elementary variables (qqp, p®°, @7, 7;), for J = 0,...,3, which is

a model consisting of gravity and four scalar fields and a set of first class constraints given by

ciot = g% 4 770@0 + ngpja, (387)
3

b ) —
oot — 80 2\[ + \/~qa Oasa % Z 90? (Cieo + WO@?a) /quQD?bQO?C'

Jj=1

In the next subsection we will discuss the construction of observables for this model.

9.4 Step 1: Construction of Observables

Here we will follow very closely the presentation in section 7.3 because most of the steps performed
for the four Klein-Gordon scalar fields model carry over to the generalized model. Again we start
by rewriting the constraint in Abelianized form.
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9 SIMPLEST CASE GENERALIZATION

9.4.1 Weakly Abelian Set of Constraints

For this purpose we start with ¢*°* in eq. (387) and solve it (c*°* = 0) for the reference field
momentum 7y. We get

3 3
me—mo | 207> %o aelpledly | +ag™ el — 207 Y 5B /gt gl + 24/GcE = 0.
j=1

=1

(388)

We define the following abbreviations:

3
bi= =2y @%pi @y, (389)
j=1
3 . .
= qq" %@ — 21/7 ) OO 4 e + 2/qcE,
j=1

then solving for the momentum 7y yields

2
b b .
T =3 + <2> —c=: —h(qab7pab7cp07<p]) =: —h. (390)
As before, in order to ensure that the final physical Hamiltonian is positive, we choose the plus
sign for the square root here in order to define h. The spatial diffeomorphism constraint ct°* can
as in the former model be solved for m; using the inverse ¢ of cpf'a leading to
mj = =5 (5% + m09%) = —hj(qan, 07,7, ") = —hy. (391)

Likewise to the model discussed in section 7 we can write down the following Abelian set of
equivalent constraints

' =70 + h(qan, P, %, ), (392)
C§Ot =T + hj(qabapaba (pO, (pj)7
where h and h; are the functions defined in eq.(390) and eq.(391). We consider this set of
Abelian first class constraints in the section where observables with respect to these constraints
are constructed.

9.4.2 Explicit Construction of the Observables

We can apply the observable map as was presented in section 5 and carried out for the four
standard Klein-Gordon fields in section 7. Hence, we will first construct observables with respect
to the spatial diffeomorphism constraint C;Ot and afterwards with respect to the Hamiltonian
constraint ¢'°t. Since we have explained the individual steps of the construction in section 7.3
and these can be carried over to the generalized model here, we will just present the results here.
As before for all but the reference fields ¢’ we construct the following quantities:

0, m/d, aik = daeleh, T =p"0h ), (393)
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9 SIMPLEST CASE GENERALIZATION

where J := | det(p’/0,)] is, as before, used to transform scalar /tensor densities into real scalars/tensors.
Then the observables with respect to c;-Ot are given by
2 = 00 () (0) = [ ] det(@07/0,)|3(4 ). 07) ), (394)
X
_ 1 , ,
o= Oy () = [ 2807 (@), 0)malo)
X

~ 1
Uik = Ot(zai,{saj} (o)

[ @l 10,13t @), 00 (),

r =00 Pz 8(¢’ (x),07) Pl i

bS]
)
o
—~
A
2,
-
—
Q
S—
Il
X\X

Here we used the integral representation for the observables introduced in section 7. For the
reference fields the observable map leads to:

7 =08 (o (@) = g ()] — o, (395)

7 {e7} ) P1 (pi)y=0i
7y = 0 (@)= [ da] den(01/0,)15(s 2. 07 o).
X

The spatially diffeomorphism invariant observables of the constraints are given by

et = Fo + h, (396)

=y T =+~
where we used that

01) (o) = [ ds|det(0e?j0,)|3( (2),07) st = ] (397)
X

and likewise Ofola)_ (o) = 0%. The observables with respect to the diffeomorphism constraint
»J

associated with h denoted as h can be easily obtained by using the property of the observable
map. This implies that h = h(gjx, p’*, 37, $7). Using this we obtain

2 3
h=—/G"%\/ @6, + (ﬁgzg,/afk(sjk) — GO0, + 20/q ) NG — 24/ qesee
j=1

(398)

2 3
— AR + (ﬁaf;\/af%jk) S GREE, + 2T \JTIECE — 2o,
=1

Next we want to derive the observables with respect to ¢'°* and also here we can exactly follow

the construction discussed in section 7.3. For this generalized model the full observables that we
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as before denote with capital letters are given by

Qr(0,7) i= Oy, (0413 (0,7) = O o, (399)
PIM(0,7) 1= Opas (40,011 (0,7) = O ) 0

Mo(0,7) = Ory 40,01 (0, 7) = O 2o

I1j(0,7) = On, (0,01 (0:7) = O ) 50-

Note that also here Ilp and II; are no independent observables for the reason that these can be
expressed in terms of Q7% and Pjj; using the constraints in eq. (392). Furthermore for the four
reference fields we have

Otpoy{tpoyw}(O’, 7') =T and OW"{LPO,W'}(O', 7') = O'j. (400)

Hence, the elementary variables of the reduced phase space are (Qjx, P7%). This finishes our
discussion on the full observables and in the next section we are going to derive the physical
Hamiltonian that is generating their dynamics on the reduced phase space.

9.5 Step 2: Dynamics encoded in the Physical Hamiltonian

We have already shown in section 7.3 that even if the constraints do not deparametrize the
physical Hamiltonian density is given by the full observables associated with the phase space
function h that occurs in the rewritten version of the Hamiltonian constraint in eq. (392). The
same applies to the generalized model considered here. Using that the physical Hamiltonian is
as before given by

Hphys = /d?’crOg(l)@o (o,7) = /d3crH(U, T), (401)
s s
here we denote the (full) observable associated to h according to our notation by H. Now looking

into eq. (398) and using the property of the observable map we get for the physical Hamiltonian
density

3
H(o) = | —2¢/QC=° +2,/Q >\ /QIIC¥*C5 (o). (402)
j=1

We realize that the final physical Hamiltonian density is independent of the physical time 7
because the reference field @° occurred only via spatial derivatives and as pointed out already

in [23] and also discussed in 7.3, we have Ogo)‘ 0 (0,7) = dr/do’ = 0. Therefore, all terms that

involve @?j in h in eq. (398) will be vanishing at the observable level. Let us compare the form
of the physical Hamiltonian density in the four scalar field model shown in eq. (320). First let
us check that the density weight is correct in both cases. Each of the terms under the square
root has density weight two and hence the physical Hamiltonian density is of weight one as it
should be. The same is true for the physical Hamiltonian density in eq. (402) of our generalized
model. The main difference between the two models is that the term &7 ka’feoC,%eo that occurred
in eq.(320) and that prohibited the completion of the reduced quantization program in the
case of the four Klein-Gordon scalar fields model, is no longer present in eq. (402). Instead the
physical Hamiltonian density for the generalized model contains terms of the form Q77 C$*°C§*
for j = 1,2,3. As we will discuss in the next subsection, it is exactly this feature of the model
that allows to complete the reduced quantization program.

111



9 SIMPLEST CASE GENERALIZATION

9.6 Step 3: Reduced Quantization

Given the fact that we want to quantize the reduced theory using techniques from Loop Quantum
Gravity, we will reformulate the reduced phase space in terms of Ashtekar variables (Af, E%).
Also in the generalized model the observable algebra of the elementary variables (Aj‘,Ei‘) is
isomorphic to the kinematical subalgebra of (A{I,E;l) and as discussed in detail in section 7.5
because of this we can use the usual Ashtekar-Lewandowski representation of Loop Quantum
Gravity to obtain the physical Hilbert space Hppys of the generalized model. As before the
price to pay when working in the connection formulation instead of the ADM formulation is an
additional SU(2) Gauss constraint. However, this can simply be solved in the quantum theory
by restricting to only gauge invariant spin networks in Hpn,s. Where the quantization program
stopped in the four Klein-Gordon scalar field case, when we wanted to implement the physical
Hamiltonian Hppys as an operator on Hppys, now the situation has changed. The individual
terms that occur under the square root of the physical Hamiltonian density in eq. (402) can
all be quantized on H,nys using Loop Quantum Gravity techniques. Let us consider the first
term, that is —2,/QC®°. The two individual contributions of /@ and C®®° will be quantized
as individual operators. The first one, /@ can be quantized by means of the volume operator
[114, 116]. The observable associated to the geometric part of the Hamiltonian constraint C'*°
can be quantized using the techniques introduced in [138]. For the quantization of the second term

3
2V/Q Y2 \/QIICECCE, we will promote the entire term to an operator at the quantum level
j=1

and this can be done using the usual quantization for holonomies and fluxes in Loop Quantum
Gravity. Note that the quantization used in [5] for the Brown-Kuchai dust model does not carry
over to this model because here the second term does not involve a covariant contraction of
the spatial indices between the observables associated with the metric Q7% and the geometric
part of the spatial diffeomorphism constraint C]geo. As a consequence, a different regularization
procedure needs to be considered.

We start from the classical expression of the physical Hamiltonian given by:

3
e — / Po | ~2/QC%0 +2/Q Y \JQIICECE (o). (403)
S J=1

Likewise to the volume operator or the physical Hamiltonian in [1, 3] the classical expression
involves a square root. From the classical point of view, the physical Hamiltonian density is

3
real and this is only true if —2\/QC%*° +2/Q Y /QIICE*°CE™ > 0. In deriving the form of
j=1

H,nys we restrict to the part of the phase space in which C'%*° < 0. Moreover, from the classical
Hamiltonian constraint equation we get

3 3
76 =m0 | 22 D %I e’y | +aa™ e — 23 @R et e + 20/GE° = 0.
j=1 j=1

Applying the observable map to the equation above yields
I = H2(0), (404)
where IIy denotes the observable associated with 7wy and H 2(U) is the square of the physical

Hamiltonian density H(c), that is the expression under the square root in eq. (403). Note that
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we applied the observable map with J := |det(9¢7/9,)| > 0. Considering eq. (404) we realize
that on the physical part of the phase space we have that H?(¢) is non-negative due to the reason
that certainly I3 > 0. However, this does not ensure that the quantized version of H?(o) is
non-negative. In principle, we can achieve this by implementing H?(o) as a self-adjoint operator
and project onto the positive part of the spectrum for every o. The practical problem that arises
here is that we do not know the spectrum of the physical Hamiltonian and hence we cannot
follow this way. Therefore, we choose the same strategy as in [5] and consider an absolute value
under the square root and quantize

3
. — / Fo || —2/QCk0 +2/Q 3 /@i CE°CE| (o). (405)
s j=1

In the classical regime the expressions for Hypys are identical, since we know that | —2,/QC%%° +

3 3
2/Q Y (/QIICETCCET| = —2y/QC*°+2/Q - /QIICECE™ > 0 and in the quantum theory
j=1 j=1

we ensure a well defined expression under the square root by taking the absolute value. The
general strategy for the quantization within LQG one follows is to introduce a regulator by
means of which a regularization of Hppys can be found. Afterwards one shows that in the limit
where the regulator is removed one ends up with a well defined expression for the physical
Hamiltonian operator I:Iphys. As mentioned before in contrast to other physical Hamiltonians
that have been quantized so far, in our case Hpuys is no longer covariant at the observable
level because the summation is performed outside the square root in Hppys and thus we need to
introduce a different regularization procedure here. As far as the first term under the square root
is considered, we can quantize it by applying a regularization that has already been discussed in
the literature for the Hamiltonian constraint in [138] and for the volume operator in [114]. To
quantize the second term under the square root as a first step we rewrite it in terms of densitized
triads. This results in

3 3 3 j j
S/ K BT EI FL FJV[EkEé
\/@Z /ijcjgeoc;geo _ Z /QijOJgeoC]geo _ Z Q JHEK® jk* ¢ LM (406)
j=1 j=1 j=1 Q
=3 B B FLFMEEEL K = 3 \[FE B B FM B B 50K
j=1 j=1

3
— Z /Oy)Og)éJK’
j=1

where we introduced the quantities Oflj) =F JL,CEﬂEf (no summation over j) and we used that
QY = MT}IE%, Q(E) = det(Q;;(E)), ngeo = FJLkEf with scalar field manifold indices i, j, ...
and su(2) Lie algebra indices I, J,... . At the classical level the order of the curvature F' and
the densitized triads F is irrelevant but at the quantum level it is important that F' is ordered
to the left in order to avoid the creation of infinitely many loops at the vertices of a given graph
when the operator acts on the corresponding cylindrical function. In the next section we will
discuss the regularization of the physical Hamiltonian in detail.

9.6.1 Regularization of H,y

For the regularization of Hyys we will introduce a point splitting regularization along the lines
of [9] where it was applied to quantize the volume operator of LQG. For this purpose we need to
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introduce a characteristic function associated with some geometrical objects that we denote by
% . In principal we can make an arbitrary choice for such geometrical objects, however usually
in the existing literature cubes or tetrahedra have been chosen. The only difference between
different choices for % will be a constant global factor, called the regularization constant cy.
This constant is involved in the volume of the considered objects, i.e. vol(¥%) = cx€>, where € > 0
is the basic length of the object under consideration. For example, for a cube denoted by O we
have cg = 1 and for a tetrahedron denoted by A we get ca = 1—‘/3 To keep our presentation
simple and to be able to compare our results with already existing results we will use tetrahedra
in the embedded LQG case and cubes for the AQG framework. The reason for these choices is
that then we can carry over already existing quantization techniques for C2%° [5, 8] to the case
of our physical Hamiltonian. Before we perform the point splitting, we write Hppys as

3
thys = /dgp | - 2\/@ngeo +2 Z OEIJ)O%)(;JKKp)v (407)
S =1

Where p = o denotes the points of the scalar manifold S from now on. For the regularization
of OY J we will consider a point splitting regularization for the two densitized triads and the
curvature similar to the case of the volume operator where a product of three densitzed triads is
involved. Later we will reexpress the curvature in terms of holonomies as usually done in LQG.
Let us discuss the individual steps in detail. For simplicity we discuss the case for j = 1 first, the
remaining three cases work similar. Applying the point splitting we regularize 051) as follows

1

0 ) = Jim s [ s FGEN) [ Poxala) Bl o9
S S

— /
=: AthHL O (p,A,A).

Here x A (p, x) denotes the characteristic function of a tetrahedron A with the limit hm xg((pA’)) =

63 (p,x). Due to the Poisson algebra of the Ashtekar connection and the densted ‘tr1ad which
has the form {A!(z), E%(y)} = “£6/646®) (2,y) the operator corresponding to EY(x) can be
represented by

A 2§

E?](m):— 7(514‘]( )

(409)

with the Planck length /p = vhik and we set § = 1 for simplicity. Given this, we can define a
regularized flux operator by

E%(p, B (x) (410)

B \ 5
~ T2 vol(D) /d ”A(p’x)aAj(x)'
S

Then we reexpress the regularized operator O‘(]l)(p7 N A) as
2 pd
YD (1 A A = (=i)°tp 1 /d3 , M 0 /ds 0
s s

(411)
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What we still have to analyze is whether the limit in which the regulator is removed leads to
a well defined expression for Hppys. For this purpose we will discuss in detail the action of

OAl(,l)(p, A, A) on cylindrical functions and how the limit can be performed.

9.6.2 Action of Oy)(p, A’;A) on Cylindrical Functions

For analyzing the action of the regularized operator O(f) (p, ', A\) on a generic cylindrical func-
tion f., we first compute the action of the regularized flux operator on f,. Afterwards we will
discuss how the curvature can be regularized and expressed in terms of holonomy operators. We
obtain for the action of the regularized flux operator on a generic cylindrical function f,

.. 2
By 215l = ~F s [ et ) s g (112)
S

2 vol(A) £

/thA(p7 e(t))éj(t);TI'([he(oat)TJhe(t’ 1)] (ShT((SOl)) f"/a
E(M) 0 o

where we parametrize an edge e by e : [0,1] = S, ¢t — e(t) and 77 = iy with oy, J = 1,2,3,
being the Pauli matrices. We used the notation f, = f,(h.[A]) to emphasize the dependence of a
cylindrical function on the holonomies and the dependence of the latter on the connections. Now
we can also apply the second part of the regularized operator leading to an action of O(J]) (p, A, AN)
on f, given by

50 A _ () 1 1

O (0 8 ) o = = AT vol () (413)

1 1

{ Z / a / at FM (¢ (1)) xor (s € () x s (0, (£) " (£)E™ (1)
€E(y 0

1

7T

1) 1)
t)rrhe (t',1)] ‘W) Tr<[he(07t)TMhe(ta 1)] W)

/dt/dt’ Fin(e(t) xar(p, e(t)xa(p, et))e' (t')e™ (¢)
)0

o(t, )Tr([h (0,)Tarhe(t,t')Trhe(t', 1)] 5}@’?0,1))] }fw

B@ t’,tm( (0, )b () arho (£, 1)]

»-lk\}—‘

where we again stick to the case j = 1 here and E(v) denotes the set of all edges of the graph
v. In the next step we will discuss how the curvature term can be regularized. For this purpose
we write it in a more convenient way by introducing for an associated tangent vector of a given
edge e'(t) the following notation:

éfyy = 07e (2). (414)
This has the advantage that we can express the curvature as

Fio(e'(#))e" ()e™ (1) = Fop (¢'(¢))é(i) ()e™ (1) (415)
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and similarly for the remaining cases j = 2,3. Considering this we can rewrite OAL(,j)(p, VANWANS Y
as

36) (. A _ @M 1 1
O b &85 By = = A vl D)

1

3 / ar / at FM (6! (1) xr (0, €/ (1)) X (9, (1)) E12, (#)E™ (1)
0

e,/ €E(7)
/ / g 0
[ 0.7 (1) 5h(01)) {10, et ) 75 )

> [ / 4’ FA (e(t)) xar (s e(t))xa (py €(0)é (E)E™ (1)
0 0

(416)

= A

)
(o 5hT(01)>
i@ t,t') Tr( (0,)Tarhe(t, t')Trhe(t',1)] (SheT((SO,I)ﬂ }f’w

where again no summation over j is taken into account.

9.6.3 Regularization of \/QC®®* and its Action on Cylindrical Functions

As discussed above for the first term under the outer square root that involves the volume /@ as
well as the geometric part of the Hamiltonian constraint C#° we will carry over existing results
from the literature where the quantization of both operators has already been presented. In
order to be able to perform the limit for both parts of the regularized Hppys we will use the same
strategy that was for instance followed in [1]. We introduce the following regularized quantities
VQ(p,A) and C°(p, A") defined through

VQw) = Jim Q. 2) = Jim — [ d Qs pa (a17)

CE(p) == lim CE°(p, AY) = / @y C=° () x o (1, y)

lim ————
A'—0 A'—0 VOI(A/)

The action of their corresponding regularized operator product on cylindrical functions yields

—

VR 800 8N, = s [ 4 [ o VR, (@18)

where /Q,,, 6’560 denote the usual regularizations of the volume and the geometric Hamiltonian
constraint that can for instance be found in [138] and [114]. In the next section we will discuss
in detail how the limit of this regularized operator can be performed and how this can be used
to finally define an operator for the physical Hamiltonian Hpys.

9.6.4 Performing the Limit of the Regularized Physical Hamiltonian

Let us start with discussing the limit for the regularized operator O (p, A’, A). Due to the
characteristic functions that are involved in the regularized operator, we realize that the first
part of the operator involving the sum Ze)e, will only contribute if e, ¢’ have a point of intersection
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that we denote by p. In case they do not intersect, we can shrink A’, /A appropriately to some
small but finite region and both characteristic functions have support only in a neighborhood of
p. Hence, if the edges do not intersect the first part vanishes identically. Let us assume that p
is the point of intersection of e, e’ at parameter values to, t;. For the reason that by assumption
the edges are not self-intersecting to, t(, are unique. We parametrize the edges as

e(t)y=p+ct—ty), €t)=p+{t —ty), (419)

where ¢, ¢’ are analytic functions which vanish at ¢ — ¢y = 0, respectively ¢’ — ¢, = 0. Since e, ¢’
must intersect at p it follows that p = v = e N e’ must be a common vertex of the edges. By
assumption edges can only intersect at their beginning or final points. Without loss of generality
we are able to choose an adapted graph  in such a way that it will be possible to classify each
edge as an edge of either type up or type down, respectively either type in or type out. If this
is not directly given we can subdivide edges appropriately such that we are in this situation.
Further, we divide the edges in such a way that they all have outgoing orientation with respect
to a vertex v, which is also equal to the intersection point, such that the flux operators can
entirely be expressed in terms of right invariant vector fields. In this case the edges intersect in
their beginning point and thus the unique value of ty, ), is given by to = ¢, = 0. The general
structure of the individual terms in the action of O (p, A/, A) is of the form [dt [dt'g(t")h(t)f,
for appropriately chosen functions g and h. Taking the discussion above into account in the limit
where the tetrahedra A become smaller and smaller we can expand the individual terms in the
action in powers of € according to:

2

0/1 dt 0/1 dt'g(t")h(t) f = (g(o)h(of4 +o(62)> s (420)

where the limit A — 0 corresponds to € — 0 because vol(A) = cae?. Note that the factor of 1 is
due to the fact that flR+ dts(0,t) f]R+ dt’§(0,t') = 1. Additionally, we assumed that the functions

g, h have only support in an interval € which is given due to the characteristic functions involved.
If we apply this kind of expansion to the action of O (p, A’, A), we will end up with

o (+i)24 1
0P (p, &, 0 f, = I PCA,CA@ (421)

{ > (R0 xar (0 0)xa (0,0 007 0)
e,e’ €E(Y)

11 (fshe 0.1 MT((SOD) ol 0] 7))

+ ¥ | (P (e(0)) X (b €(0)xa (pr €(0))ég (0)™ (0)
ecE(vy

+ iTr([TMTJhe(o, )] (%Tfol))ﬂ + 0(62)}f77

where we used that ©(0,0) = 1 as well as hc(0,0) = Igy). For the approximation of the
integrals we did not compute the terms of order € or higher explicitly here because these terms
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will vanish anyway in the limit where the regulator is removed. We can rewrite the second sum
over the edges in a more compact form, if we introduce the anti-commutator {7, 7ps}+ and

obtain
0P 0,0y, = 0L .
{ e e/GZE('y % (F%%(e'(o)) xar(p,€'(0))xa (p, e(0))€ (0)™(0)
iTr [77her (0,1)] 6h£(0,1)) Tr([TMhe(O 1)] 5,13(0,1)))
4 > )12(Fl%l(e(o))XA'(pve(O»XA(pa6(0))é?j)<0)ém<0)

ETr ([{TJ, Tar b4 he(0,1)] (WLE?O,l))] + 0(62)}f7'

Our next steps involve to replace the curvature by appropriate holonomy operators and to use
the properties of the Pauli matrices to rewrite the anti-commutator in a convenient way. From
our discussion above we know that e¢(0) = ¢/(0) = v thus the curvature is evaluated at the vertices
v in all terms. Similarly, we can replace e(0),€’(0) by v in all characteristic functions. Using the
expansion of a loop /(). in powers of € we have

o, . = su) + 62F(;Ib(v)é’(?)(0)éb(0)% +o(e?) (423)
and it is simple to show that the following identity holds:
. . 1
F (0)é3(0)e"(0) = —EQﬂ(h%,merM ) : (424)
The anti-commutator satisfies {77, Tps}+ = —25JM]ISU(2). Reinserting both into eq. (422) we
end up with
T +i)2p 1
09w, 1, 2)f, = FE (425)

4 CA/CAeﬁ

{ T cog(m(to,, ™) xat.oxabo

e, e’ €E(7)

7 (7m0 g gy ) T (e 0. )

3 0 (T(hary ) X 00X B20)

e€E(y)

[(l)éTr (]ISU(2)5JMhe(0, 1)(5]13((50’1)” + 0(62)}.}07.

To further rewrite the action of the operator we introduce the right invariant vector fields X
and X§ associated with an edge e by

)
Xg =Tr <7_0h6(07 1)6hT(01)> 5 (426)

Xf:=Tr (TLhe(O, 1)5) ,
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9 SIMPLEST CASE GENERALIZATION

where L runs from 1,...3, and we also include the 2 x 2 unity matrix o9 = Igy(g), that is
To := i0p. Then 79 and 75, J = 1,2,3, are the generators of the group U(2), since every
element of U(2) can be written as the exponential of a Hermitian 2 x 2 matrix which is equal to
exp (aoo +b/o J) with a,b’7 € R. In this context we can understand X§, X¢ as right invariant
vector fields associated with U(2).

For the reason that the edges have to intersect in a common vertex v, we can rewrite both
sums over edges as a sum over all vertices and a sum over all edges meeting at these vertices.
Hence, the action of O(JJ)(p, A, A) on f., reads

(+i)%p 1
4 caened

{ > xapv)xalr, )Tr<h . M) X5 X5y

veV (y) eNe’=v

g 3 Y el a0 T (o ) X 0l

veV () b(e)=v

OV (p, A, D) f, = — (427)

In order to obtain the final operator for I:Ip}lyS we need to consider the limit where the regulator
is removed explicitly, that is the limit in which the volume of all tetrahedra shrinks to zero or
equivalently € tends to zero. Without loss of generality we can choose A = A/ = A = A" = A
where A, A/, A", A" denote the tetrahedra associated to the regularization of the individual
operators involved in I:Ip}lys and perform all limits simultaneously. Then we can just consider
the limit € — 0. Formally, we have

Hphys fy = lim Hy, f (428)

With our discussion above, the total regularized physical Hamiltonian is given by

S . X p? (0]
Hopya fy := lim / d?’p ci%eﬁ 2f ce (429)

XA (p,v)
T ()
(%6 Z_ T‘r(haﬁlj)eTM) Xce]lX&—i_é(sJM Z Tr(hae(j)eT]\/[) Xg+0(62))T

eNe’=v b(e)=v
1 nr " i "
(% > Tr<haﬁz,j,)£,,7'M) X XK+ gorn Y Tr(h%(j)c//TN> X§") + o(e?))
e’’Ne’""=v b(e’)=v
T
5JK] :| f'yv

where we chose the operator ordering of Oy)(p, A, A) and its adjoint in such a way that the
square of this operator does not create an infinite number of holonomy loops at the vertices.
Now in the limit € — 0 only at most one vertex will contribute because in this limit at most
one vertex is contained in the volume of A if these A’s are sufficiently small or equivalently if
€ is small enough. Given this, we can take the powers of the characteristic functions first out of
the inner square root and afterwards out of the remaining square root. In case we further use
that these characteristic functions become d-functions in that limit and also that all o(e?)-terms
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9 SIMPLEST CASE GENERALIZATION

vanish we finally obtain

I:IPhySs’Yf’Y = /d3p flphys,'y(p)f”/ (430)
with
]':lphysﬁ(p) = Z 6(3)(197 v)flphys,’y,va (431)
veV(y)

where we added an extra index 7 as a reminder of the graph dependence and chose a symmetric
ordering of the term involving C£% after performing the limit € — 0. So hppys 4,v reads

I 1 = Ageo ~geo TA (+Z)2£313 ? JK
hphys,’y,v = |:2’ - 5 \/éy,vc’y,u + (C'y,v) \/éry,y + Z |: T Y (432)

j=1
1 M e ye i M e f
(1—6 Z Tr(hae/(j)er ) XS X5+ §§JM Z Tr(hae(j)eT ) Xo)
eNe’=v b(e)=v
1 M e e Z N e % %
(T6 Z ’I‘r<hae///(j)€//7— ) —XK —XN + §5KN Z Tr<hae//(j>6//T ) XO )i| :| .
e//ne///:,v b(e//):U

We will postpone a discussion about the action of the individual parts of this physical Hamiltonian
operator to section 9.7 where we combine this discussion with a comparison to the physical
Hamiltonian operator of the one Klein—-Gordon scalar field model in [1]. Before doing so we will
discuss some aspects of graph-modifying versus graph-preserving quantizations and afterwards
show how the operator can be quantized using the framework of Algebraic Quantum Gravity [5].

9.6.5 Remarks on the Application of the LQG Framework

There is a conceptual difference when we perform an unreduced or reduced quantization of LQG
as far as the spatial diffeomorphism group is considered. In the case of the unreduced quanti-
zation spatial diffeomorphism are understood as gauge transformations and one eliminates them
via a Dirac quantization procedure. Now in the case of the reduced quantization we look for
representations of the observable algebra whose elements are Dirac observables carrying tensor
indices of the scalar field manifold. As a consequence, in the reduced case the spatial diffeomor-
phism group is no longer a gauge group but should be understood as active diffeomorphisms and
hence a symmetry group, for more details see the discussion in [5]. Now due to the fact that the
observable algebra can also be represented by the standard Ashtekar-Lewandowski representation
in the reduced quantization the representation of the physical Hilbert space is chosen to be the
standard kinematical representation used in the Dirac quantization approach. As shown in [139]
spatially diffeomorphism invariant operators can only be implemented in a graph-preserving way
in this representation. In [5] the physical Hamiltonian is also on the dust manifold a spatially dif-
feomorphism invariant quantity and this led the authors of [5] to the conclusion that the resulting
physical Hamiltonian in this model must be quantized in a graph-preserving way. However, this
constraint is absent in our model because as far as the scalar field manifold is considered Hpys is
not spatially diffeomorphism invariant and therefore Hyy,ys needs not necessarily to be quantized
graph non-changing. If we would additionally require the operator to be graph-preserving and
implement this by introducing similar projectors as has be done in [5], then we are in a situation
where all contributions of the unusual second term are trivial for the following reason: In cases
where the edge e does not point into one of the j-directions the way the loop is attached will
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9 SIMPLEST CASE GENERALIZATION

change the underlying graph v and hence these contributions will be projected out. If e points
in one of the j-directions, then as discussed below the loop operator hae(, will become the
J

identity operator and thus the trace involving this loop operator will vanish. Therefore, for a
graph-preserving quantization the unusual second term does not contribute to the final action. A
similar property can be found for the quantization of Hyhys in the context of Algebraic Quantum
Gravity that will briefly discussed in the next section.

9.6.6 Quantization of the Physical Hamiltonian in the AQG Framework

The idea of the Algebraic Quantum Gravity (AQG) framework is to quantize the dynamical
operators completely at the algebraic level where no information about the embeddings of the
graphs into the spatial manifold is known. This information is encoded in semiclassical states
that can only be defined for a given but arbitrary choice of an embedding. Given these semiclas-
sical states the classical limit of the dynamical operators can be computed and their algebraic
quantization has to be chosen in such a way that their semiclassical limit has in lowest order in
h the correct classical limit of canonical general relatvity. Hence, here this will be the guiding
principle for choosing an operator at the algebraic level and as far as the semiclassical limit is
concerned we use the former results of [5] to define the corresponding AQG operator for the
four scalar field model analyzed in our work here. As in [5] we consider an AQG model of cubic
topology which consists of an infinite algebraic graph with six valent vertices. We choose the
orientation of all edges in such a way that all edges have outgoing orientation with respect to a
vertex v. Using a similar notation to the one that was introduced in [3] we label the six edges
by €7 (v), here o stands for the positive o = + or negative direction o = — and j = {1,2,3}
denotes the edge e whose tangent vector points into the j-th direction. Furthermore we choose
{e1,ea,e3} to be right oriented with respect to the orientation of the field manifold S. Note that
although we use the same symbol the coordinates o7 of the dust manifold and the o here are
completely unrelated. In order to implement a quantization of the loop operator at the algebraic
level in a graph-preserving way we use the notion of a minimal loop introduced in [5]. For
this purpose we further define e;r = e;(v) and e; = e;(v — 7) where v — j is a translation of
the point v along one unit of the j’—axis while the other two directions do not change. Here we
will parametrize the minimal loop « by 4,0, 7,0’ and v denotes the vertex the minimal loop is
attached to. Having introduced the definition of the edges above, we can then obtain a minimal
loop by the composition of the edges in the following way

’

Ui jioywy = €] (v) 0 €] (v+ai)o (ef) ™ (v +0j) o (¢ )7 (v). (433)
The holonomy along the minimal loop is then given by

ho(rog.0m .y = o0 O Mjon) o0t © h(i,la),u+a’3' ° h(j,la’),v =i hag (434)
For a visualization of the notions for an AQG graph, see figure 1.

Notice that here h still denotes a SU(2) holonomy. With this graph-preserving quantization
we immediately realize that the contribution of the second unusual term in the embedded case
has a trivial contribution in AQG and therefore does not need to be considered in the final
form of I:Iphys. This also synchronizes well with the fact in the AQG framework the operators
are supposed to be embedding independent. In order to illustrate this point more in detail we
consider in figure 2b as an example the following minimal loop

Gt = € () o el (0 + T o () v+ ) o (e (v) = 1d, (435)
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Figure 1: AQG cubic graph

where Id stands for the identity map, so that the holonomy along this loop becomes ha ((; . ) ., =
Tsy(2). Thus, we realize that in case of a cubic algebraic graph and a graph-preserving quantiza-
tion the edges ef; and e can always be identified. Hence, the operator in the AQG framework
at each vertex takes the following form:

. —_ . — 3 294\ 2 2

b = 2] = 5 (V@058 (052) V2, ) + [ (BE) 0% () s
j=1

T

}

where the right invariant vector fields are given by X§ = X;: = XK {(i,r)v} and we have

( > (Tf(haw,oai,a),v}TM) XJ,{u,a'),v}XM,{u,a),v})

eNe’=v

N
(Tr(haw,a,,/,kwa/,m}T ) XK,{(k,a’”),v}XN,{(Z,a”),v})]

=

1
2

R 1 y .
geo __ 11 _ijk -1
Ciw = 2402, Z Z goo € Tr<h°‘{<i.m,a'>«u}he{(kw”)w} [hem,w),v}’V%”D (437)

i,j,k o,0",0"" =%
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Figure 2: Action of the first and the second term in OSJ ) on a cubic AQG graph

with V%v the volume operator for a graph v , see also [5], given by

N 5 1 -
Vi = \/@w = E‘;’o\/’% Z Z Z o0’ a" eIkl TE X1 (i 0y 03 X7 { (o), 0} XK { (ko) 0} |-

i,9,k I,J,K 0,0’ ,0'"=+

(438)

Then the physical Hamiltonian operator becomes

ﬂphy&va: Z flphysmvf’y- (439)
veV(y)

This finishes our discussion on the quantization of the physical Hamiltonian in the AQG frame-
work.

9.7 Comparison with the Model from [1]

Let us briefly discuss to what kind of contributions the operator in the LQG framework will lead
if it acts on a generic spin network function. This also allows us to compare it to the physical
Hamiltonian in [1] and analyze their differences in detail.

The first term under the square root in eq. (432) involving the volume operator as well as the
geometric part of the Hamiltonian constraint operator is similar to the contributions that occur
in the one Klein-Gordon scalar field model introduced in [1]. For that model an additional term
that involves Qj’“ngeoC,feo at the classical level is neglected because in that model the spatial
diffeomorphism constraint is solved via Dirac quantization and thus the physical Hamiltonian
needs to be implemented on the spatial diffeomorphism invariant Hilbert space Haig. The op-
erator version of the neglected term is expected to vanish on spatially diffeomorphism invariant
states. The final physical Hamiltonian that one works with in [1] is of the form:

Hpys = / d3x\/—2\/56geo(x). (440)

Let us now compare our physical Hamiltonian operator shown in eq.(432) to the one in [1]
displayed above in eq. (440). A comparison of both models is possible according to the similarity
of the first term under the square root in both models, despite that in our model the situation is
different, since after the reduction with respect to the second class constraints we are left with
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Figure 3: Action of OSJ) on LQG spin network functions

four reference fields for all constraints instead of one Klein—Gordon scalar field as a reference
field for the Hamiltonian constraint. At the classical level the term 21/@Q 23:1 \/QIICECCE

can be understood as a contribution to the physical Hamiltonian density associated with the
momentum density of the reference fields ¢/ that would be absent in case where we consider
only one instead of four reference fields. Thus, the fingerprint of the spatial reference fields

encoded in 2/Q 2?21 \/QIICECCE at the classical level, caused by the dynamical coupling

of this reference fields, also carries over to the quantum theory and yields to the remaining
terms under the square root in eq. (432) corresponding the the quantization of the classical term

2,/Q Zf,:l QI C}geoCJgeo. Now the operator Oy) whose square occurs under the second square

root consists of a combination of right invariant vector fields and a loop holonomy operator.
For a given vertex v of a graph  associated to a given spin network function, there are two
different contributions. The first one considers every pair of edges e, e’ at v and acts with two
right invariant vector fields Xf/XfVI onto them and afterwards attaches a loop along the edges
e and €' to the graph ~, see figure 3a. The second contribution involves for each vertex v and
every edge e attached to it an action of one right invariant vector field X§ . In this case the
loop that acts afterwards goes along the edges e and the edge that one obtains by projecting
the edge e onto the jth tangential direction, as can be seen in figure 3b. Note that this second
contribution depends crucially on the embedding of the individual edges and is a contribution to
the operator that is rather unusual. This can for instance be seen in the specific case where the
tangent vector to e has a non-vanishing contribution only in one fixed j-direction. In this case
the loop ha, ;) is just the identity and since Tr(7™) = 0 the contribution of the second sum just
vanishes identically. However, for a generic embedding of the edges with a tangent vector that
has non-zero components in all j-directions the contribution from the second sum will in general
be non-zero. Similar expressions occur in the regularization of the volume operator in [8, 9] and
would also be involved in a point splitting regularization of the area operator. However, in these
cases due to the specific structure of the volume and area operator, in particular both involve
only covariant contractions, all terms of these kind vanish in the limit when the regulator is
removed. For our physical Hamiltonian this is no longer true and the reason for this seems to be
its non-covariant form at the level of observables, that is with respect to the scalar field manifold
indices.

At first glance this seems unusual but as we show in appendix C, this is caused by the

124
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particular choice of gauge fixing associated with this model. As can be seen in the presentation
in appendix C the induced shift vector associated with the choice of clocks in this model has at

3
the observable level the form N* = ﬁ ST VO QI 5}“ which naturally explains the second
P) =

embedding dependent term in the physical Hamiltonian.

Finally, let us mention that as in the models in [5, 12] the observable C¥* is a constant
of motion with respect to the reference time 7, as can be seen by using the properties of the
observable map. We have:

dCs°
J_ _ [qgeo _ (2) (2) \ _ »H(® _n® _
L = {05 (0,7), Hpiys} = {080,021 =02 . =02 . =0 (441)

Furthermore in the limit of vanishing momentum density of the reference fields ¢’ as expected
the model in [1] and our model here posses the same physical Hamiltonian and in this sense the
generalized model introduced in this section can be understood as the corresponding four scalar
field model associated with the model introduced in [1]. In the context of cosmology it can also
be understood as the natural full Loop Quantum Gravity generalization of the APS-model in
[24].

10 Conclusions

Large parts of this section have been published in [130]. We discussed the reduced phase space
quantization in the context of Klein-Gordon scalar fields as reference matter. Such models
can be understood as a natural generalization of the APS-model [24] in the framework of loop
quantum cosmology to full Loop Quantum Gravity (LQG). The first model that was derived as
a generalization along these lines is the model in [1], for which only one Klein-Gordon scalar
field was considered. This allows to deparametrize the Hamiltonian constraint and use this
Klein-Gordon scalar field as reference matter for the Hamiltonian constraint, whereas the three
spatial diffeomorphism constraints are dealt with using Dirac quantization. If we instead choose
to consider the spatial diffeomorphism constraints also in the context of a reduced phase space
quantization, we will need three more additional reference fields. For this reason we presented
in section 7 a model where we couple gravity to four Klein-Gordon scalar fields. We derived
the reduced phase space of this model in terms of the corresponding Dirac observables and also
computed the associated physical Hamiltonian which generates their dynamics. We have shown
in section 7 that for such a model the reduced quantization program cannot be completed because
we obtain a physical Hamiltonian which cannot be quantized in the context of LQG. The main
reason for this is that infinitesimal spatial diffeomorphisms ngeo cannot be implemented as well
defined operators in the standard LQG representation as explained in section 2.4. They occur
in the combination §7% CF*°CE® in the physical Hamiltonian that cannot be promoted to a well
defined operator. We have discussed the technical details of this aspect at the end of section 7.5.

If we compare the model in section 7 to the one in [1], we will realize that this is an example
for a case where Dirac quantization and reduced quantization lead to very different results. If
we choose to quantize the spatial diffeomorphisms via Dirac quantization following [1], the quan-
tization can be completed. In contrast if we just add three more Klein-Gordon scalar fields to
the model and aim at performing a reduced phase space quantization, this quantization program
cannot be completed because we cannot quantize the dynamics on the physical Hilbert space
using the usual LQG representation. Hence, the Quantum Einstein Equations of such a model
cannot be formulated.
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Given this negative result for the four Klein-Gordon scalar fields model, we generalized this
model in section 8. Likewise to the seminal dust model introduced in [25, 27] we considered a
model that contains next to the four scalar fields that we want to use as reference fields for the
spatial diffeomorphism and the Hamiltonian constraint additional scalar fields, where first six
additional scalar fields were considered. The constraint stability analysis of this model showed
that there exist second class constraints. Unfortunately, if we try to reduce the phase space
with respect to these second class constraints, we will see that the model is not consistent. In
order to make the secondary constraints vanish we either have to make a choice where several of
the additional scalar fields have to vanish and there are not enough left to obtain a quantizable
model or we have to choose ! = 0 which is not compatible with our gauge fixing we used in
section 7 and section 9.

We go one step further and simplify this model in section 9 with the purpose to obtain a quan-
tizable model where the spatial diffeomorphism constraints can then be treated via reduced
phase space quantization. The number of additional scalar fields next to the four Klein-Gordon
scalar fields reduces from six to three further scalar fields. As discussed in detail in section
9.3 this model possesses second class constraints. When we reduce with respect to the second
class constraints, we obtain a model with only first class constraints that involves gravity and
four additional scalar fields. The reference field for the Hamiltonian constraint ¢° is a standard
Klein-Gordon scalar field likewise to the model in [1]. However, the dynamics of the spatial
reference field ¢’ describe a generalized dynamics, since they are coupled to three additional
scalar fields, whose degrees of freedom are reduced when performing the reduction with respect
to the second class constraints. In sections 9.4 and 9.5 we derive the corresponding reduced phase
space and present the explicit construction of Dirac observables as it was also done in sections
7.3 and 7.3. It turns out that this generalized model has a physical Hamiltonian that can be
quantized using techniques of LQG, which is discussed in more detail at the end of section 9.5.
For the reason that the resulting physical Hamiltonian has a form which slightly differs from
the one in [1] and the one in the Brown-Kuchaf dust models from [5], we present in section 9.6
in detail the regularization and quantization of the physical Hamiltonian operator. As can be
seen from equation (402) at the end of section 9.5 the physical Hamiltonian density consists of
two main contributions. One involves the gravitational part of the Hamiltonian constraint C&®°
and for this term we used the already existing quantization in the literature. In the context of
a usual LQG quantization we used the results in [138] and for the Algebraic Quantum Gravity
(AQG) framework we considered the results from [5]. For the second contribution, whose form
is determined by the choice of one conventional and three generalized Klein-Gordon scalar fields
as reference matter and that involves the geometrical part of the spatial diffeomorphisms C§°,
no quantization was available before. In section 9.6 we present a regularization for this second
contribution, discuss how the regularized operator acts on spin network function and show that
we obtain a well defined operator on the physical Hilbert space when the regulator is removed. It
turns out that the final operator depends on the particular embedding of the graph. Furthermore
we also illustrate how this second contribution can be quantized in the framework of AQG [5]
as a corresponding algebraic graph-preserving operator. Interestingly, the possible problematic
unusual term which explicitly depends on the embedding naturally becomes the identity opera-
tor in a graph-preserving quantization and therefore the quantization within an AQG model is
straightforward.

As a consequence, including the generalized model, we have two models available that can be

understood as equally justified generalizations of the APS-model to full LQG. Their main differ-
ence lies in the fact how the spatial diffeomorphism constraints are handled. The first one from
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[1] is obtained in the Dirac quantization program as far as the spatial diffeomorphism constraints
are concerned. The model presented in section 9 on the other hand uses a reduced phase space
quantization either in usual LQG or in the AQG framework. By comparison of their physical
Hamiltonians, as done in section 9.7, we get a first hint towards the question in which sense the
final models will differ, if we either use Dirac or reduced phase space quantization to handle the
diffeomorphism constraints. A next step is to work with these models and analyze how the dif-
ferent quantization procedure might influence physical properties of the dynamical models. Due
to the technical complexity in the full theory, such an analysis is planned at the level of symme-
try reduced models beyond the level of homogeneous and isotropic models for which the second
contribution in the physical Hamiltonian, involving the spatial diffeomorphism constraints, just
vanishes. This will be a topic for future research and might also give new insights on the role of
chosen reference matter (clocks) in the context of a reduced phase space quantization of quan-
tum gravity. As far as the discussion in [23] is concerned the new model introduced in this work
extends the possible models of type I and can be used to formulate another dynamical model of
the Quantum Einstein Equation in the context of LQG.
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Part IV
Semiclassical Perturbation Theory

In this part we want to review and enlarge an approach to calculate expectation values in
the complexifier coherent states introduced in [43, 44, 45], also described in section 18. The
approach is denoted as semiclassical perturbation theory and was introduced in [4]. The
gist is that in semiclassical perturbation theory we do not modify the semiclassical states to
calculate the expectation values, instead we try to cast the operator into a form which allows
us to calculate its expectation value approximately with predictable deviations from the exact
value of its expectation value.

11 Short Review on Semiclassical Perturbation Theory

We review the fundamental ideas and basic tools of semiclassical perturbation theory based
on the work presented in [4]. A motivation for the development of semiclassical perturbation
theory was the question how to calculate expectation values of in general non-integer powers of
the volume operator Vv4q, see section 2.3, at each vertex of a given graph in the complexifier
coherent states ¥ := 1/127 see section 18, i.e.expressions of the form (1/),17;1‘1,#)}, where ¢ is a
fractional number whose range is usually determined by the operator under consideration. The
expectation value (1, Vv4q, 1) is not computable analytically, but the most important outcome of
the development of semiclassical perturbation theory in [4] is that it can be replaced up to h¥*!
corrections by

2k+1 ~ n
A2 1 d(l—q) .. (2k—g) Qr
(.00 143 (1) - (w,@v,w 1> (42)

Here the operator Qv is a polynomial in the flux operators which is related to v, by v, =4

Q2. Its expectation value (¢, Q,, 1) is known in closed form, see [43, 44, 45, 46, 115, 118].
Moreover, semiclassical perturbation theory provides a technique to calculate much more general
expectation values of polynomials in holonomy operators and functions of volume operators in

the complexifier coherent states 1, namely

(@lpr () F1(Vey) - on () F (Vi Jpw 1 () [99), (443)
where the p;, 7 =1,..., N + 1, are polynomials in the holonomy operators along edges or loops
connected to the vertices vi,...,vyx of a given graph ~ and the F;, I = 1,..., N, are operator

. . Ao\ 4
valued functions of the volume operator V,,, of the form Fr(V,,) = (Q%) " The exponent gr is

equal to q; = % with my, n; relatively prime and has the range 0 < ¢ < i. The restriction
of the range of ¢y comes in during the proof of the validity of the approximation. One’s interest
in this kind of more general expectation values is based on the fact that they are basic building
blocks in the calculation of the expectation value of the Master constraint [5, 29, 30] or physical
Hamiltonian constraint operator as discussed in part III. The idea to calculate the expectation

values in eq. (443) goes as follows: First we define the bounded operator
Ao )
= —t— 1 (444)
(1, Qui)?
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with ||Z7|| > 1 and re-express the operator valued functions F7(V;,;) by

Fy (Vi) = [, Qui) P (1 + 7)™ (445)
=: (¥, Qui) [ fr (1)
Naively, we can try to use the power series expansion of the function f : [-1,00) = R, t — f(t)

given by

f) =1+ i <Z> m (446)

n=1

to obtain an approximation for eq. (445) and we actually will use this in the following. However,
it is not obvious that we are allowed to use the power series expansion, since we are dealing
here with operators and indeed, if we assume that we have a projection-valued measure E; (t)
associated with Z; and apply the spectral theorem, we can see that

1+ i <Z> tn i+ i (Z) ae?] . (447)

The last equality does not hold, since the power series does not converge outside the open interval
t € (—=1,1). Nevertheless, we will see in the end that the naive ansatz works in case that we
calculate expectation values of the power series expansion with respect to complexifier coherent
states in which the properties of the complexifier coherent states play a crucial role here. To see

how this works, we insert the expansion for Fr(V,,) in eq. (445) into the expectation value of
products of p;’s and Fi’s in eq. (443) which results in

fi(dr) = / Fr(0)AB (1) = / AE (1) #

W@lp1 () F1 (V) - ..o (h) Fn (Vi o1 (B) |9) (448)

=

(2, Qv_,¢>|2q" (U,p1 [1+ frlp2e 1+ fo] .. [1+ fN]pN19)

j=1

I
=

F} (¢, p1p2 ... pn41t)) + R
1

<.
Il

n=1 \n

N R
with f; = 307 (9)ap, i = 1,...,N. Here F) := 1_[1 (¥, Qu,¥)[*¥ and the remainder R is a
‘7:
linear combination of terms of the form
(W, Py fr - fipa ) (449)

with [ =1,..., N and the p;-’s are polynomials in the p;’s. The remaining task is now to find an
approximation for the terms in eq. (449) as shown in [4].

For this purpose we use an estimate which is stated in Lemma 2.1 in [4], see appendix G,
which says that for each k > 0 exists a 0 < B < oo such that

forg1(t) = Bt T2 < f() < fara (B), (450)

and we define

f-(t) == farsr(t) = Bt 2 and [y (t) := farsa (1), (451)
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where for11(t) = ngﬂ (2)¢" is the partial Taylor series of f(t) in eq. (446) and the inequality

n=0

is valid for all ¢t > —1. Next we define

Fie (f+(t)w;f7(t)) ~ e (t) — %t2k+27 (452)
_ @ = @) _ Br onro
Af = % =t

in order to be able to apply Lemma 2.3 from [4], see appendix G, which states that we can
estimate

[R((r, f(@)3h2)) = R((r, F(@)12))] < (b1, AF(@)1) + (P2, Af(£) ), (453)

where R((1., .4)) denotes the real part of the expectation value in consideration and an analogous
estimate holds for the imaginary part ((1.,.¥)). Notice that the expectation values of f and
Af can be calculated by the methods of [43, 44, 45, 46, 115, 118]. The estimate in Lemma 2.3
will be applied to all of the f;’s.

To decrease the number of N non-computable expectation values to N — 1 non-computable
expectation values with the help of the inequality in eq.(453), one has to start with the f;
operator in the “middle” which is given by f|(ny1)/2), where || denote the Gauss brackets.
However, it can never be achieved that all resulting expectation values are computable, but the
non-computable expectation values can be estimated by computable ones of higher order in A
than the order in & one considers in the perturbation theory. After finitely many steps we receive
a computable expression which contains only the f;’s and is an estimate for our expectation value
in eq. (449) up to order A*. Additionally, there are a finite number of expectation values which
still contain at most IV of the f;’s plus at least 2] + 1 insertion of the operators A f; and can due
to the existence of the f;’s not be computed, at least analytically. For N even this looks like

(P{[AF{|P}... P/[AF{]PLF\P; ... Fn/2Prjai1t))| (454)
[AF{ ] |PIAF|Py.. . P[AFPLFP; ... Fyj2Pryjaia)
with PJI, P, € {pi}i:l ,,,,, N4+1, F, € {fi}i:l _____ N and AFJ/ for FJ/ € {fi}i:l,,...Nc We display

how for [ sufficiently large eq. (454) can be estimated by a computable expression at least of
order F**t1. First we use the overcompleteness of the coherent states and insert the resolution of
identity, for details see eq. (3.16) in [45] or section 18, given by

/ duy(g) [ty (W) = i (455)

G¢C

in between the PJ/»’S, respectively Py’s, Fj’s and AFJ{’S.
Then, one has a product of integrals f dut(g) over expectation values of the form
G¢T

(Y1, Ppa), (Y1, AF"Y2), (i1, Fib), (456)

where ¢, = 1/)21 and g = w; , denote two different complexifier coherent states and we leave
out the details, displayed in section 18, in the indices here, since we just want to roughly explain
how the estimate works. As explicitly calculated in [44, 45] and [4] we have

(Y1, Papa) = (Y1,v2) [Eo(11,2) + hE (11,92)] (457)
(b1, AF" o) = BT (b, abe) (G (1, 2b2) + hGY (1, 92)]

(b1, Fpo)| < B3 (b1, 1h2) [Go (1, ) + KG (1, 2)] |
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11 SHORT REVIEW ON SEMICLASSICAL PERTURBATION THEORY

where Ey, E1, Gy, G}, Go, G1 are of zeroth order in h and absolutely integrable against the mea-
sures vy, vo. The overlap function (i1, 19) is sharply peaked at 1); = 1) and so are the functions

Eo, E1, G}, Gy, Go,G1. A tilde over an overlap function indicates that (i1,1) is a Gaussian
with respect to the momentum, but not with respect to the position variables of the phase space.
After performing the integration over 12, which we merely symbolize here by writing [ ... dis,
there are only integrals of states of type vy left. Therefore, we set, up to at least first order
corrections in F,

/ (1, P dtbs = (r, 1) [Bo(bn, 1) + O], (458)
/ (b1, AF' ) dpy = B ) (G (W1, 4n) + O(B)]
/ (o1, o) dips < h3(04 01) [Go (W, 1) + O(h)]

where the prime indicates that we do not yet have ¢} = 11. Considering the overlap functions

(¢, 11) which are Gaussians with respect to the momentum, but not with respect to the position
variables, we see that in our case this contains six copies of SU(2) in position space corresponding
to the six adjacent edges of a vertex in the definition of the volume operator. So there are 6 N
missing Gaussians in position space having the effect that the measure v brings in an additional
negative power of h~3/2 for each missing Gaussian in position space, since each integral measure
for a Gaussian in position and momentum space comes with a factor of A3/2. This means that
after the integration over 1; we still have an additional factor of i=3/2(6N) = B=9N_ Moreover,

each of the N factors (i1,1;) comes according to eq.(458) with a factor of h=3. The final
computable estimate for the non-computable error in eq. (454) derived in [4] is given by

C t(2l+1)(k+1)_12N+9P0112N+10(2l+1)(k+1) (p)- (459)

Here C is a constant of zeroth order in A, t = ¢%/a?  h is the dimensionless classicallity
parameter with Planck length £p = \/hc/G for the speed of light ¢ and gravitational constant G,
the factor a is a length scale which cancels the dimension of £p and is involved in the construction
of the complexifier coherent states. Furthermore, Polisni10(2i41)(k+1)(P) is a polynomial of
degree 12N + 10(2] 4+ 1)(k + 1) which is at least of zeroth order in A. So in order to have a
computable error estimate of order A**1 we need at least to perform [ = Iy > (12N —9)/(2k+2)
iteration steps. Some remarks: Instead of calculating an expectation value of products of Ps,
AFs and Fs like in eq. (454), we might replace some of the AFs by Fs which leads to even
higher orders in /% than the one appearing in eq. (454) when estimated from above.

Notice that in semiclassical perturbation theory for LQG and AQG we have an error control,
i.e. we can be sure that higher order terms become smaller and smaller so that we can obtain an
estimate adapted to our need for precision.

In [3] a semiclassical limit of the extended Master constraint operator [29, 30] within AQG
in a cubic topology was calculated and we will follow the procedure presented there to handle
a physical Hamiltonian in section 12. It was shown in [3] that the semiclassical limit of the
extended Master constraint operator reproduces the classical Master constraint expressed in the
cubic topology in lowest order in 7. For this calculation the SU(2) connection and flux variables
were substituted by corresponding U(1)* expressions, since in the non-Abelian SU(2) case the
volume operator is not diagonalizable analytically. This substitution is justified by semiclassical
perturbation theory because the substitution leads to the same result in zeroth order in A as
semiclassical perturbation theory does.
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12 GENERALIZATION TO PHYSICAL HAMILTONIAN OPERATORS

12 Generalization to Physical Hamiltonian Operators

Our aim is to calculate a semiclassical limit of the physical Hamiltonian operator derived in
[5] based on the Brown-Kuchai dust model presented in [25] at least to zeroth order in % with
methods similar to the methods developed in [3] and [4]. We choose the physical Hamiltonian
based on the Brown-Kuchai dust model here because it has a functional form similar to that of
the extended Master constraint which enables us to perform steps following [3]. Though, with
modifications, they might also be applied to other reference matter models leading to physical
Hamiltonians as discussed in section 13. For our purpose we need to generalize the methods from
[3, 4] because the techniques used in [3, 4] assume a particular form of the operators that is not
given for most of the physical Hamiltonian operators derived from reduced phase space models
available in the literature [1, 5, 23, 26, 130]. The reason for this is that most models lead to
physical Hamiltonians which contain, additionally to an inner square root, an outer square root,
see also our model in part III. By this we mean that the operator corresponding to the physical
Hamiltonian density is some symmetric operator and the physical Hamiltonian operator is then
defined as the square root of the latter.

First we want to compare the expressions for the extended Master M constraint [3, 29, 30]
and the physical Hamiltonian Hppys as displayed in [5]. Their classical expressions read

c + cac
M = / g3, 1+ 10acs] (), (460)
V/det (q)
e = | £ofic - Q700110 (o)
where ¢ and ¢,, a = 1,...,3, denote the gravitational part of the Hamiltonian constraint and

diffeomorphism constraint respectively. Here 3 stands for the spatial submanifold in the foliation
of a four dimensional manifold M =R x ¥ and ¢, denotes the ADM metric, for details on this
see part II. The quantities C and Cj, j = 1,...,3 in Hyyys denote the observables associated
with ¢ and ¢, in the relational formalism for the Brown-Kuchaf dust model introduced in detail
n [5, 25], Q¥ is the spatial metric observable expressed in terms of the observables associated
with the Ashtekar variables and S is called the dust space (manifold) and determines the range
of o, compare part III. Notice that it is possible to include all kinds of standard matter into ¢, C
and ¢4, C;. A difference between ¢, ¢, and C, C; is that while ¢ = ¢*°* ~ 0 and ¢, = ¢** ~ 0 have
no addltlonal terms which contribute to the total constraint, denoted by “tot”, and Weakly vanish
on the constraint surface, we have C' # C*°' = C + C1%*, respectively C; 75 Clot = O + Ot
which then give rise to the physical Hamiltonian. The quantized AQG versions of the physical
Hamiltonian constraint and the Master constraint with respect to the infinite algebraic graph ~
can be found in [5].

In the following we have to keep in mind that the physical Hamiltonian Hys contains
observables, but the Master constraint M does not. Despite that fact, we will use the same
symbols in their quantized versions because they can formally be used in a similar way, since the
algebras of the elementary variables involved in M and Hyyys are isomorphic.

Then the operators for the Master constraint and physical Hamiltonian constraint can be
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12 GENERALIZATION TO PHYSICAL HAMILTONIAN OPERATORS

expressed as

3
M= ) o oCuw =t Y M, (462)
vEV (v) p=0 vEV (%)
I:Iphyi = Z \/ CA’(.)ryvCA’O v C] T,CI v| = Z I:Iphys,V7 (463)
veV () veV(y)

where ) is the sum over the vertices of the algebraic graph and we use the sum convention for
I1=1,2,3.

In general the operators C}, ,, sometimes denoted as C), -, have the following form, compare
[5] eq. (3.18),

. 1 1
Cow =5 E A ——— 464
T BIT,O) 2 (464)

(e1,e2,e3)€Tu(7) Erwere| A€Lyveriey
% Tr (ruh(e)h(er) [h(er) ' P(V.0)]).

Here T, (7y) stands for the set of ordered triples of distinct edges of the graph « incident at the
vertex v of v with outgoing orientation, L. 4 e, e, stands for the set of minimal loops in +, for a
definition see section 9.6.6, 7, = —¢0, with identity matrix oo and Pauli matrices o;, j = 1,2,3
and h(p) denotes the holonomy of the connection A along a path p in . F (V ) is an operator
valued function of the volume operator ij which takes the values I (V%U) = VWJ for the physical
Hamiltonian operator and F(V%v) = Vév for the Master constraint operator.

The basic building blocks for the calculation of the expectation value of the Master constraint
operator in [3] were defined as

O, = Tr (Tlﬁ(a)il(ek) [ﬁ(ek)’l,F(V%U)D . (465)

With the help of this definition the Master constraint operator can be re-written as

1Y S S VI Z v Y (0,) 00, (466)

veV(v) veV (y) p=0 veV(y)

where in [3] for the explicit computation of the semiclassical expectation value the SU(2) ex-
pressions for the holonomies and fluxes were replaced by their corresponding U(l)3 counterparts.
Their action on the semiclassical states was calculated step by step in [3] using the results of [4]
and [44, 45].

In [4] a symbolical notation for the O, operators and similar for more general products of
holonomy operators and functions of the volume operator was introduced. Using this notation
O, in eq. (465) becomes

p1(h)Fy (V) )pa(h) (467)

A~ A Ll A ~
with Fy(V,,) = V2, le.qn = % for the Master constraint operator and Fy(V,,) = V,,, i.e.q1 = i
for the physical Hamiltonian constraint operator. This corresponds to the N = 1 case of the
products in polynomials of the holonomy operators p;(h) and functions of the volume operators

F(V,)) in eq. (443).
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Analogous to the definition above for O, in eq. (465), we define for the calculation of the
expectation value of Hppys,

~ ~ A ~ 1 - A
hphys,v =0 := CS,UCOJJ — ZCI”UCL”. (468)

We will refer to this as the physical Hamziltonian denszty operator hphys v associated with
thyb v- Except of a relative minus sign between the Co » and C 1,» terms and the replacement

Va 'y — Va L in C’,L » the operator hphys v has a quite similar structure as the Master constraint
operator M.,,. We can easily check that hphys,v is symmetric, however it is not obvious whether it
will be positive or allows for self-adjoint extensions. Yet in the end I:Iphys7V involves the absolute
value of flphys’v and hence it is by construction a positive operator, therefore the situation for
ICIphy&V is more promising as will be discussed below. The expectation value of the volume
operator in the complexifier coherent states is well explored [9, 114, 115, 119, 120, 121]. For
hpnys v or in general physical Hamiltonian (density) operators this is not the case.

12.1 Naive Semiclassical Approximation of the Outer Square Root

Let us take the difficulties concerning the expectation value of flphysvv in the complexifier coherent
states aside for a moment and assume that we can extend semiclassical perturbation theory to
this case. Under this assumption, we will now investigate how to apply semiclassical perturbation
theory to the outer square root appearing in Hppys.v-

12.1.1 Preliminary Definitions

~

During our calculations we will use results already proven in [3, 4]. Since the operator O is
symmetric, we can rewrite Hppys v as

thys,v = hphys,v

- /6] = (02)" - (610)" (469)

and we take the absolute of flphys)v to take into account possible negative values in the spectrum
of O, compare also with the discussion in section 9.6, where it is discussed that at the classical
level the expression under the square root is positive on the constraint surface.

A couple of remarks are necessary at this point: Since I:Iphys,V is by construction a positive
and symmetric operator, we can apply Theorem 3.1. in [140], where the self-adjointness of the
(extended) Master constraint was proven. Using (iii) of Theorem 3.1. and the fact that Flppys v is
a positive and symmetric operator for all reference matter models considered in [1, 23, 25, 28, 130]
the theorem ensures that the Friedrichs extension of the symmetric operator exists. Thus, in the
following we will assume Hppys, to be a self-adjoint operator.

In the notation of [4], which corresponds to the N = 2 case there and in eq. (443), O contains
elements of the form

O o< p1(h) FL (Ve )pa(h) Fa (Vi Jps (h). (470)

In order to be able to use some of the results from [4], we rewrite the outer square root in I:Iphysw.
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Therefore, we define as a generalization of I:Iphys’V an operator valued function G (@)) by
G(0) = (@*@)p = (1, O%p)P <@2>>p (471)
= (1, 0%9)P(1 + ) =: (v, 0%¢)"g(y)
ey — Land g(9) = (L+9)",
Here we define G(O) in a different way compared to F'(Vr) in [4] with regard to the powers

p of the expectation value of (1, @21/)> because (1, @21/J> corresponds to the N = 4 case and the
choice of the exponent p instead of 2p will be more convenient to use later on. !

with g =

The O operators involve the operator valued functions F(V,, ) = | (1, Qu, %) |24 f (i) with bounded
A2
operators &y = w%ﬁ — 1 as we explained in section 11. There we also mentioned that the
s Qur
expectation values (1, f(#1)1) are not computable analytically. Therefore, also the expectation
value (1, 0%1)) is not computable analytically.

To proceed with our analogy we will briefly repeat the main steps of [4] which shows that
we can in principle, remembering our open questions concerning the expectation value of flphySN,
equal to @, in the complexifier coherent states, expand the expectation value of G(@) in a se-
ries of expectation values of powers of the operator . Even though, as discussed in section 11,
the application of the spectral theorem to f(Z;) in eq.(447) does not indicate that the power
series expansion works and we can only apply the spectral theorem to g(9), if we know that ¢ is
self-adjoint. Let us consider

(v, GO)) = (¥, ") (¥, g(G)v) ~ (0%)"(y, (1 > (5) y) ), (472)

where [¢)) denote the complexifier coherent states from section 18 and we used the abbreviation

(©?) == (v, 0%).

Here p corresponds to ¢ in [4], see also section 11. Especially, if we set p = i, we will re-
cover the physical Hamiltonian operator prhys. For p in the range 0 < p < i, we can apply
Lemma 2.1. and Lemma 2.3. from [4], see appendix G. Lemma 2.1. tells us how we can estimate

a function g(t) = (1 4 ¢)? from below and above by its partial Taylor series g; (), namely

g-(t) = 92]}+1(t) - 5]}t2]~€+2 <g(t) < 92]}+1(t) =:1g4(t), (473)

where for each k > 0 there exists 0 < Bj, < oo such that the estimates above hold. Lemma 2.3.
gives an approximation for the non-computable expectation values (1, g(§)) of symmetric, orig-
inally self-adjoint, operators g() by computable ones. For this purpose we define for operators

9(§), 9-(3). 9+ () with g_(§) < 9(§) < g+ (§) according to Lemma 2.3.,

g= M’ Ag = (9+ —9-) (474)
2 4
n a completely analogous way to [4], we could define
G(©) = (0'0)" = (v,00) <©> = (.00 (1 + )7,
(1, Oy)?
. R 62 ~
with g = w00 1.
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and for G

= (,0%)Pg,  AG:= (v, 0%)PAg. (475)

In this case we know from Lemma 2.3. in [4], see appendix G, that for the real part of the
expectation value $((¢).,.1)) we have the estimate

IR, g(@))) = R, g(9)¥)] < 2 (¥, Ag(§)). (476)

The same estimate also holds for the imaginary part ({¢.,.¢)). It is important to notice that
in analogy to [4], see section 11, if the expectation values of g and Ag are computable and
IR((w, g — 5] (5)))] is small, R((, (7)) will be a good approximation for R( (1, g(7)1)). In
the following we try to determine the expectation values for (1, g(9)¢) and (¥, Ag(9)y). In
order to do so we take a closer look on their exact form and how they depend on the partial
series with respect to k. To gain the expectation value for (¥, g(9)v), we use the definitions in
eq. (474) which leads to the expansion

Pr

W) (4T)

(W, g(@)P) = (L, g+ (9)¥) = 2, Ag(§)P) = (¥, Gaj 1 (D)) —

2k+1

= Z ( > 0. g) - O, ),

From eq. (477) we see that the relevant parts in the expansion are the expectation values of
g™, for n € Ny, in the complexifier coherent states. We will show in sections 12.1.3 and 12.1.4
that the terms containing the f; are always of higher order in A than the (1, g4 (9)¥) term is.
Therefore, the expectation value (¥, g4 (9)v) is already a good approximation for (¢, g(4)v) and
we do not need to know the explicit value of the f; as discussed in detail in [4].

12.1.2 Basic Elements

As a consequence, our next step is to find out how the expectation values of 4™ look like in
dependence on the different powers of n. Also we want to relate their calculation to the approx-
imation for the expectation value of the volume operator performed in [4]. For the trivial cases
n = 0and n = 1 we obtain (¢, 7°%) = 1 and (¢, '¢) = 0. The expectation value of the operator
3™ in the complexifier coherent states for general powers of n, for n € Ny, is given by

N n ~ n—~{
iy — . [ 2 1) w—w S (M) (2L) Ly
o ¢>—<w,<<©2> 1) =03 (}) <<®2>> 0. @)

Because the operator difference to the power of n contains only terms of the form % and the

unit operator 1 which commute with each other, we can use a binomial expansion.

In the following it will also be useful to analyze how the power n of § and the number N of
the Fy in the leading order term of §" are related. As we have seen, the §" contain powers of
@) operators and the ) operators involve products of polynomials of holonomy operators p; and
functions of the volume operator Fy, see eq. (470). Hence to perform our outer estimate, we want
to decompose the expectation values of 4™ into “basic elements” consisting of expectation values
of the O operators.
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To get an idea how to obtain such basic elements, we will start with the easiest k =0 case
of the expansion of § in eq. (477). In the k = 0 case the expectation values (¢, Ag(§)y) and

(¥, 9+ (9)) become

5 Bo -2 Bo 0* 02 .
VAN = — (1, =—, | = —2——+1 479
(0, Bg(@)Y) = (W 97¢) = (W O ¥) (479)
B 1 Al A212
T4 (02)2 (<© ) = (0%) )
and
1
~ o ~ _ p ~n _ ~0 ~1 _
@00 = @) = X (P) i) = ) +plog ) =1 (450
n=0
From this example we see why our definition of § := W%%W — 1 in eq. (471) is more convenient
than a completely analogous definition compared to the operator Z; := W g” e 1in [4]. Here

the expectation value (1, §19) just vanishes. Instead of the fluctuation of ) as in [4], the correc-
A2

tions in the expansion involve fluctuations of the operator 02. Hence, by using gy = w%W -1

the outer expansion gets less complicated, however the price to pay is that for the inner expan-
sion we need to consider (0?) corresponding to N = 4 and not (O) corresponding to N = 2.
The smallest non-trivial element that we can get is
1 N .

b, P :A—(@‘* —(0? 2). 481

W) = g (04 - @ (481)
Since this is part of the 8; term for k = 0, we have to check, whether (1, %) is small compared
to (1, g1(9)¥) = 1.
12.1.3 Computation of the Smallest Non-trivial Element

This is the point were we again need to use some results from [4] regarding the inner estimate of
the expectation value of the volume operator. Recall that (O?) corresponds to the N = 4 case
of [4], i.e. it contains elements of the form

(0%) o (p1 Fip2 FapsFspaFaps) (482)

4
= (H |<¢an1¢>|2qI> (p1f1p2 f2p3 f3pafaps)
I=1

4 2k+1 q 2k+1 q
= (H F&‘?) (p |1+ > <m >fv;”1]p2 1+ ) <m >@;’L2]p3
I=1 mi=1 1 mo=1 2

2k+1 q
ey (WM)£T4

m4:1

2k+1 ¢
1 $hrs
+ Z <m3>x3 1

mg=1

X P4 ps) + O(R*)

= <@2> + O
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and we define Fy j := [(¢, Qu,)|. As explained in section 11 expectation values of this type, see
also eq. (443), cannot be calculated using the spectral theorem and the power expansion shown
above due to convergence issues. Though, the main result of [4] was that this power expansion
approximates the non-computable expectation values reasonable well up to corrections that are
of higher order in A than the order considered in the semiclassical perturbation theory. That is
even for general n € Ny we have

~2n

(@27 = <@ > + O(RFY (483)

and thus we substituted the non-computable expectation value on the left hand side by a com-

putable one. To achieve this, one has to apply the iteration algorithm, which was developed
~2n
and proven in [4]. The errors are of higher order in 4 than the approximation <(O) > for the

expectation value of the polynomials in holonomy operators and functions of the volume operator

contained in (O%"), provided one applies the iteration algorithm appropriately often. In other

words the partial series depending on the natural number k that is used in the approximation
~2n

<(D) > has to be taken up to a value of k that is large enough in order to achieve the degree of

precision of the approximation that is relevant for the problem one is interested in.

The number of necessary iteration steps ¢y i to obtain corrections of order BE*t1 in correspon-
dence to N and k derived in [4] is given by

Unge > (12N = 9)/(2k +2). (484)

~2n a2\ n
Schematically, for the numerator @ and denominator <(O) > in eq. (478) we have in the lan-
guage of expectation values of the form (¢|p1(h)Fy(Vy,) ... pn(R)Fxn(Viy)pns1(R)|1h), compare

eq. (443), the cases:
Nnum =4-n
, 485
(Nden = 4)” ( )

where Nyum and Nge, stand for the number of operator valued functions Fr(V;,,) of the volume
operator involved in the numerator and denominator respectively. At this point we can use the
connection between the number N of the F; and the power n of y, given by N = 4 - n, for the
leading order term in (y™) to find out how many iteration steps we have to perform maximally
to obtain corrections of at least O(h¥*1). We see that we need at least

£4n,k Z (48n — 9)/(2]{3 + 2) (486)

steps to obtain an iteration of the desired precision.
As an example, for the N = 4 case, that is n = 1, we have

o > (48— 9)/(2k +2) = 39/(2k + 2). (487)

Assume that for appropriate {4, 1 and k we are able to bring (@2") into the form

~2n

(@) = (0 ) + o+,
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~2n
where <(O) is of order A*. In the end we want to obtain an approximation (7?) for the exact
expectation value (y?) in eq. (481). We already know, at least formally, the approximation for
(02", what is still missing is an approximation for W which we expect to be of the form
1 k+1
B2y = W + O(R"). (488)
To assure ourselves that our expectation for the approximation of W is correct, we apply the
geometric series to the expansion of ( @%n which leads to
1 1 1
- = = = (489)
(@)

(@) +ourn) @) (1 (zom

e
oy () @y )

—O(RFtY)
22

N o | {8) .

definition of the geometric series, the series does not converge. The convergence of the series can

be assured by calculating the approximation of (02?) up to an order in A that is high enough in

the sense that all error terms have to be at least of one order higher in A than the terms inside

< 1, since otherwise, as we know from the

The last equality only holds for |r| :=

LQ
the expansion of <(O) > Then, the sum of terms in the denominator is larger than the sum of

terms in the numerator and consequently |r| < 1. Finally, using eq. (488) and eq. (489) we obtain
for the k = 0 case

(. Saw) = 22 (0% - (©02?) (490)

— @ @1 i % <(<@ >_|_ O(thrl)) _ (<@2>2 + O(hk+1))> )

The dominant, i.e. largest term in the series, is the term for b = 0 given by

B 1 24 A2\ 2 .
Bo i= (6, Ag)¥)omo = T =55 (1 +--) (O ) + 0w+ = () + 0+1)
()
(491)
;2
in lowest order in A. This term is proportional to the fluctuations of the operator O rescaled

A2\ 2
by the semiclassical expectation value <(D) > . To recognize of which order (¢, Agy) is, requires
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A2\ 2 -~
to take a closer look on the specific structure of <© > and <(O) > In the notation of [4], also

;2
compare eq. (443) <(O) > is of the form

(1) ;"4] )

ps) + O(RF)

~ 4 _ _ _ _
<@2> = (H |<¢an¢>|2q’> (p1.f1p2 fops fspa faps) (492)
I=
-1 2k+1 2k+1 2k+1 2k+1
< (m 1+Z( ) ]Pz 1+Z< ) ]m 1+Z( ) ]m 1+ >
my=1 ma=1 mz=1 ma=1
+O(hk+1)
r 2k+1 q 2 2k+1 2 A
Xty 2, (ml)(w, Qu ) ] ”m;( ) W QuiE ]
2k+1 . 9 2k+1 ¢ 2
" 1dt_mg—:l <m3>(<¢7 Qv31/1>2 - ]l) 3] m 1+m§:1 <m4> <1/}7 Qv4w> ]l) '
2k+1 q 1 2k+1
2 2 2\m2
<1+ > (1) oo (@ — @uiP ]Pz ED> (m) (@ - @u) ]
2k+1 q 1 2k+1
o[+ Z (et e n i 2 () et - 00
+O(hk+1)’

where we used that f = f+ + O(R**1). For clarity and completeness we also recall here that
(O*) corresponds to the N = 8 case of [4] or eq. (443) with repeating indices, i.e.

(0*) o (p1 F1p2 Faps Fspa Fypspi Fip2 Faps Fspa Faps) (493)

A 2
- (H (¥, Qvﬂ/’>|2q1> (p1[1+ filp2 1+ fo] p3 [L + f3]pa [ + fal ps

=1
x p1 (14 fil p2 [1+ fo] ps [1+ f3] pa[L + fa] ps)-

With the help of this expression it will be easy to calculate the expectation value for the estimate

44 LQ 2 44
of (O ). Notice that the prefactors of (O and (O > in the enumerator and denominator in

eq. (491) cancel against each other because the indices I = 1,2,3,4 repeat themselves, that is

T [, Qu) P = (T [0, Quy) 2972,
Now we consider the O(1) terms containing only the holonomy operators
LQ 2 AAAAA
<@ > ((Pr2pspaps))® + - .. (494)
44
(O°) o (prpapapapsir papspaps) + -

Here we display the operators with a hat, i.e. p; , to make it easier to distinguish them from
the classical values of the polynomials in the holonomies p;. Applying Theorem 3.3 in [45],
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eq. (3.127), we find

((8))) = Gram@mam@roi +om)? (195)

= p1(9)p2(9)p3(9)p4(9)p5(9)p1(9)p2(9)p3(9)pa(9)ps(9)[1 + O(R)] + . ..

(T < mop(@m@p @@ @paom(opa(ps@lL + O

The coherent states ¢ = 1/); on the left hand side of the equation are actually labeled by classical
points in the phase space g, on which the holonomies are evaluated, for details see section 18.
So up to higher order corrections in / the expectation values of products of holonomy operators
yield to the products of classical holonomies. Furthermore, Theorem 3.6 and Corollary 3.1 in
[44] tell us that to leading order in A, which is O(1), also the expectation values of expressions
of the mixed type of holonomy operators and f or only products of f, that is

Brfupe- - 1o = p1(9) Fi(9)milg) - - Fulg) + O(h) (496)

reproduce the classical values depending on the phase space point g, since the @), contained in
Ji’s are polynomials of the electric flux operators. The index c just denotes an arbitrary place
holder for a natural number depending on how many f;’s are contained in the product of interest.

~2 ~4

2
For this reason the O(1) terms of <(O) > and <@ > cancel.

The detailed investigation, given above, of the O(1) terms leads to the conclusion that they
cancel out and we are left with contributions at least of first order in 7, that is

By = 20(1) (O + ... + O~ [O(h) + ...+ O(+)). (497)

One more subtlety, to make sure that By is small compared to one, we further have to assume
that the terms occurring in O(h) next to the h-terms themselves do not become arbitrarily large

22,2
compared to h. However, except from the scaling with <(D) > , these are exactly the fluctuations

of the @2 operator. So we assume that the fluctuations of O are small. Under this assumption,
we can say that (1,y?1) is indeed small compared to (1, g19) = 1 as demanded in eq. (477) for
the k = 0 case. Thus, in the k = 0 case R((1), g1¢)) = R((¥, g1¥)) = 1 is a good approximation
for R((+), 1)) and we can drop the term containing Sy, since it is at least of O(h).Taking this
into consideration, we conclude that also for £ > 0 the terms including §; will always be smaller
or contain higher powers of /i than the R((¢, g1+1)) terms, compare eq. (477), so we do not need
to determine the explicit values for §; to obtain a defined approximation for R({(v, gv)).
Our approximation (52) for (y?) to leading order in & is therefore simply given by

1 a4 22,2

W, 70) = s (<@ )—(0) ) +O(RF). (498)
(@)

In contrast to [4] we also need to approximate the prefactors (02)? to obtain G(Q), since

they are not computable analytically. Their approximation in terms of computable expressions
is then just given by

(0P = (<<6>2> + 0(ﬁk+1)>p. (499)

141



12 GENERALIZATION TO PHYSICAL HAMILTONIAN OPERATORS

In summary to leading order in % we obtain for (1, G(0)1))

(G(0)) = (0*)*(g(y)) = <1+Z ) = (0%)"{g+(y)) + O(W**1) (500)

k=0 < )p < (1+0(h (<©>> +O(h

Therefore, for p = i and for the terms of lowest order in i we have

) = ((87)) ' + 000, (501)

where again we assume that the fluctuations of @2 are small. So we see that to zero order in A
instead of calculating the expectation value of the root of the operator Q2 we can first calculate
the expectation value of 02 using the approximation of [4] and then take the square root out of
it. To handle the k > 0 cases we can proceed in a similar way.

12.1.4 General Case

For the general case k>0 we will not perform a detailed analysis, however we want to point out
some features for arbitrary k& which are relevant when operators with an outer and inner square

root or more general fractional power are considered. As before, we mainly focus on the O(1)
42
case which corresponds to the classical limit and assume that the fluctuations of @ are small.

Remember that (v, g(y)¥) = (¥, g+ (y)) — 2 (b, Ag(y)y) for general k the expectation values
(1, g+ (y)¥) and 2 (v, Ag(y)y) look like

(.94 2; ( ) = (,y"u) + (v, y") + ngl (Z) (Wre)  (502)

—1+Z( ) U,y + (%11 l)w,y?’?“w

and

. - _ 02(2k+2) .
204, Ag(y)y) = %Wzﬁ’”%) = %w, <<©2>M +...+ 1) »)

_ 521} <@2>121}+2 <<@2(2fe+2)> + 4 <@2>2fc+2) (503)

So the O(1) terms for arbitrary k read

<@2>2]}+2£(N _ 4>2,~€+2£ ((N _ 4>2)k+1 (504)

((p1(9)p2(9)p3(9)P4(9)p5(9) + P1(9) f1(9)pe(9) - - felg))[L + O(R)])
((p1(9)p2(9)p3(9)Pa(9)Ps(9)P1(9)P2(9)P3(9)P4(9)P5(9)

-+ 19 filgpi(g) - Fe@pi(9) filg)pi(g) - Fol9) 1 + O(R)])

2k+2

K

k+1

+
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and

<@2(2f€+2)>£<N = 4(2k + 2))=(N = 8(k + 1)) (505)
o ((p1(9)p2(9)p3(9)pa(9)ps(9)p1(9)p2(9)p3(9)pa(9)ps(9)
te 2@ fiile) - Fela)p(9) Fi(9)mil) - - Felg)[L + O(m)) "

~2

2k+2 ~2(2k+2) -
Hence the O(1) terms of <(O) > and <(O) > for arbitrary k cancel in general. Their

prefactors in the enumerator and denominator in eq. (503), like in the k = 0 case, cancel against
each other .

~ 2(2k+2)

The number of iteration steps for O = (N = 4(2]2: + 1)) is given by

Cooirny i = (48(2k +1) — 9)/(2k +2) = (96k + 39)/(2k +2) (506)

~2(2k+2) -
and analogous for O = (N =42k + 2)) we have

Cooiray i = (48(2k +2) — 9)/(2k +2) = (96k + 87)/(2k +2) (507)
The structure of the result is

~4 ~2\2
el () (@)
(G(0)) = <<o> > 14+ G L (508)
(©)
~2 ~4

in each of the <(O) >, O ), ... inner power series expansion with O(1), O(h) ... etc. terms

and C, denotes a prefactor. Due to the one in the bracket above and the one that is involved
A2\ p

in the inner expansion of <@ > , we need to expand the inner and outer series up to the same

order as we otherwise will miss O(h) contributions. The same applies to any other choosen order

of k. These considerations give us the general rule: to obtain O(R*) terms in the combined

approximation we need to have k = k.

13 Conclusions

We explored the possibility to extend semiclassical perturbation theory within Loop or Algebraic
Quantum Gravity to the class of physical Hamiltonian operators, where we explicitly displayed
how the approximation works for the case of the Brown-Kuchai dust model. We described
schematically how the calculation for the zeroth order in #, which is the k¥ = 0 case of the
approximation, works and shortly discussed some features for higher orders in 4. In order to
analyze this, two assumptions play a pivotal role: the first one is that the physical Hamiltonian
operator is a self-adjoint operator which was discussed to be given, since it is implemented as a

positive and symmetric operator in the physical Hilbert space. The second assumption is that
~2
the fluctuations of @ are sufficiently small such that the power series expansion of the outer

square root is satisfied. This was not analyzed in detail here and goes beyond the scope of this

thesis. Note that if we had defined 3 := % — 1, then the requirement would have carried
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over to the fluctuations of @ instead. In general we expect that the fluctuations grow with an
increasing power of the operator. However, since we did not analyze those fluctuations in detail
here but just elaborated the general scheme, we choose the definition of  such that the outer
expansion simplifies.

It was shown that to zeroth order in / instead of calculating the expectation value of the square
root appearing in the physical Hamiltonian operator ﬂphyw of the Brown-Kuchaf dust model,
we can also approximate the expectation value of the physical Hamiltonian density operator
ljlphy57V in complexifier coherent states and take the square root afterwards. The biggest ob-
stacle in this approximation is that we tried to rewrite the occurring expressions in terms of
expectation values of the form (¢, @21/1>, where O = flphys,v whose expectation value in the com-
plexifier coherent states is unknown. However, we know that O contains elements of the form

p1(h)Fy(Vy, )p2(h) F2(Vy, )ps(h) whose expectation values for 0 < ¢ < i can be approximated
by computable elements by the methods of [4]. In case of the Brown-Kuchai dust model we
have ¢ = i, so we used that we can in principle approximate these elements with an inner
power series expansion. The circumstance that we first needed to approximate (1, ©2w> which
are also building blocks of our approximation for the expectation value of Hppys . itself leads
to several interlaced and dependent approximations. Despite that we explicitly investigated the
Brown-Kuchat dust model the techniques introduced here can also be applied to other models
if they satisfy the assumptions, which is related to the exact structure of products of holonomy
and flux operators in the physical Hamiltonian operator in consideration. Since the power series
expansion, depending on the chosen definition of the § operator, always involves fluctuations of
the same power of the physical Hamiltonian operator in consideration, for each model it must
be checked, whether the fluctuations are small.

Another point is that here the coherent states were chosen before the fractional operator was
substituted by a power series of operators yielding to corrections which one will obtain, if one
applies the fractional power to the expectation value. To compute this correction particularly
for the case of the inner and outer fractional powers, although in principle possible with these
techniques, can easily become complicated, especially for higher orders in A. This motivates us
instead of applying semiclassical perturbation theory to physical Hamiltonian operators to search
for semiclassical states which are better adapted to our task of calculating the semiclassical limit
of physical Hamiltonian operators including an outer square root.
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14 MOTIVATION AND BASIC PROBLEMS

Part V
Semiclassical and Coherent States

Large parts of section 22 and section 23 are contained in the article [71].

14 Motivation and Basic Problems

During the construction of physical Hamiltonian operators, except from the Gaussian dust case,
we arrive at Hamiltonians classically or Hamiltonian operators at the quantum level which con-
tain at least one outer square root, see parts I1I, IV and for example [23]. In part IV we derived
an enlarged semiclassical perturbation framework that allows us under certain assumptions to
approximate the expectation values of the square root Hamiltonian operators in the standard
complexifier coherent states constructed in [43, 44, 45] and displayed in section 18. Since higher
order calculations are getting quite involved, one could ask the question whether there exist semi-
classical (coherent) states which are better adapted to the square root Hamiltonian operators.
To make things more easy, here we consider different types of quantum mechanical toy models,
i.e. with finite degrees of freedom, and no QFT or even LQG models. As we will see in this
part there are some methods to handle our square root Hamiltonian operator toy models. Our
special toy model will be the square root or more general a fractional power of the harmonic os-
cillator Hamiltonian (operator) which we simply call square root or fractional Hamiltonian
(operator). The square root Hamiltonians are rather unusual in the formulation of the standard
quantum mechanical framework where time is usually given as an external non-dynamical pa-
rameter. It will turn out that most of the methods to construct semiclassical or coherent states
are connected to the question whether we are able to find a suitable representation, i.e. operator
algebra, of the underlying physical problem. In summary we considered the following problems
and possible methods to understand more in detail how the construction of semiclassical states
is adapted to the dynamics of a physical system:

e Problem: Square Root Hamiltonian (operator):
Inverse Thiemann Identity, Phase Operators and Phase States, Klauder Coherent States,
Kumei method, Physical Coherent States for Constrained Systems, Coherent States for
Fractional Poisson Distributions

e Problem: H = 2 + V(q), general potentials V(q) # 0 in ¢, especially polynomials in ¢:

2m

Complexifier Coherent States, Stephani, Dothan, Kumei method, SUSY potentials (ap-
pendix H)

We will treat all of the different methods at length in the course of this part and some in the
appendix H. The idea that a quantum system should reproduce the classical system for high
energies goes back to Bohr [141] and was established by Schrodinger by the construction of the
coherent states for the harmonic oscillator [142]. We will start with an overview of the defining
properties of semiclassical and coherent states. Next, as an introduction to the construction of
semiclassical (coherent) states, we will recall the problem of the harmonic oscillator which is
the first physical problem coherent states were introduced for by Schrédinger in [142] and which
is still the source of inspiration for the development of methods to construct coherent states
for general physical problems. After this we will display the different methods to construct
semiclassical or coherent states we dealt with. The methods can be characterized with the help
of two main ideas which basically describe the same by using the algebra corresponding to the
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14 MOTIVATION AND BASIC PROBLEMS

physical system but number one starts from a physical and number two from a mathematical
point of view:

1. Start with physical considerations to construct annihilation and creation operators A; and
/11 such that the Hamiltonian operator factorizes as H = AIAZ Then consider the algebra
generated by H , Ai, flj and the corresponding unit element 1. Try to find an eigenstate of
the generalized annihilation operator. The resulting state might serves as a semiclassical

state depending on how information about the classical trajectory is implemented in its
labels.

2. Start with a (Lie) algebra which takes the symmetries of the physical system into account.
Take an exponential of the algebra elements containing labels which are related to the
classical system and apply it to a cyclic vector of the underlying Hilbert space to obtain a
semiclassical state.

14.1 Definitions Semiclassical and Coherent States

In the following we will closely stick to the presentation given in [9, 31], but will make some
additions motivated by other authors [32, 33, 34].

Semiclassical states v, are quantum states, that is they are elements of a Hilbert space H,
but they are related or labeled by classical points m in the phase space M. Their defining
property is that the expectation value of a quantum operator (., O¢m> reproduces at least
approximately, up to small “quantum corrections”, the behaviour of the related classical phase
space function O(m). This is expressed by the conditions:

1. Expectation Value Property:

’ (Y, Oty

CO 1’ < 1. (509)

Implies peakedness of the expectation value of the quantum operator around the classical
value.
2. Ehrenfest Property:

W [0,0'] m)
ih{O(m), O’ (m)}

- 1’ <1 (510)
Means that the expectation value of the commutator of the quantum operator reassembles
the Poisson bracket.

3. Fluctuation Property:

‘ (¥om, O*4pm)
(m, Om)?

Implies that the “quantum corrections” are small.

-1 <. (1)

It is important to notice that states which behave semiclassically for one operator O do not need
to behave semiclassically for a different operator o' Hence, whether a state is a semiclassical
state or not depends on the operator in consideration. In the upcoming sections we will see
that the functional form of the operator, we want to construct semiclassical states for, should
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be reflected by the construction method for the semiclassical states. By this we mean that the
construction of the semiclassical states is adapted to the dynamics of the physical system.

Semiclassical states do not need to be coherent states, however coherent states often have semi-
classical properties like reproducing the classical phase space function at least approximately
when the expectation value of the operator in the corresponding state is taken. Despite that,
people like in general to work with coherent states as semiclassical states, since they have some
nice additional mathematical properties. A property which all coherent states share is:

4. Overcompleteness (Resolution of Identity):

iy = / A (170) ) | (512)

M
for a measure v on M.

The following properties are not demanded to be satisfied by all authors for all types of generalized
coherent states, see for example [32, 33, 34]:

5. Eigenstate of an Annihilation Operator: Given an annihilation operator A, we construct
eigenstates for A such that

Alpm) = algom) (513)
for a € C.
6. Minimal Uncertainty Relation: For self-adjoint operators ¢ = C, (A + AT) /2 and p =

c, (fl - AT) /2i with real constants Cy, Cp and (), = (¥, .¥r,) the Heisenberg uncer-
tainty relation is saturated, that is

(@ (@)Y = (5= 5%)m)ym = = 1{[d )l (514)

7. Displacement Operator Property: There exist operators G;, i element of an index set, as
generators of a quantum algebra such that v, is created by

|¢m> = ezi i

Q), (515)

where |Q) is a cyclic vector of the Hilbert space, usually a vacuum state, o; € C and «; or
the eigenvalues of the G; are related to the classical phase space point m.

8. Peakedness Property: For any m, m’ € M, the overlap function
m' = (Y Yr) | (516)

is concentrated in a phase cell of Liouville volume %|<[c], P)m| if ¢ is a position and p is a
momentum operator.
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14.2 Review Time-independent Harmonic Oscillator

Since the harmonic oscillator is the first system coherent states were constructed for and their
construction principles are generalized later on, we will summarize and review some properties of
the standard time-independent harmonic oscillator and its coherent states, see for example [35,
36, 37, 38]. The classical Hamiltonian for the one-dimensional time-independent harmonic
oscillator has the form

1 1
Hy, = %pz + imwqu, (517)
where ¢ and p are the canonically conjugate phase space variables for position and momentum,
that is they satisfy the Poisson brackets {q,p} = 1 and {q,q} = {p, p} = 0, here m is the mass of
the oscillator and wy denotes the time-independent frequency. The classical equations of motion
have the following solutions for the position ¢ and momentum p

q(t) = A cos(wot) + Ag sin(wot) = Ag cos(wot + ), (518)
p(t) = Bi cos(wot) + Ba sin(wpt) = By sin(wpt + 6),

with constants A;, By € R, I = 0,1,2, ¥t € RT and § is a phase. For more than one one-
dimensional harmonic oscillator, the Hamiltonian becomes

1 1
Hyo =Y %p? + 5nmm?qf, (519)
i=1

where now the index i denotes each single oscillator and we have {¢;,p;} = 5; and {g;,q;} =
{pi,pj} = 0.

The time-independent harmonic oscillator can be quantized using the so-called Schrédinger
representation for ¢ and p. Then the Hamilton operator is given by

Hyo = ip2 + lmwQ(jz (520)
° T 2m o O

Here ¢ and p are the self-adjoint position and momentum operators and they satisfy the com-
mutation relations

[G,p] = ih1, [p.p] = [4,q] = 0. (521)

Schrodinger was confronted with the problem how to relate the solutions of the Schrodinger
equation of the time-independent harmonic oscillator with the classical solutions. This is why
the concept of coherent states was introduced in [142].

Let us rewrite the Hamiltonian operator in terms of the so-called (bosonic) creation and
annihilation operators. For this reason we define the annihilation operator by

. mwo, . 1 .
a:= +1 522
2h ¢ \/2hmw0p (522)
and the to a adjoint creation operator by
it fmwo. 1 523
@ on 1 Z\/2hmwop' (523)
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In case that we substitute ¢ and p by a and a', the Hamiltonian operator becomes

X 1.
Hyo = huwo (aTa + 2]1) , (524)
with the Weyl-Heisenberg algebra
[a,a"] =1, [af,a'] = [a,4] = 0. (525)

We define the number operator 7 := a'a with eigenstates |n) such that
fln) = nn), (526)

with n € Ny. It counts the number of generated quanta. The annihilation and creation operators
act on the |n) in the following way

aln) = valn — 1), (527)
a'ln) = Vn +1jn +1).
The spectrum of the time-independent harmonic oscillator is equally spaced and bounded from
below. Its ground state is denoted by |0) and satisfies a|0) = 0. With this follows that every

number operator eigenstate can be obtained by repeated application of the annihilation operator
to the ground state |0), namely

m = &) (528)
o,

The coherent states for the time-independent harmonic oscillator or at a fixed time
t =ty are given by

L o= a”
a) = exp(—=|a —|n 529
) p(QII)HZ:%mH (529)
for w € Z. They can be defined and obtained in three ways:

1. Eigenstates of the Annihilation Operator a:
As one can easily check the |a) satisfy

ila) = ala) (530)

which can also be used as a defining property.

2. Displacement Operator Coherent States:
We define the unitary displacement operator D(«) by

1
D(a) :=exp(aal — a*a) = exp(—§|a|2) exp(aal) exp(—a*a) (531)
for @ € Z and apply it to the ground state |0), explicitly

D(@)]0) = exp(~5laf?) exp(ad) exp(~a”a)[0) = exp(~3af?) expladN0)  (532)

aah)” a”
—exp(—5la) X 20 0) = exp(- 5lal?) 0 o) <o)

n!
n
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The displacement operator can also be used to obtain the coherent states for N degrees of
freedom by repeated application to the multiple vacuum state

N
lon, az,...,ay) = [[ D(ai)[0, ..., 0) (533)
i=1
foro; €Z,i=1,...,N.

3. Saturation of the Uncertainty Relation:
For an arbitrary state 1)) which we will shortly denote by ) the standard deviation Aé of an
operator 6 is defined by

(M) := /(82) — (0)2. (534)

The standard uncertainty relation is given by
. . h
(Ag) (Ap) = 5 (535)

Now the coherent states |a), or even |«,t) for a general time parameter ¢ displayed below, are
exactly those states which minimize the uncertainty relation, that is
. . h
(Ag) (Ap) = 3 (536)
For the time-independent harmonic oscillator all three ways lead to the same coherent states
but for different physical systems this might not be the case, see for example [32].

14.3 Stability of the H.O. Coherent States

Let us recall how the time-dependent coherent states |a,t) can be obtained from the time-
independent coherent states |a) by application of the unitary time-evolution operator U(t) to
|a) which yields

e, ) = U (1)) = =+t ) (537)
L a” e—iwo(n 1)t |y

with a(t) := ae™™ot,
We calculate the expectation values of the position and momentum operators in the coherent
and time-evolved coherent states leading to

(aldla) = |/ 22 R(a) = 1/ 2 [a]cos(d). (538)

(a]pla) = v/ 2mhwoS(a) = —+/2miwg|a] sin(9)

(@, tldla t) = ,/%%(a(o) - ’/%"*' cos(wot + 8), (539)

(a, t[pla, t) = v/ 2mhweSS(a(t)) = —+/ 2mhwg| | sin(wot + 0)

and
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with a = |ale™, § € R. Eq.(539) means that the expectation values of the position ¢ and
momentum operator p in the states |a) or |a,t), which correspond to the centre of the wave
package, follow the classical trajectories ¢(t) and p(¢) for all times ¢. This is ensured because the
time evolution of the coherent states in eq. (537) is carried over to the label a which is related
to the classical phase space variables ¢ and p via o = /“53%q + imp.

So we see that the harmonic oscillator coherent states work well for the time-independent
harmonic oscillator they were constructed for. This brings us to the question what will happen,
if we consider a modification of the harmonic oscillator. Since we are interested in square roots,
as a toy model we consider the square root of the time-independent harmonic oscillator

N 1 1 1.

The calculation of the expectation value of H'Sqrt in the standard harmonic oscillator coherent
states |«) leads to

R R _ > a 2n 1
(@l gnla) = (ot Hugfr ) = e 301282, (14 ) ot
n=0 :

which is not what we would expect classically. To get an idea of what kind of problems for the
square root Hamiltonian arise, we can also apply the evolution operator based on Hgqy to |a)
which results in

i al? > n i 1
e~ Hearct| gy — =% 3 %ﬁe—ﬁmt\m, (542)
n=0 :

This naive ansatz does not bring us too far. However, what we see from these calculations is
that the linearity of a Hamilton operator in the number operator 71 is really a special case which
simplifies many calculations, since now we are not able to split the n-term in eq. (541) or the
exponential in eq. (542) to simplify the expressions.

15 Inverse Thiemann Identity for Square Root Hamiltoni-
ans

We can also try to avoid the square root right from the beginning, that is before we attempt
to quantize the system by finding a kind of effective Hamiltonian replacement for the original
square root Hamiltonian. We will also come back to this idea at the end of this part in section
22 in a different context. For now we start with the classical square root Hamiltonian and apply
what we will in the following call the “inverse Thiemann identity”. After the application of
the inverse Thiemann identity we will quantize the simplified expression. Let the Hamiltonians
for the time-independent harmonic oscillator Hy,, and for the square root Hgqy¢ of it as before be
given by

p2

1
Hho = % + §mw3q2, qurt =V Hh . (543)

Then the classical Hamiltonian equations of motion follow from the Poisson brackets of the
position variable ¢ and momentum variable p with the Hamiltonian. We will apply the inverse
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15 INVERSE THIEMANN IDENTITY FOR SQUARE ROOT HAMILTONIANS

Thiemann identity to modify them in such a way that they become

1 1 »p
——{q, Hpo} = ——— 544
Qm{qv ho} ( )

i = {¢. Hure} = ,
q {q7 qt} 2qurtm
= (py Hugnt} =~ {p, Hyo} = — -
D =D, sqrt S — 2\/]_[71]0 P, fdhoy = 2qurt

2
gmuwy.

The inverse Thiemann identity means that instead of considering Hyqr in the Poisson bracket
during the quantization process, we use the understanding of the Poisson bracket as differenti-
ation, which follows from its definition, and consider the outcome of the Poisson brackets of ¢
and p with Hy, as quantities that can be quantized. The Thiemann identity is actually applied
in LQG to be able to quantize the Hamiltonian constraint, compare part II. Here we used the
addition “inverse”, since there one uses it to substitute an non quantizable quantity by a Poisson
bracket, whereas here we use it to substitute a quantity in a Poisson bracket. With this we
obtain

1 »p 1 gmw? wo 2
.. 0
_ b _ __ 545
1 Hem —  4HZ, m (2qurt> 4 (545)
S+ 0¢=0

2 2
with Q := Q(Fsqrt)? := ( Lo ) = —%— where we assume that classically Hsqy is the energy

2HSqrt sqrt
Egqrt of our toy model. This is the well known equation of motion for a time-independent
harmonic oscillator with modified frequency €.

15.1 Effective Hamiltonian

If we want to go over to the quantum theory, the question will arise how to fix Q(Egqre). We
may do it in a semiclassical way in the sense that we consider 2 as a function of the expectation
value of ﬁsqrt and demand it to be equal to the energy FEyq of the classical system, that is
Q((ﬁsqrt>) = Q(Esqrt). For I:ISqrt we know that this will work out, in case that we take the
expectation value of ﬁsqrt in the number operator eigenstates |n). In this semiclassical sense,
the frequency ) becomes
QU Bgart) = 5 = ——— =

Wty fhwo (n+3)  \/wh + Bt

with n € Ny. The zero index here is meant to remind us that for a certain energy value of Fgqgrt
Q depends on the phase space point (go, po)-

wWo

= Q(qo, po) (546)

Next we will define an effective Hamiltonian operator Hg in analogy to the standard harmonic os-
cillator, where we consider Hyqry = Esqr In 2 as explained in eq. (546) classically, however regard
q and p as operators. In correspondence with the definition of the standard time-independent
harmonic oscillator, we can define the new annihilation and creation operators

" [mS i - [mS {
_ mii .t t_ mii T
A 2h (q * me) 4 2h <q me> (547)

They can be formulated in terms of the standard harmonic oscillator annihilation and creation
operators @ and a' as
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15 INVERSE THIEMANN IDENTITY FOR SQUARE ROOT HAMILTONIANS

A:;\/wﬁo{(l—l—g)&—k(l—g)dq, AT:% w% [(1+%)a*+(1—%)a}. (548)
One can easily see that they satisfy the commutation relation
[/LAT} — 1. (549)
With this the effective Hamiltonian operator can be expressed as
Hg = hQ (ATA + ;11) . (550)

From the equation of motion in eq. (545), we expect that we should be able to use the standard
harmonic oscillator coherent states to calculate the expectation value of Hp, and obtain as a result
the classical Hamiltonian of a harmonic oscillator with modified frequency. However, due to our
classical consideration of the modified frequency, that actually involves Hyqr¢, we see that A and
A" include sums of @ and a' which tells us that it makes no sense to use the standard harmonic
oscillator coherent states.

In fact, if we calculate the expectation value of Hp in the standard harmonic oscillator
coherent states |a), we will find that

(a|Hp|o) = Zgz [2 (1 + ?ﬁ) la)? + <1 - ;‘ﬁ) (oz2 + (oz*)2) + ( — ;ﬁﬂ : (551)

Now let us define

u:u*::% wﬂo(l—i—%), v:v*::;\/wﬁo(l—g), (552)

then we can see that A and Af in eq. (548) arise from a and a' by a Bogoliubov transformation,
since we can write

A=uwa+val, A" =wv'al +0*a (553)
and check that |u|? —|v]|? = 1. In our case u and v are real.
It is possible to express u and v as

w:= cosh(r), v :=sinh(r), (554)

where 7 € R is the so-called squeezing factor. Below we will show that a kind of so-called
squeezed states are eigenstates of A, compare for example [143] and [144].

A squeezed state is a state which satisfies the minimal uncertainty relation but the standard
deviations Aqg and Ap calculated in a squeezed state do not have identical values and oscillate,
for details see [145, 146]. It is the first generalization of the harmonic oscillator coherent state |o)
gained from the application of the displacement operator to the vacuum state |0) of the harmonic
oscillator. The squeezed state is defined as

|, z) == D()S(2)[0) = S(2)D(7)]|0), = acosh(r) — a*e® sinh(r) (555)
with displacement operator ﬁ(a) compare eq. (531) and squeezing operator S (z) given by

S(z) := exp % (Z(&T)Q — 2*a°) (556)
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for z =re??, —0o < r < o0, =1 < § < 7 and o € C. One can easily check that ST(z) = $71(z) =
S (—z). Depending on the kind of physical application also the state gained from the reversed
application of D(a) and S(z) can be found in the literature, however notice that the order of
the operators applied to |0) matters, i.e. S(z)D(a)[0) # D(«)S(2)|0) which is also discussed in
[145]. One can use the squeezing operator to perfom unitary transformations of @ and at to A
or At by

A = 8%(2)a8(z) = cosh(r)a + sinh(r)a, (557)
Af = St(2)a’S(z) = cosh(r)a' + sinh(r)a,

where we set ¢ = 0. By using —z instead of z in the definition for the squeezed state, we can see
that |a, —2) is an eigenstate for A, namely

Ala, —z) = §T(2)aS(2)D(a)S(—2)|0) (558)
= 51(2)ad(2)8"(2) D(7)|0)
= S'(z)aD()[0)
= S1(2)yD()[0)
=78(=2)D(7)[0)
= D(a)S(~2)0) = 7la, —2),

where we used that S(—z) = .SA"L(:Z) = 571(2) and v = acosh(r) — o sinh(r) = au — o*v with
6 = 0. The expectation value of Hg in the squeezed states |, —z) becomes

(o, —z|Hg|a, —z) = hQ (|’y2 + ;) = hQ <|Oz|2 (v + %) —uv [(04*)2 + aﬂ + ;) (559)

= hQ (|oz|2 (cosh(r)? + sinh(r)?) — cosh(r) sinh(r) [(a*)Z n az} n 1)

2
S22 L"g 2 (*‘g 2 *\2 Wo
170 {2(1+A2) || <12> (a +(o¢))+2.}

We can calculate r from

r = arsinh(v) = In (v—i— v2 + 1) =In (;\/wﬁo(l - %) + \/le(ii (1 - %)2 + 1) (560)
“n (V) (@)

and (v + vv2 + 1) € (0, 00) which is given since ¥ = 2y /hwg(n + %) > 0 for n € Ny. Reinserting
this r into sinh(r) and cosh(r) reproduces v and w.

Despite that |o, —2) is an eigenstate of A, eq.(559) shows that it is not well-adapted to
the effective Hamiltonian operator in a semiclassical sense because the expectation value of the
effective Hamiltonian operator in squeezed states does not reproduce the classical value of the
harmonic oscillator with modified frequency.

We conclude that though the idea to rewrite the square root on the classical level seems
appealing, it does not bring us too far, since our classical treatment of the frequency € while
we lift the position ¢ and momentum p to the operator level did not help us to find appropriate
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16 PHASE OPERATORS AND PHASE STATES

semiclassical states. Actually, what we did in this section resulted in a modification of the un-
derlying operator, but we did not adapt the construction method to the square root Hamiltonian
itself. In the upcoming sections instead of replacing the square root operator, we really want to
modify the states.

As mentioned in the introduction to this section, the idea of an effective Hamiltonian will
encounter us again in section 22, however there we will use a different procedure called Euler
rescaling in combination with an enlargement of the underlying phase space and also choose an
adapted construction for the semiclassical states.

16 Phase Operators and Phase States

Our aim is to find ways to handle the square root of the harmonic oscillator Hamiltonian,
shortly denoted as square root Hamiltonian. In section 15 we tried to circumvent the square
root by defining an effective Hamiltonian, however this did not bring us too far and we did
not construct better adapted states. Now we want to make a transition to tackle the problem
from a different side, namely from the algebraic one. In [40] Daoud and Kibler introduce a
generalized one-parameter algebra 2., where x is a real parameter, as a generalization of the
harmonic oscillator (Weyl-Heisenberg) algebra. The algebra 2,; has finite- or infinite-dimensional
representations depending on the sign of £ (finite for £ < 0 and infinite for £ > 0). A Hamiltonian
operator associated with 2(,, was constructed and its spectrum was examined. To work around
difficulties related with definedness in the infinite-dimensional case and degeneracy in the finite-
dimensional case, in their article [40] they introduce a truncation procedure such that they finally
gain a truncated generalized oscillator algebra 2, ¢ with truncation order s. For 2, and 2 g
the related phase operators and temporally stable phase states were constructed. The origin of
the considered generalized harmonic oscillator algebra 2(,; lies in the construction of so-called
isospectral shape invariant potentials in the framework of fractional SUSY, see for example [34].

Now we want to explain how to use and modify their methods to apply them to our problem
of the square root Hamiltonian.

16.1 Generalized Oscillator Algebra

Let us summarize the main results of [40]. The algebra 2, is spanned by the three linear boson
operators a~, a* and f which satisfy the commutation relations

[a=,a"] =1+2kn, [p,a%] =+a™ (561)

with (a=)" = a*, a' = 7 and a real parameter x. The operators 4~ and a+ generalize the
usual annihilation and creation operators of the harmonic oscillator. For x = 0 we have the
ordinary harmonic oscillator algebra, the so-called Weyl-Heisenberg algebra wh. So 2, is a
generalization of the Weyl-Heisenberg algebra wh. Let H, be the finite or infinite dimensional
Hilbert space with respect to the inner product (n|n’) = §,,, on which a~, a* and # are defined
and define an orthonormal basis by {|n) : n =0,1,...,d(k)}, where d(x) is the dimension of the
Hilbert space. A representation of the algebra 2, is provided by, see [40],

fn) = nln), (562)
atin) = /F(n+ 1)e_i[F(”+1)_F(”)]9”|n +1),

a~|n) = /F(n)elF'm=F0=ble|y, _ 1),
a~0) =0
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16 PHASE OPERATORS AND PHASE STATES

with a real parameter ¢ and a positively-valued function F': N — Ri which satisfies
F(n+1)—F(n)=1+2kn, F(0)=0. (563)
An iteration of this expression leads to
F(n)=n[l4+k(n—1)] (564)

and since F(n) € RS we need to fulfill the condition 1+ « (n — 1) > 0 for n > 0.

Now we can define a Hamiltonian operator F'(n) associated with the algebra 2, which is
up to a constant a generalization of the usual one-dimensional harmonic oscillator Hamiltonian
operator Hyo = (dT& + %ﬂ), where we set hwg = 1. From

ata~|n) = F(n)|n) (565)
we obtain
F(h)=ata~ (566)
and
F(R)n) =n[l+ k(n—1)]|n) = F(n)|n) = E,|n) (567)

gives the energies E,, of a quantum dynamical system described by F(7).

To obtain the spectrum of F'(72) we have to consider the two cases :
(i) Case k > 0, the spectrum of F'(7) is non-degenerate.

(ii) Case k < 0, the spectrum of F'(72) is degenerate.

16.2 Phase States for 2,

Infinite-dimensional case:
We consider the case where x > 0 and decompose ¢~ and a™ as

0~ = B /F(R), 4" =+\/F(#) (EOO)T (568)

with

B = 3 PO D=-FOle 4y 1), (569)
n=0

where E. is the so-called phase operator. Notice that the phase operator Eo is not a unitary
operator, since

Eo (EOO)T - i In)(n| = 1, (570)
n=0

(B)" B = 3 Inblnl = 1 - o)
n=0
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16 PHASE OPERATORS AND PHASE STATES

Next we want to construct the phase states |z) which are eigenstates of the phase operator
according to the eigenvalue equation

Ey|z) = z]z), zeC. (571)
We expand |z) € H, in the basis |n) which is

2) =) Cn2"|n) (572)
n=0

with coefficients C,, € C, n € Ny. From

Boolz) =Y " FEAD=F®lec, 2 k) (k + 1|m) (573)
k=0 m=0 v
6k+1,7n

GIF(HD=FWlec, k41|

M

=

=0
0 .
=z Z eZ[F(kH)_F(k)]“’C’ksz|k>
k=0

=zlz) = zZCkkuc)
k=0

we see that the coefficients C,, can be derived from the recursive relation
On—H = 67i[F(n+1)7F(n)]Lan7 n e N07
which leads to
C,, = e FMecy, (574)

where Cy = /1 —|z]? for {z € C,|z| < 1} follows from a normalization condition on |z) that
requires the appearing series to converge.

Then the state for |z), up to a phase factor, is given by the expression

(o)
|2) = /1= 2|2 Z e FMe 2 n) (575)
n=0

on the domain {z € C,|z| < 1}. Following a method developed in [147] for the Lie algebra
su(1,1) one can define the so-called phase states |0, ) by

1
0, 0) := lim ————1z), —-w<6<m. (576)

z—ei® /1 — |z|2

Plugging in the expression for |z), we end up with

10,0) = > emle e ), —x<f <, (577)

n=0
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defined on the unit circle S'. For fixed ¢ the phase states satisfy a resolution of identity, see for
instance [41], given by

1/ )

however they are neither normalizable nor orthogonal.

If we apply Eo to the state |0, ©) which yields
Exld, ) =e”18,0), —m<<m, (579)

we will see that the non-unitary phase operator F applied to the state |6, ¢) has the eigenvalue
e’ which makes it obvious why it is called phase operator.
Let us collect some properties of the phase states |0, ) :

1. The phase states are temporally stable in the sense that

e~ i@ty o) — Z einfe=iF(M(e+D) |y = |0, o + 1) (580)

n=0
for any parameter t € R and h = 1.

2. In general they are not normalized and not orthogonal but for fixed ¢ we have
! ]d9|9 V(60,0 = (581)
27T y P y Pl = L.

3. They are no eigenstates of the annihilation operator, since
a6, ) = e Z VE(n+1)emle i Fmen), (582)
n=0

Finite-dimensional case:

We will leave the description of the finite-dimensional case for x < 0 out here because we will
not use it. The definition of the truncated algebra 2. ; and further details for the case x < 0
can be found in [40].

As a remark, notice that for ¢ = 0 one obtains the same states as derived for SU(1,1) in
[41], where complete applications of these techniques to SU(2) (k < 0) and SU(1,1) (k > 0) can
be found.

16.3 Application to the Square Root Hamiltonian

The techniques discussed in [40] were not developed to handle Hamiltonians including a square
root. Despite that we can apply them in a slightly modified form to our toy model of the square
root of the harmonic oscillator. We are in the case k = 0 and make the ansatz

vata~—|n) = F(n)|n), (583)
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where we neglect the constant % term. Following [40] we have
F(h) =Va=Vata- (584)
with the annihilation and creation operators ¢~ and a™ defined by

0~ 1= FEo/F(R) = Eson®, (585)
T

and the phase operator E in this case reads

[ee] o0
B, = Z IE (D =F(mle|ny (n 41| = Z ei[vn+1—\/ﬁ]*"|n><n +1] (586)
n=0 n=0

for ¢ € R. However, now the classical condition becomes F(n+ 1) — F(n) =vn+1—/n # 1,
therefore we are strictly not in the case of [40]. This is reflected in the algebra which now changes
to

[a=,a%] =" (Vn+1—+n)n)n|, [pa*] =+a* (587)

Yet another inconsistency will show up, if we make the following calculation

Viln) = Vata-|n) = \/ (EOC) Eoint|n) (588)
= /it (1~ [0)(0]) atn) = Vaknk|n)
— Vb ) = /vl # Valn).

This can easily be fixed by redefining 4~ and a™ to

N . T
0~ = B F(R), at:=F(f) (Eoo> . (589)
Additionally, the re-definition solves our problem with the algebra which modifies to
la=,a*] =1, [A,a*]==xa* (590)

and hence is isomorphic to the Weyl-Heisenberg algebra. The definition of the phase operator

E, stays unchanged. A short calculation shows that

VTV oy (k4 1] i e~ [VIFTVle 4 1y (| (591)

m=0

m)
8
VS
5
8
~
Il
[]¢

>
Il
o

e 108

Y elVRFIVESVIETE Iy () 4 1m 4 1) (m]
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m=0
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and

(EOO)T B = f: e IVIFI=Vmle | 4 1Y (m)f iei[m*‘/ﬂﬂkﬂk +1] (592)
m=0 k=0

= ZZ ifvmFT—vm—VEFTVE2 |y 1 1) (k) (k + 1]
m_ : \-\,./

6'm,k

=D [k+1)k+1] = Z\k (k| —10)(0] = 1 — [0)(0]

k=0

which tells us that also here the phase operator Fe is, as expected, not unitary. The phase
states for our square root Hamiltonian read

(oo} oo
= Z einee_iF(”)“"|n> = Z emge_i‘/ﬁﬂn). (593)
n=0 n=0

Now we want to check whether the gained phase states are temporally stable in the sense
explained in eq. (580). Therefore, we calculate

671’\/5t|97 <P> _ efi\/ﬁt Z ein9€7i\/ﬁtp‘n> — Z eineefi\/ﬁsoefi\/ﬁtm) (594)
n=0 n=0
_ Z ei7n96—’i\/ﬁ(<ﬂ+t)|n> = |97 © + t>
n=0

In the re-definition of @~ and 4t we only consider F() = /@ instead of \/F(7) = V/Vi. The
re-definition of &~ and @ does not influence the calculations using the definitions of the phase
operator Eo and the phase states |0, ¢), since the phase operator FE and the phase states 10, ©)
are not influenced by this. It seems that we actually get some stable states in the sense explained
in [40]. Though, the phase states are only defined on the unit circle S*.

To check whether the expectation values in the phase states reproduce the classical values in
general, we calculate the expectation values

0,0la"10, ) = e Z VF(n), (0,0]a")0,¢) =e Z vV F(n), (595)

n=1
9]

(0, | F (7 Z (0, 0 Eool6, o) = €,

where we used the original definitions of ¢~ and a™ as in eq. (568). For the modified definitions
of @~ and a' in eq. (589) in case of the square root Hamiltonian replace y/F(n) by F(n). For the
construction of the phase operators and phase states it is assumed in [40, 41] that the functions
F(n) take the values F(n) = n[l+ & (n —1)] for n > 0. In each of the cases kK = 0, £ > 0 and
k < 0 F(n) is a non zero sequence and consequently the series > | F(n) diverges against +oco
for k > 0 and against —oo for k < 0. The same holds for > >, \/F(n) in case that x > 0,
n > 0. Therefore, the case F(n) = y/n is also contained here. The limit of Y7, \/F(n) for
Kk < 0, n > 0 is undefined. Anyway, the considered phase states are the phase states constructed
for the case k > 0, so we do not need to bother about the case k < 0. However, we see that
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the phase states are by construction no semiclassical states for 4™, a™, F(n) but for the phase
operator F.,. In case we define the position operator § and momentum operator p in terms of
* and G, in analogy to the standard case, by

o hooh o o Mol oy
G:= 2mw0(a +a7), p:=i ) (a a), (596)

a calculation of their expectation values in the phase states gives

. 2h .
(0, 0|6, ©) \/7 > VF(®) cos(6), (0, ¢lp|0,¢) = wzmmzw sin(6).  (597)

n=1

We have a reproduction of sine and cosine, however we see that the expectation values contain
for £ > 0, n > 0 the diverging series > -, \/F(n) or >.>, F(n) in case that we change to the
definitions in eq. (589). Especially, notice that the expectation value of F(72), which corresponds
to the Hamiltonian operator H in this setting, in the phase states is given by

(0. 01H18,0) = (6. ¢|F(2)|0, ) = ZF (598)

and contains the diverging series Y - | F(n) which does not reproduce the classical function
F(n). Moreover, we work with the non-unitary phase operator F. which can become problem-
atic, if we want to give a physical interpretation to it.

This brings us to the conclusion that we can use this construction method to construct phase
states for the square root of the harmonic oscillator Hamiltonian but they are very limited
in their range of application and have not a physical interpretation. Also the appearance of
diverging series’ in the calculation of the expectation values makes them not a suitable choice
for semiclassical states for the square root Hamiltonian.

17 Klauder Coherent States

In [33, 42] Klauder et al. describe a method to construct coherent states for a wide class of
physical systems with discrete and continuous spectra provided that the prescription of a system
in the so-called action-angle-variables is known. In principle one can obtain the action-angle-
variables by canonical transformations with the help of the Hamilton-Jacobi equations. However,
this might not be simple and it is not a priori clear, whether the resulting classical expressions
can be lifted to the operator level or not. After a short review on the construction of Klauder
coherent states, we will apply this procedure to our toy model of the square root of the harmonic
oscillator Hamiltonian.

17.1 Introduction to the Construction of Klauder CS

Klauder demands three defining properties for his coherent states:

1. Continuity of Labeling: The map from the label space Z into the Hilbert space H is strongly
continuous, ie. |[|¢') = O)|| = 0for ¢/ - L€ T.

2. Resolution of Identity.

3. Temporal Stability in the sense that for a coherent state with a classical label ¢ we have

e~ 0y = |e(t)). (599)
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4. Action Identity
(JAH|T ) = w] (600)
that will be explained in detail below.

In the easiest case Klauder considers Hamiltonian operators H with a discrete, nondegenerate
spectrum, energy levels of the form 0 = Ey < E; < Es < ...E, and energy eigenstates |n),
n=0,1,2,3... which are solutions of the time-independent Schrodinger equation such that

Hn) = E,|n) = wey|n). (601)

For this type of systems the coherent states, which we refer to as Klauder coherent states,
are defined by

‘J > N(J)71/2iJn/2
)= —
n:O\/pin

with 0 < J < J* < 00, —00 < 7 < oo and {p,} denotes a set of positive weight factors p;,.
For convenience he chooses pg = 1. According to Klauder’s definition of stability the Klauder
coherent states are stable under time evolution. To show this we calculate

e~ tenY

n) (602)

o o gn/2
e y) = N(NTH2 ) —m=et o0 n) = |,y + wt). (603)

The power of the exponential in the evolved states even contains ¢ in a linear fashion.
Normalization is then achieved by setting

-MﬂZE:g' (604)
n=0 """

and J* := lim infnﬁoo[pn]l/" stands for the radius of convergence of this series.
The quantities J and - here are the so-called action-angle-variables. The temporal evo-
lution (J,v) — (J,v + wt) is the most general solution of the equations of motion

J=0, ¥=w (605)

which arise from the classical action functional S¢4ss [/, 7, t]

Sclass = /dt (J'Y - WJ) (606)
t

by application of the Euler-Langrange equations. There exist other classical action functionals
which lead to the same equations of motion but only S.i.ss above leads to the interpretation that
~ and J are (classical) canonical coordinates. We follow Klauder’s proposal in [33]: “The classical
action principle is just the quantum action principle applied to a restricted set of Hilbert space
vectors.”, where a quantity called the “quantum action” Sguantum is introduced and defined
as

. d B
SQuantum = /dt <Z<Jv’7|dt|Ja 7> - <J7’7|H|Jv’7>) . (607)

t
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17 KLAUDER COHERENT STATES

Extremization of this quantum action in terms of expectation values is related with the Schrodinger
equation <[y (1)) = H|(t)), where [1(t)) is a solution of the Schrédinger equation and we set

h = 1. If we wish to identify J and v of the coherent states |J,7) as canonical coordinates, it is

necessary to demand that

!

Squantum = class- (608)

This leads to the so-called action identity
(T ANH| T ) = w] (609)

and (J,y|d|J,v) = Jd~.

Since for the construction of Klauder coherent states we need to find the canonical transfor-
mation from the position ¢ and momentum p variables to the action J and angle v variables,
which by definition fulfill the equations of motion in eq. (605), it is not possible to compare the
solutions to the equations of motion for ¢ and p with the expectation values of their corresponding
operators in the Klauder coherent states directly. Moreover, it is a priori not clear whether the
action-angle-variables can be quantized in case one wants to calculate their expectation values
in the Klauder coherent states.

With the help of the action identity we can fix the positive weight factors p, uniquely. The
positive weight factors p,, are then calculated from, compare [33, 42],

=[] e (610)
=1

17.2 Modified Klauder CS for the Square Root Hamiltonian

For our toy model of the one-dimensional square root of the time-independent harmonic oscillator
Hamiltonian operator, we have

Hygre = \/won, (611)

where we set 7 = 1 and neglect the constant % term. The eigenvalue equation for the number
operator eigenstates |n) is given by

Hiareln) = Eqln) = JooViln) = fwgen|n). (612)

and the classical action functional for the square root Hamiltonian reads
Sclass = /dt (JV Y, WOJ) . (613)
t

From the Euler-Lagrange equations we then obtain the equations of motion, namely

iy =, J=0. (614)

So to be in accordance with the classical equations of motion for this system, we consider the
modified action identity

sqrt<J7 ’Y|IA{|J’ 'Y>sqrt =V woJ. (615)
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17 KLAUDER COHERENT STATES

Furthermore we choose e, = /n. Making this choice the modified Klauder like coherent states
for the square root Hamiltonian are given by

> Jn/Q )
[T )sare = N(J)TV2Y - ——=e™V"|n) (616)
. nz:% VPn

with normalization factor N(J) = > ;—: The time evolution with respect to Hyqy becomes
—iHeqrit —ivwont —1/2 — J"/? —in/T(y++/@ot)
e Misartt| ], 'Y>sqrt =€ |/, 7>sqrt = N(J) Z Fe [n) = [J, v+ vw0t>sqrt~
n=0 n

(617)

To determine the positive weight factors p,,, we calculate sqr((J, 'y|fl |J, V)sqrt and use the modified
action identity which leads to

R X Jm/2 Jn/2 )
sqr J7 Hs r J7 sqrt — N(J -1 m 762(\/ﬁi\/ﬁ)’Y W \/ﬁn 618
art {4, V[ Hsare|J, 7)sart (/) m,Z:(MnZ:O< |\/l7n\/ﬁTn Vwov/n|n) (618)

= Vwo Ny —nﬁ

n=0 P

= Vwod = w1 = JagJN(J) "N (J)

> Jn 3 > J7z+1
= VwoN(J)T'T Y = woN(J) Y
o Pn n—o Pn

A further comparison of line two with line four in eq. (618) yields the identity

e Jn _ & Jn
S ey L (619)
n=0 Pn n=1 Pn

&0 Jn > n J7L+1 & " Jn+1 n n > n Jn
D I DD D D Db

n—0 pn n—0 pn+1 pn n—0 pn anrl n—1 pnfl pn

which can only be satisfied for
. 1
vn _ & & pn = V/Npn-1, ¥n > 1. (620)

Pn Pn Pn—1

Therefore p,, becomes, for py =1
pn =[] V= Vnl (621)
=1

Notice that this does not work for e,, = y/n + 1/2, since then ey = /1/2 # 0 which we used
explicitly to calculate the weight factors p,. Finally, the modified Klauder coherent states can
be expressed as

e Jn/2

gt = N2 Y

e V), 622
2o ) (622)

A couple of remarks are in order:
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18 COMPLEXIFIER COHERENT STATES

e The series in sqre (J, V], V)sare = Pomeo \F needs to converge, otherwise the states will not

be normalizable, compare the discussion in [33, 42]. For the case that the series converges,

we then choose the normalization factor to be N(J) = > \‘/]7

e To show the resolution of identity, see [33, 42], Klauder et al. assume that there exists a
non-negative weight function p(u) with p(u) > 0, 0 < u < U < oo which satisfies

U
/duup , po=1.
0

For U equal to the radius of convergence of the series occurring in the definition of the
Klauder coherent states in eq.(602), that is U = J* = lim inf,,_,o[p,]"/™, this becomes

U
o= [a170)
0

Therefore, p,, is the n-th momentum of a given distribution. To determine p(J) from a
given p,, is called a Stieltjes momentum problem. In our case we have p, = vn! and it is
not sure whether there exists a solution.

So we see that it is difficult to use Klauder coherent states as semiclassical states for the square
root Hamiltonian.

Let us close this section with a short remark on the connection between Klauder coherent
states and phase states. In the phase space operator approach we have for flsqrt = /1 the states

oo
= Z emoeﬂ'\/ﬁ“@\m (623)

defined on the unit circle and not normalized. The modified Klauder coherent states are

> gn/2
[T, y) = N(J)TH/2Y " eV ™) (624)
n=0 \/m

From a naive point of view we can identify them by setting ¢ = v and taking N(J )~1/2 also as
a prefactor for the states |0, ¢), choose J/? = |z|e®,/p, for z € C and set |z| = 1 to be on the
unit circle. For comparison, for the time-independent harmonic oscillator we have J%/2 = |z|.

18 Complexifier Coherent States

In this section we summarize the basic construction and some properties of complexifier coher-
ent states, since they were intensively used in semiclassical perturbation theory in part IV, are
obtained from a general construction principle [43, 44, 45, 46] and allow a general discussion of
their stability behaviour under time evolution [31].

Let (M,w) be a symplectic manifold with strong symplectic structure w. Remember that a
symplectic structure w is a non-degenerate, closed two form (dw = 0) and a symplectic mani-
fold is the tuple (M, w). Tranformations which preserve the symplectic structure w constitute the
symplectic group, in physics better known as canonical transformations. The Liouville

166



18 COMPLEXIFIER COHERENT STATES

measure is the measure that is invariant under transformations of the symplectic group. Due
to a theorem by Darboux, see for example [9], for a symplectic manifold in each neighbourhood
of a point p € M one can locally find so-called canonical coordinates (z#)2™; = (¢, pa)y-; such
that w = dp, A dq®. Further, assume that M is the cotangent bundle of a configuration space
C which is supposed to be a real Lagrangian submanifold, that is M := T*C. More concretely
we will later choose the classical configuration space C to be a compact Lie group G, then the

corresponding classical phase space is the cotangential bundle of G subject to the isomorphisms
M=T*G~G x RImC ~ g€ (625)

where G is the complexification of G that is generated by the complexification of the Lie algebra
gof G, g C.
According to [9] we can give the following definition of a complexifier:

Definition [9]: Complexifier 18.1. A complexifier is a positive definite function C on M
with the dimension of an action wich is smooth almost everywhere with respect to the Liouville
measure induced from w and whose Hamiltonian vector field is everywhere non-vanishing on the
configuration space C. Moreover, for each point g € C the function p — Cy(p) = C(q,p) grows
stronger than linearly with ||p||q, where p is a local momentum coordinate and ||.||q is a suitable
norm on Ty (C).

Denote by ¢ the local coordinates of the configuration space C, then we can define local
complex coordinates of M by

o0

2m) = 3 L0, Ch(m) (626)

n=0

with the iterated Poisson bracket {q,C}) = ¢, {¢,C}mt1) = {{¢,C}n),C}, n € Ny for the
convention {p,q} = 1 provided that z and z are invertible for m := (g,p), where p are the
momentum coordinates of M.

According to the definition of the Lie derivative £ and the Hamiltonian vector field x¢ of
the complexifier C' we can also write eq. (626) as

s=efeg=([¢]) (627)

t=—1

where [cp; C} * is the pull-back of the one-parameter family gp; .. of symplectomorphisms (canon-
ical transformations), i.e. diffeomorphisms that preserve the symplectic structure, generated by
Xc. From this formulation we can read of that eq. (626) is an analytic extension to imaginary
values of the one-parameter family (p’;( .- Notice that we analytically continue to the negative
imaginary axis which is why positivity of C is required. The complexifier function C' provides
an explicit diffeomorphism from M = T*C to C®, m + z(m) such that the element z(m) € C©
carries a physical interpretation as a classical point in M. This is where the name complexi-
fier comes from and we see that we can consider M either as a symplectic or a complex manifold.

To ease the process of finding a representation, we assume that the Hilbert space H can be
represented as a space of square integrable functions on C or if necessary a distributional ex-
tension C thereof with respect to a positive, faithful (i.e.injective), probability measure p i.e.
H = L*(C,du) or H = L?(C,du) respectively. In case of a compact Lie group G, we know that
G is associated with the Hilbert space L?(G,dug) of square integrable functions over G' with
respect to the normalized Haar measure dug.
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18 COMPLEXIFIER COHERENT STATES

Due to the positivity of C' in the classical theory, we want to carry this property over to
the quantum theory by quantizing the complexifier C' so that it becomes a positive definite,
self-adjoint operator. Quantization then leads to

“)i"[q“ﬁ}

2(m) = O EW?EM(W —e” (628)

with [Q,C’L : = q, {(j,CA’L : = [[Q,C’L ),C}. The division by A makes % dimensionless.
0 n+1 n
Now we introduce the d-distribution with respect to the masure p by ¢ — d4(q) = (¢, ¢) with

support at ¢’ = ¢. The d-distribution d,/ is not square integrable with respect to pu. However, in

case we apply e~ % to it and define the state

b (q) (629)

1 has a chance to be an element of the Hilbert space H, since e~ % acts as a kind of smoothing
operator by its positivity and non trivial dependence on momenta which become derivative
operators in the quantum theory. In case we can analytically extend ¢’ in eq. (629) to complex

values z(m) € M the complexifier coherent states are defined by

Um(@) 1= [0 @]y oy = [¢ 7 00 (0)] . (630)

q'—z(m)

If 1 (q) is a square integrable function with respect to p, it will be an eigenfunction of the
operator 2(m) with eigenvalue z(m) because

Bm)m = [ % 0, (0)] = [¢e Fo,0)] = 2(m) Y- (631)

q'—z(m) q’'—z(m)

Since this is one option to define a coherent state, we will refer to 2(m) as annihilation oper-
ator. For our compact Lie group G this translates to

wh(h) = (e5 %0 () (632)

h!—g

Here A denotes the spectrum of 6’7 t o h is the dimensionless classicality parameter, 0(h)p is
the delta distribution on G with respect to dup, centered around ff’ € G and I — z is the
analytic continuation from h/ € G to g € G€. The spectrum A of C has to be bounded from

below and has to grow such that the damping caused by the application of e~ % to Ops decreases
faster than exponentially in order to give an entire analytic expression for ¢é.

In order to make sure that possibly occurring fluctuations do come out finite, we usually work
with graph dependent complexifier coherent states, also denoted as cutoff states, which
are elements of the gauge invariant Hilbert space Hy;,. For a given graph -, consider all of his
subgraphs v C 7 which are generated from ~ by the removal of edges e C . Then a graph
dependent J-distribution is defined by

O (h) := D D Tu(W)Tu(h). (633)
Y Cy siv(s)

In part IV we also mentioned the measure dv;(g) in the context of the resolution of identity
for the complexifier coherent states which is included in the following Lemma:
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19 THE ALGEBRAIC CONSTRUCTION

Lemma 4.1 [44]: Measure v;(g) 18.2. The measure v; underlying the Coherent State
Transform U, is defined by

Ut : LQ(G7 d;u'H) - HLZ(GC7th); f = (Utf) (g) = < _taf>v (634)
where Lo(G,dpp) is the Hilbert space of square integrable functions over G and HLsy is the

Hilbert space of square integrable holomorphic functions over the complezification G€ of G, is for
the group G = SU(2) given by

= 1(g)dQ, (635)

e t/*sin 2
dw@n::duH@odwcH>ﬁ:duH@0[2¢§ h“”e—td%ﬂ

(2rt)*? P

where g = Hu is the polar decomposition of a group element g, d%p is the standard Lebesque
measure on R®, dpuy(u) is the Haar measure on SU(2) and dQ = dup(u)d3p is the Liouville
measure on the cotangent bundle T*G.

In [31] for a complexifier coherent state [1).(;,)) at a given fixed time parameter ¢y and the
time evolution operator U (t,tg) = exp(iH (t — to)), ¥t € R, the stability criterion

U(t, t0)[¥s(10)) = €PN, 1)) (636)

was introduced. Here exp(iA(t)) is a phase factor, with A(¢) being a real valued function.

This stability criterion leads to the following theorem which was proven in [31].

Theorem [31]: Stability Annihilation Operator Condition 18.3. Suppose the set of com-
plexifier coherent states Sy := {2 (m(1o))Im(to) € M} is over-complete and stable and the time-

evolution operator ﬁ(t,tg) is unitary, then

d, Cp s . )
&zj(to):zfj(zl,...,zf) Vi=1,...,f, (637)
where fj(21,...,2f) is a function which only depends on annihilation operators as given in

eq. (631) and f denotes the number of degrees of freedom of the physical system in question. On
the other hand, if eq. (637) holds at to then there exists an € > 0 such that S; := {1, (m))|Im(t) €

M} is stable with respect to U(t,to) for all [tg —t| < e.

The stability criterion given in eq. (636) will also guide our stability discussion in section 21
because it is a quite general one as will be explained later on.

19 The Algebraic Construction

The methods for the construction of Klauder and Complexifier coherent states discussed in sec-
tions 17 and 18 can already be applied to find semiclassical states for a variety of physical systems
but depend on finding action-angle-variables or a complexifier which needs to be quantizable.
Now we want to come to the algebraic construction method for coherent states which takes as
a starting point the algebra of an already quantized system. The algebraic construction can
in principal be applied to all physical systems as long as one is able to determine the so-called
spectrum generating algebra (SGA). To determine the SGA can be a hard task and will be
discussed in detail in section 20. Like the complexifier method was inspired by the construction
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19 THE ALGEBRAIC CONSTRUCTION

of the harmonic oscillator coherent states by finding an eigenstate of the annihilation operator
which then is the coherent state. The algebraic construction is inspired by the application of the
displacement operator to the ground state to create a coherent state. In this section we explain
the components we need to construct a coherent state in the algebraic framework.

The construction of coherent states associated with an arbitrary Lie group G goes back
to concepts introduced by Barut and Giradello [48], Rasetti [51] and Perelomov [49, 50]. For
convenience we collect the definitions for mentioned Lie group and Lie algebra properties below.
To construct a coherent state for a given Lie group G we need the following ingredients:

1. The homogeneous space M = G /h, where h C G denotes the normal stability subgroup
of G.

2. Existence of a cyclic vector |Q2) in the Hilbert space H, for a definition see 2.2.2, where
cyclic in this context implies that |2) stays an element of the Hilbert space if one acts with
a group element on it.

3. An irreducible unitary representation U(g) for a group element g € G.

The existence of a fixed cyclic vector |Q2) is guaranteed if G is either a non-compact connected,
real semisimple Lie group with a finite center or it is solvable [61].

Also when G is compact and semisimple a cyclic vector |2) exists and is given by the vector
|Q) € H satisfying U(h)|Q2) = e*(h)|Q2). So the cyclic vector is invariant under the action of the
stability subgroup, except from a phase factor [61].

The coherent states |¢o) are then obtained from

o) := exp(—ia(g))U(9)[2) (638)

with a : G — R. For mathematical definitions see for example [110, 148, 149] and below. Many
applications of this methods for example to compact and non-compact semisimple Lie groups,
the Galilei group and the Poincaré group can be found in [52]. For our convenience we recall
here some definitions of the properties of Lie algebras and Lie groups:

Definition [148, 149]: Compact Lie Group 19.0.1. Each Lie group G is also a topological
space. Therefore, a Lie group G is compact if the underlying topological space is compact. A
topological space T is called compact if each of its open covers has a finite subcover. That is for
every collection O of open subsets of X such that

X = U z
xcO
there is a finite subset F' of O such that

X:Ux.

zEF

Definition [148, 149]: Connected Lie Group 19.0.2. Each Lie group G is also a topological
space. Therefore, a Lie group G is connected if the underlying topological space is connected.
A topological space is a connected space if it cannot be represented as the union of two or more
disjoint non-empty open subsets.

Definition [110]: Semisimple Lie algebra 19.0.3. A Lie algebra g is semisimple if it is a
direct sum of simple Lie algebras, i.e. non-abelian Lie algebras g whose only ideals are {0} and g
itself.

170



19 THE ALGEBRAIC CONSTRUCTION

Definition [55]: Ideal 19.0.4. Consider a Lie algebra g and its subalgebra ¢', that is ¢’ C g,
with elements X, € g and Y, € g'. Since g’ is a subalgebra of g, it satisfies

Yo, Ye] = ¢t Ya (639)
with structure constants cg‘ﬁ If in addition the relation

[Ys, Xe] = cj.Ya (640)
is satisfied, then g’ is called an ideal or invariant subalgebra of g.

Definition[149]: Semisimple Lie Group 19.0.5. A Lie group is semisimple if it has no
non-trivial connected, normal, abelian subgroups. This is equivalent for the Lie group to have a
semisimple Lie algebra.

Definition [149]: Normal Subgroup 19.0.6. A subgroup H of a group G is normal in G if
and only if go H = H o g for all g in G; i.e., the sets of left and right cosets coincide. Normal
subgroups (and only normal subgroups) can be used to construct quotient groups from a given
group.

Definition [149]: Center 19.0.7. A center C is a special subgroup of a group G whose group
elements commute with all elements of G, i.e.

C:={ceGlcoG=Goc}.
The elements ¢ of C are denoted as invariant elements.

Definition [110]: Solvable Lie Algebra 19.0.8. A Lie algebra g is solvable if its derived
series terminates in the zero subalgebra. The derived series is the sequence of subalgebras

0> [g,0] > [[g,0],[9,0]] > [[[g, 0] g, 9], [[g,0],[g,0]]] > ...

Definition [149]: Solvable Group 19.0.9. A group G is called solvable if it has a subnormal
series whose factor groups (quotient groups) are all abelian, that is, if there are subgroups {1} =
Go < G1 < ... < Gy = G such that Gj1 is normal in G;, and G;/Gj1 is an abelian group, for
j=1,2,..., k. This is equivalent for the Lie group to have a solvable Lie algebra.

Table 1 below summarizes some properties of Lie groups and their corresponding Lie algebras.
By G(p, q) we mean an indefinite group with p+¢ = N € Nand p > ¢ > 1. Due to the generation
of a Lie group from a Lie algebra by the exponential map, the reality, solvability and simplicity
properties carry over to the algebra or vice versa. A semisimple Lie algebra is never solvable, see
[150] and a nilpotent Lie algebra or an abelian Lie group are always solvable, see [110].

In the following we identify U(g) with the exponential of linear combinations of (representa-
tions of ) Lie algebra elements Gi7 which usually gives rise to the group, and apply it to a vacuum
state in physical terms or more general a cyclic vector ). Here the 0; are constants € C or
complex valued functions which might label the classical phase space with ¢ € Z and Z is an
arbitrary index set. Subsequently, the coherent state is then defined by

[60) 1= =€

), (641)

where we neglect phase factors.

171



20
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Table 1: Properties of Lie groups and corresponding Lie algebras

] Lie group \ compact \ connected \ semisimple \ solvable \ real \ Lie algebra ‘
O(N) y n y, N>3 n, N>3 y s0(N)
O(N,C) n, N>1|n y, N >3 n, N>3 n so(N,C)
O(p, q) n n v, p+q¢>3|np+qg>3|y | sopq)
SO(N) y v,s N=1|y,N>3 n, N >3 y so(N)
SO(N,C) |n,N>1]|y y, N >3 n, N >3 n so(N,C)
SO(p,q) n n 2, p+q¢>3|np+qg>3|y | sopq)
U(N) y y n y y | u(N)
U(p,q) n n n y y | upq)
SU(N) y ¥, 8 y, N >2 n, N>2 v su(N)
SU(p,q) n n v, p+q>2|n,p+q>2 |y | su(pq)
GL(N,R) |n n n n, N>2 y gl(N,R)
GL(N,C) | n y n n, N>2 n gl(N,C)
WH(N,R) | locally y, 8 n y y wh(N,R)

The small letters stand for n=no, y=yes and s=simply connected. Here W H (N, R) denotes the
(Weyl)-Heisenberg group.

20 Spectrum Generating Algebras

In this section we have a closer look at the definition of the SGA as well as the definitions of
the symmetry algebra (SA) and the dynamical group and we introduce some methods to find a

SGA.

20.1 Definitions and Results for the SGA

To the best of our knowledge Dothan is the first who introduces in [53] the notion of finite
dimensional spectrum generating algebras (SGAs) with a short comment at the end of his
article how the framework can be extended to the infinite dimensional case. The SGA is the
algebraic description of a physical system. The idea of the SGA arises from the observation that
in certain physical problems the energy eigenstates with different energies form a basis for
a single unitary irreducible representation of a Lie algebra. Similar to the invariant approach
in [151, 152, 153] Dothan claims in [53] that the generators of a spectrum generating algebra
(SGA) are constants of motion, maybe explicitly time-dependent. He first defines the symmetry
algebra (SA) as a subalgebra of the SGA and then introduces the SGA as a generalization of
the SA.

Definition [53]: Symmetry Algebra (SA) by Dothan 20.1.1. The SA consists of Hermi-
tian operators without explicit time dependence that satisfy the following conditions:

a) They commute with the Hamiltonian operator. = Constants of motion.
b) They form a Lie algebra under commutations.

¢) The SA is mazimal, that is for any energy eigenvalue the space of all degenerate states is
irreducible under the SA.

d) The SA is minimal, that is the SA does not contain a proper subalgebra with the same
properties.
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To define the SGA one now wants to generalize the defining properties of the SA such that the
SA is a subalgebra of the SGA and all the energy eigenfunctions form a single unitary irreducible
representation of the SGA. The generalization of the last three properties b) to d) is obvious but
the generalization of property a) is more involved. To archive at this generalization Dothan uses
two results. The first result is from Malkin and Man’ko [154]. They observed that if ¢(g;t) is
any solution of the time-dependent Schrodinger equation

gy~ )| (i) = (642)

where here and in the following we set 1 = 1, then G(p, q; t)(g; t) will also be a solution of the
time-dependent Schrodinger equation in case that G satisfies the condition

8G
"ot

Therefore, G is a constant of motion but it is now allowed to have an explicit time dependence.
If G is a Hermitian operator which satisfies eq. (643) and if 9(g; t) is a normalized solution of the
time-dependent Schrédinger eq. (642), then exp(iaG)y(g;t) is also a normalized solution of the
time-dependent Schrodinger eq. (642) for a € R, independent of p,q and ¢. This means that G
can be exponentiated to form a one-parameter group of transformations.

The second remark that Dothan uses comes from Lipkin [155] it states that if G satisfies

[H G} (643)

eq. (643) and has non-trivial time dependence , that is 2< # 0, then G is a linear combination

at
of eigenstates of H with different energies. This means that G generates the spectrum of H.

Both insights lead Dothan to the proposal to adopt eq. (643) as a generalization of condition
a). In search for operators that do not commute with the Hamiltonian operator H the condition
in eq. (643) will give us some guidance in the vast pool of options.

We remark that it is not clear that a finite dimensional SGA exists at all. However, Dothan
noticed that for a system with a finite number of degrees of freedom the states are labeled by
a finite number of quantum numbers. Therefore, a finite dimensional SGA should characterize
such a system completely. Using these results Dothan arrived at the following definition for the

SGA.

Definition [53]: Spectrum Generating Algebra (SGA) by Dothan 20.1.2. The SGA &
of a physical system is a Lie algebra consisting of the set of all Hermitian operators (generators)
G; (p,q;t) which fulfill eq. (643), that is

G = {G‘i;z’%@i - [HG} - 0}, (644)

where the Hamiltonian operator is not explicitly time-dependent (% =0).

The SGA & possess as a subset the set © of all Hermitian operators Ly(p,q) which are
time-independent and fullfill eq. (643), in signs

0
ot
© forms an infinite-dimensional Lie subalgebra of the Lie algebra &. For a system with finite
degrees of freedom conditions c¢) and d) are expected to be sufficient to ensure the existence of
a finite dimensional subalgebra ® ¢;, which is the SA of the problem. The choice of ®y;, is in
general not unique.

A modern compendium of definitions of the SA; SGA and dynamical symmetries can be
found in Tachello’s book [55].

D= {ij; L =0, {HLJ} - o}. (645)
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Definition [55]: Spectrum Generating Algebra (SGA) by Iachello 20.1.3. A Lie algebra
g is called a spectrum generating algebra, if the Hamiltonian operator H and other operators of
physical interest can be written in terms of the elements G of the Lie algebra g, i.e. H= f(é,)
where G; € g.

Definition [55]: Symmetry Algebra (SA) by Iachello 20.1.4. The symmetry algebra of a
Lie algebra g is the subalgebra of g whose elements commute with the Hamiltonian operator.

Definition [55]: Dynamic(al) Symmetries by Iachello 20.1.5. One speaks about dy-
namic(al) symmetries in case that the Hamiltonian operator H does not contain all elements
of g, but only those combinations which form the Castmir operators of a chain of algebras
originating from g D g Dg’' D ...

Definition [55]: Casimir Operator 20.1.6. An operator which commutes with all the elements
of a Lie algebra g is called an invariant or Casimir Operator C, i.e.

[C*,Gl} -0 (646)

for any G; e g. It lies in the enveloping algebra of g, for an explanation see section 21.4.1. The
Casimir operator is called of order p € N, if it is build from products of p elements

(647)

ip*

Cp = Z CiliZ'”i”Giléiz cee G

TRTR
for constants c"1*2-"r .

For many instructive examples concerning the use of Lie algebras in physics, chains of alge-
bras and their Casimir operators also see Iachello’s book [55].

In chapter 10 of Wulfman’ book [54] we find the following definition of the SGA or the spectrum
generating group.

Definition [54]: Spectrum Generating Group by Wulfman 20.1.7. Groups whose gen-
erators and/ or operators convert an energy eigenstate into sets of eigenstates, labeled by energy
eigenvalues of group gemerators that do or do not commute with the Hamiltonian, are said to be
spectrum generating.

So the modern definitions agree with Dothan’s original definition in eq. (644) with more or
less details mentioned.

20.1.1 Closed Lie Algebras as SGAs

In the upcoming we repeat here the argumentation from [53] why Lie algebras are preferred
SGAs. We come back to the algebra & in eq. (644) and consider the unique solutions

| ol
n—o n=0 :

. Bt a il =G . Btn —if @) A
o= et =S O (i) o= et S W] e
of eq.(643) for the initial conditions Go(0) = ¢ or po(0) = p with the iterated Lie bracket
[IA{,G’} o =G, [ﬁ,é}( 5 = [f[, [}AI,GL J for G € {G,p}. For a system with f degrees
n+ n
of freedom they constitute a complete set of 2f operators so that every member of & is a
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20 SPECTRUM GENERATING ALGEBRAS

function F(qo, po) of do and pg. Now we want to construct a finite-dimensional Lie algebra out
of the infinite dimensional Lie algebra of &. On the first view this seems to be accomplished by
considering the set of operators {go, o}, since they satisfy the algebra

[Go, po] = i1. (649)

However, the knowledge of this algebraic structure is useless, since it does not contain any
information about the dynamics of our physical system except the number of degrees of freedom.

To bring in some information about the dynamics of the physical system in consideration, we
have to consider the commutators

% [ﬁ[,qo} : % [H ;60] . (650)

If po, ¢o and H are Hermitian operators, their commutators will again be Hermitian operators
and by eq. (643) we know that they should be equal to

o= ] =g [ma.
Again they are members of the algebra &. They functionally depend on the operators py and
do- This dependence however is in general non-linear and the time derivatives in eq. (651) will
in general yield to a number of additional generators. For the choice of a linearly independent
set of generators, we will even need more and more generators to make it a closed set under
commutation. So we will need to successively calculate higher time derivatives or commutators
and end up in general with an infinite dimensional algebra.

To avoid the generation of more and more generators, we can introduce some additional
demands on our generators. These will allow us to obtain a finite dimensional subset of G,
denoted by & iy, which will give rise to the finite-dimensional SGA. We demand that

(651)

1. A commutator of two elements in & y;,, is again an element in & f4,.

2. The time derivative of an element in &;, is again in & ¢;,. However, this has to be realized
in a finite linear fashion.

For a Lie algebra, including the Hamiltonian operator, the conditions are both satisfied.

In a more formal way, let us consider a finite set of Hermitian operators G; (p, g, t) wich in
addition to eq. (643) have the properties

(G (5,0:1). G5 (5. 0.1)] = el G (9. 1). (652)
O A N A
351G (0,4,1) = WiGr (5,4,1), (653)

where ci-“j € R are structure constants, that is a Lie algebra. The indicated dependence of

the operators CAv'z (p, §,t) on canonical variables p and ¢ stands for the dependence on any, not
necessarily canonical, set of dynamical variables. We refer to the wf € R as the frequency
matriz elements. First we assume that they are time-independent and commute with all
generators of the SGA.

The solutions to eq. (653) according to [53] are given by

Gilp, g;t) = (¢**)] Gi(p,q;t = 0) (654)
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with

S

Tk
ewt _ Z el/kt (Z tleke> , (655)
(=1

k=1

where Zj, denote matrices which are polynomials in the matrix w, vy denote the different eigen-
values of the matrix w and rj are their multiplicities in the minimal polynomial of the matrix w.
So the explicit time-dependence of the generators is given by a polynomial in ¢ times an expo-
nential function in ¢. We will refer to this as the standard time-dependence. Particular for a
semisimple algebra the time-dependence is purely exponential. We stress, as remarked
in [53], that the ¢ derivative of a function in the class of solutions is again a member of the class
of solutions. The results related with the time evolution of the generators are in accordance with
our considerations in section 21.2 concerning the discussion of stability of semiclassical states in
the context of the algebraic construction.

Equation (653) contains the dynamical information about our physical system in considera-
tion and combined with eq. (643) gives

.G (p.4.0)] = iw) G (5,41 (656)

which ensures that the Hamilton operator maps the algebra into itself. It is important to notice
that different physical systems can have the same algebra as in eq. (652), but eq. (656) differs
due to its dynamical content.

20.1.2 Properties of the SGA

Assume that the cfj are known. With the help of the cfj we can determine the w;?. For this
purpose we remember ourselves that the structure constants of a Lie algebra satisfy the Jacobi
wdentity

kE m kE m k. m __
Cijcke + Cjecki + Ceickj =0. (657)

Moreover, for eq. (652) and eq. (653) to be mutually compatible they need to satisfy the so-called
Bargmann type identity, see eq. (4.26) in [156], given by

cfjw,zn + cﬁw;-“ + cﬂwf =0. (658)
With this one can verify that the following expression for the frequency matrix satisfies eq. (658)
wit = Bl (659)

where the 3¢ are real, time-independent and commute with all the G;
According to [53] a Hamiltonian operator with a frequency matrix of the type in eq. (659) is
referred to as a linear Hamiltonian operator and can be written as

H=-pG;+C, (660)
where C' commutes with all the . Now consider the following Lie subalgebra, called Auge-
mented Symmetry Algebra:

Definition: Augmented Symmetry Algebra (ASA) 20.1.8. The augmented symmetry
algebra is a subalgebra of the SGA whose generators commute with the Hamiltonian operators
and that contains the SA.
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It follows that a linear Hamiltonian operator is a linear Casimir operator on the ASA, see
definition 20.1.6. However, a linear Casmir operator exists only for a non-semisimple algebra.
This leads to the conclusion that a linear Hamiltonian possesses a non-semisimple ASA.
For more informations how to find the ASA with the help of action-angle vatiables, we refer the
reader also to [53].

However, now we come to the critical point. In [53] it is then assumed that the set of cfj
defines a semisimple SGA which means that indices can be raised and lowered with the metric
Gie = ij ¢}~ Then he shows that the only possible frequency matrices have the form

Wkm = Beckfrrm (66]‘)

where the 3¢ are again real, time-independent and commute with all the G:. So we have the fol-
lowing situation: if the SGA is semisimple, the only possible Hamiltonians in Dothan’s
framework will be linear Hamiltonians but the Augemented Symmetry Algebra, which is a
Lie subalgebra of the SGA, in contradiction is non-semisiple. This shows that the closed algebra
condition in eq. (653) is nice to handle but too restrictiv.

As a physical implication Dothan also proves in [53] that the formalism in its current form for
a semisimple Lie algebra always gives rise to an energy spectrum of a set of harmonic oscillators,
i.e.energy values of equal spacing. A counter example is the semisimple SGA for the bound
states of the hydrogen atom which is so(4, 2) but whose energy values have no equal spacing, see
for example [39]. More examples for semisimple Lie algebras are su(N) for N > 2 or so(N) for
N > 3, see also section 19.

Thus, we have to relax the condition in eq. (653) or in eq. (656).

20.1.3 Enmnlarging the Framework

There are two possibilities to enlarge the framework by relaxing eq. (653).

1. Generate more general types of explicit time dependence by making the frequency matrix
time-dependent.

2. Relax the scheme by allowing the frequency matrix to depend on physical quantities of the
system in consideration as well as generators of the algebra.

One example for the second option which is motivated and explained in [53] is to allow the
w] to be Hermitian functions of the generators Ly that commute with the Hamiltonian, that
is {w/(Ly),H} = 0 with w! = w/(L;,) Hermitian. The w! can be time-independent functions
of masses, coupling constants, Casimir operators of the algebra generated by the Lj and the
degrees of freedom that commute with all the G’s. As explained in [53] this leads to spectra with
non-equal spacings. Notice that the Kepler problem falls into this category, compare also [157].
Consequently, as equation between operators eq. (653) is not necessarily valid.

What we learn from this section is that Lie algebras are easy to handle candidates for spectrum
generating algebras, however we have to be careful to take enough generators into a account to
really describe the dynamics of a physical system and not only its kinematics. On the other hand
for a finite dimensional problem, we should be able to find a finite number of generators. To
impose additional conditions to make the algebra finite can be tempting but have to be checked
carefully in order to describe the physical properties of the system correctly.
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20.2 Methods to find Spectrum Generating Algebras

We summarize the following methods to uncover spectrum generating algebras or groups, com-
pare also [54]:

1. Factorization method by Infeld and Hall, originally [158].
e Factoring a Hamiltonian into a product of raising and lowering operators
2. Generalized Lie theory of differential equations by Lie [157].
e Hamilton operator commutes with the Casimir operator of his invariance group.

3. Finding symmetry generators for Hamiltonians including polynomials of operators with
known energy spectrum [62].

In the beginning of this part we encountered some factorization methods where the Hamiltonian
operator can be factorized in (generalized) annihilation and creation operators, see the time-
independent harmonic oscillator in section 14.2, the effective Hamiltonian resulting from the
inverse Thiemann identity in section 15, the generalized Weyl-Heisenberg algebra wh in section
16 and the SUSY Hamiltonians in Nieto [34] or appendix H.1. In the upcoming we will represent
different methods to find a SGA for a particle in one-dimension in a potential and finally for more
general systems whose Hamiltonian is a function of an operator with known energy spectrum.
During the course of this section we will come to the generalized Lie theory of differential equa-
tions which actually allows to find certain dynamical symmetries known as Cartan symmetries.
At the end we display a method shown in [54]. The method helps to find symmetry generators
for Hamiltonian operators consisting of a polynomial in an operator whose spectrum is known.
We try to apply it to the square root Hamiltonian, even though it is originally not meant for
this case.

As a remark in advance, we observed that one way to find a SGA can be to calculate commu-
tators of already known generators which is also shortly mentioned in [157] but is not a systematic
method. Another option can be to use “combinations” of familiar generators as for example done
in [53] to find the SGA and the SA of the free spinless particle in three dimensions. The SGA
of the free spinless particle is the algebra corresponding to the Galilei group. The generators
are the space translations ﬁ, the velocity transformations K and the identity 1. In terms of
Cartesian canonical coordinates and momenta the generators read

—

P=p K =mgd—pt (662)
We can also obtain additional generators by
K x P=(mG+pt) x g=m(7xp) =ml, (663)

where f = ¢ x p'is the generator of rotations. The enlarged SGA is now build by the generators
P,J,K and the identity matrix 1. The commutators of their _components can be found in [53]

and also show that the SA is formed by the the operators P J.

20.2.1 Symmetries of Differential Equations

In [157] discusses how one can find and use the knowledge of symmetries of differential and partial
differential equations to find their or some of their solutions. A method for finding dynamical
symmetries, see definition 20.1.5, for systems possessing a Lagrangian closely related to the
invariants is given by Stephani in chapter 13 of his book [157]. With the given method one can
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determine a subclass of dynamical symmetries the so-called Cartan symmetries. In general
it is impossible to find all dynamical symmetries of a given differential equation, which might
be related to a physical system by the equations of motion. To find the Cartan symmetries one
makes a polynomial ansatz for the so-called first integrals which are functions ¢ depending
on the time ¢ and coordinates ¢*(t) that satisfy %gp = 0. Let ¢* be some coordinates and ¢*
their derivatives with respect to the time-parameter ¢, if L(t, ¢%(t),¢*(t)) is the Langrangian of
a physical system characterized by

0 0
A:=—+¢° Yg® GF ) — 664
5 T4 aqa+w(q’q’)aqa (664)
and if the generator of the Cartan symmetry is defined by
. 0 a . 0 a ) 0
X := f(ququt)i—’_n (qkaqkat)i—’_n (ququt) (665)

ot 0q® 0q®
for a,k =1,...,N and [0?°L/0¢*0¢®| # 0, there exists a first integral ¢ with Ap = 0 = pX such

that

0%L 0
darag (1"~ 09 =55 (666)
holds. From this one can see that the method cannot be applied to constraint systems, where it
is not possible to solve for the velocities v, since v = JL/9¢* = 0. Vice versa if a first integral
 is given, then (n* — ¢%¢) in equation (666) determines a Cartan symmetry (special dynamical
symmetry) up to gauge transformations of the form X’ = X 4 pA. The advice given in chapter
13 of Stephani’s book is if the Lagrangian is quadratic in ¢%, look for first integrals that are
polynomials in ¢* by solving Ay = 0. However, for Lagrangians that contain higher powers of
G“ one can try a similar ansatz. In any way it might be a good guess to look for first integrals
that have a similar dependence on ¢ than the Lagrangian has. This method cannot be applied
to our square root Hamiltonian toy model, since it implicitly uses the assumption that we can
define a Lagrange function containing only polynomials in ¢® and ¢®.

1dim Particle in a Potential:
As an example we consider the Lagrangian for a particle in one-dimension with mass m # 0 in
a non-velocity dependent potential V(g(¢)) given by

m .o

L{t,q(),4(1)) = 54" = V{a(1)), (667)

where a dot denotes the derivative with respect to the time parameter t. An ansatz for its first
integral is given by

1 . .
@:§K11q2+K1q+K, (668)

where K11, K7 and K are functions of ¢ and ¢(¢). The equation of motion for the one dimensional
free particle in a potential V(q(t)) reads

V. (669)
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Then we can calculate the total time derivative of ¢ and try to find the conditions for which it
becomes zero:

o d 1 . 1 )
0= agp = §K117qq3 + <2K117t + K17q> q2 (670)
1 .
+ (Kl,t + K, - V,qK11> q
m
1
+ K,t - 7‘/,qu7
m

where we used that ¢ = %V,q and a comma followed by a letter means a partial derivative with
respect to the corresponding variable. Therefore, for the third order term we obtain

1
§K11,x =0= K1 = af(t). (671)
The second order terms lead to
1 1 1
§K11,t +Ki,=0&K,= —§K11,t =50t (672)
1 1 1 .
= K| = _§a,tq +0(t), Ki:= —§a,ttq - ia’tq +b.

We insert the results obtained so far again in the first integral condition to determine the function
K

1 d . o1 . 1
0= &4,0 :K17tq+K7qq— EV"JKH(H—KJ — EV’(IKl (673)
1 .1, ) .1 .
== 50udd = 5.0 +bed+ Kod— —Vqad
1 1
+ Ky ——V, (_a,tQ+b> :
m 2

From this we can conclude that a ¢ and a; have to vanish, i.e. a; = a4 = 0 in order to get rid
of the second order and mixed ¢ and ¢ terms which is the case for a(t) = const. := ¢; being a
constant. Now the first and zero order terms become

1
bet Ky = —Vya=0=K=—bu+ %V(q) +e(t) (674)
and with this
b . 8 C1 b
Ky——Vg=—bug—be+ En (EV(Q)) — o Vate=0 (675)

which is satisfied for b; = b4 = 0 and ¢ + % (&4V(q)) — £V, = 0 which means that b(t) =
const. := co and c(t) = fdt%Vq — “2V(q) + c3, where c3 is a constant.
So the first integral is finally given by

1 b
o= fclq2+ch'+/dt—Vq+c3. (676)
2 m
For the particle in a potential V(¢(t)) we have
0*L O
g =% ) = —cr— 677
2404 (n—q¢) BF < m(n — ¢€) c1q — C2 (677)
a b
= § =— nN=-——
m
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The generator of the Problem is given by
X=—=-=— (678)

or we can also chose for example ¢; =0, c =1 and ¢; = 1, ¢ = 0 and write down one generator
for each parameter, that is
10 10

Xi=—7—, Xo=——. 679
! m dq 2T mot (679)
Assuming that the partial derivative applied to a smooth function can be interchanged, their
commutator vanishes

[X1, Xo] = 0. (680)

So as long as the potential does not depend on the velocity ¢, the generators of the Cartan
symmetries are the same as for the free particle as calculated in appendix H.2. Therefore, for
one-dimensional problems and potentials that only depend on g and not on ¢ the algebra is just
the Abelian o(1) algebra. This is in agreement with the definition of the degeneracy algebra
for one dimensional problems in Iachello’s book [55] which describes on the operator level all
operators that commute giving rise to the same energy eigenvalues. For polynomials in g and ¢
the situation changes, since for example the third order equation in ¢ might be different. Also
for higher dimensions one has different results for the free particle and a particle in a potential,
see Stephani’s book [157]. We mention that one example discussed there in detail is the three
dimensional Kepler problem. In general the resuting algebra of the found generators does not
need to be a Lie algebra, as explained in [157] in case of the Kepler problem.

Compare also to the example for the free particle in one dimension moving along the g-axis in
[54] which has a Lie algebra generating a continuous spectrum. The generator of the Lie group
in this case is

A 0 0

=g + 22— 1
Q2= a5, +205; (681)

with the commutation relations

0

% (682)

[.G] = 21, {gt @2} _—

where the last commutation relation follows from the time-dependent Schrodinger equation. As
shown in [54] commutator relations of this form imply that H and i% have a continuous spectrum.

In general there it is shown that given Q is the generator of an invariance transformation of a
time-dependent Schrodinger equation and suppose that @ satisfies

{HQ} —bH and [Qigt] - bi% (683)

with —oo < b < 00, then the corresponding physical system has a continuous spectrum.

20.2.2 Derived SGAs From Known Energy Spectra

We want to introduce a method developed by Kumei [62] as stated in chapter 10.4 , p.311,
of Wulfman’s book [54]. This method was developed to find symmetry generators of physical
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systems in case that the Hamiltonian in question is a function of operators whose energy eigen-
spectrum is known. Later we will apply it to our toy model of the square root Hamiltonian.
For simplicity we set all prefactors equal to one and neglected the ground energy constant which
will not influence our qualitative results. The number operator # commutes with H , that is

[ﬁ, H ] = 0 and the ¢,, form a basis for the number operator with eigenvalues n € N,

Ay = Npy. (684)

Furthermore the Hamiltonian operator H is a function A(7) with energy eigenvalues E(n) :=
A(n), in signs

Flﬁbn = AMNn)pn = E(n)on. (685)

Since the ¢, are supposed to form a basis of the Hilbert space, we can express a general state 1
satisfying the Schrodinger equation as ¢ = Y ¢, dn(q) exp(—iE(n)t) with constant coefficients
¢, € R. For a general solution 1 and the eigenstates ¢,, we have the Schrodinger equations

z'%/) =Hy and H¢, = E(n)on,. (686)

Our aim is to find a transformation that converts exp(iE(n)t) into exp(int). We define

o= 1n < A&)) (687)

and the displacement operator

A 0
D := t— | . 688
expat (659
According to these definitions we can transform the time coordinate ¢ to obtain
. 0 A 0 0
t' == Dt = e“t —=D—=e"—.
e and 5 5% =¢ 7 (689)

The relations can be shown by expanding Q in a power series. To transform the Schrodinger
equation in eq. (686) we apply the operator D to it which yields

D <H - ii) Dllbzn:cmn(q) exp(—iE(n)t) = 0. (690)

We apply the operator D to the single terms of the Schrodinger equation which gives

DHD '=H, (691)
.0 .0 iAn) 0
DzaD =e Mg = (692)
DY cndnlq)exp(—iE(n)t) = Y cadn(g) exp(—int). (693)
Then the transformed Schrodinger equation becomes
~ iA(R) O N
(H - 3t) ; cn®n(q) exp(—int) = 0. (694)
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With the help of a transformation of the time coordinate t to t’ = %t, we managed to transform
the exponential exp(—iFE(n)t) to exp(—int) which means that we gain an exponential of a linear
function of n like in case of the harmonic oscillator as discussed in 14.3.

On the other hand we obtain from

0
i&qﬁn(q) exp(—int) = ngy,(n) exp(—int) = N exp(—int) (695)
the equality n = i%. So we are left with

(B =2)) 3 entn(a) exp(—int) = 0 (696)

n

or

(ﬁ - A(zi)) Z cn®n(q) exp(—int) = 0. (697)

n

To find symmetry generators Q, that is the members of the SGA, we seek following Kumei
[62] and in agreement with the definitions for the SGAs given in section 20.1 for operators @
that fulfill

.\ 0 N
<H — z) QY =0. (698)
We apply the operator D to the equation
NN, N
D(H—-i— |D"DQD "Dy =0 (699)

Q
and define A := D (I:I - i%) D! = (H - )\(i%)), compare eq. (697). However, there is no

further general guidance in [54] how to find the symmetry generators Q or ﬁ_lf)Q. In [54] the
method was applied to determine the SGA of rigid rotators.

Square Root Hamiltonian:
Now we consider as a toy model the square root Hamiltonian

H=vi and Vig, = Vg, = N#)dn = E(n)én. (700)

In case of the square root Hamiltonian even the transformation A:=D (ﬁ — z%) D=1 cannot
be accomplished because in this setting we use that n = i% derived from the eigenvalue equation

to replace the number operator 7 in the expression for A. However, we have

A:D(x/%—i;)b*:(\/ﬁ—\/%gt): \/g— ’ % : (701)

o
Lot

We obtain a fractional power of an operator. In momentum representation this becomes a
fractional power of the momentum operator associated with the temporal coordinate which is a
case considered in [63]. This brings us to the question whether we can find a time-rescaling that
makes it possible to transform the system under consideration in such a way that the square
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root is going to vanish. The answer is to the affirmative and the searched transformation can
be found with the help of the so-called dual Euler rescaling as will be discussed in section 22.1.
In the context of semiclassical states we will also see there that it is helpful to go over to an
extended phase space to find an effective Hamiltonian which does not include a fractional power
of n anymore after the application of a dual Euler rescaling. By the construction of an effective
Hamiltonian in section 22.1 we also connect to our idea from section 15.

21 Stability of Semiclassical States

In this section we start with a discussion about the meaning of stability and how it is achieved
at least approximately in a practical approach. Next we display an abstract approach of what
coherence breaking means and how it can be handled on an abstract level.

21.1 Stability Definitions

First we will summarize the variety of definitions for stability corresponding to different con-
struction methods for semiclassical (coherent) states we encountered. For simplicity here we
only consider time-independent Hamiltonian operators with a discrete spectrum.

21.1.1 Time-independent Harmonic Oscillator

Recall that the time-dependent coherent states for the harmonic oscillator |, t) can be obtained
from the time-independent coherent states |«) in eq. (529) by application of the unitary time-
evolution operator U(t) associated with the time-dependent Schrédinger equation to |a) which
yields

ja,t) = U (t)]a) = e~ # ot ) = e~ [a(1)), (702)

where a(t) = ae ™ot We calculate the expectation values of the position and momentum
operators in the time-evolved coherent states |«, t) leading to

{a, tlgla, t) = (a(t)|dlalt)) = meO?R 1/ |a| cos(wot + d) (703)

(o, t|pa, t) = (a(t)]ple(t) 2mhweSS = —/2mhwp|a| sin(wot + §)

with o = |aje™, § € R which reassembles the expectation values for ¢ and p in the coherent
states |a) for ¢ = 0. This means that the expectation values of the position ¢ and momentum
operator p in the states |a) or |, t), which correspond to the centre of the wave package, follow
the classical trajectories ¢(t) and p(t) for all times ¢t. Furthermore with

(aln]a) = (ala'ala) = a*alala) = |af? (704)

we can calculate

X R 1
(o Hyolr) = (v, t| Hyol v, t) = hwyg <|oé|2 + 2> . (705)

This means that the expectation value of Hy, in the coherent states |ae, t) reproduces the classical
value in case we express « in terms of ¢ and p. Consequently, |cr, t) are semiclassical and stable
states for ¢, p and Hy, for all times ¢t € RY.
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21.1.2 Phase States for 2,

According to [40, 41] we discussed the phase states in section 16 in eq. (577) and stated some of
their properties, especially their temporal stability in the sense of eq. (580), namely e~ ()|, @) =
0, + t). Recall that the operator valued function F(7) is equal to the Hamilton operator H,
ie F(n) = H and n is the eigenvalue of the usual number operator 7 in the number operator
eigenstates |n).

To investigate their stability behaviour we calculate

(0.0 + 11l 0 +1) = = 3 VF col®) (706)

0,0 +tpl0, 0 +1) = \/2mw0hz V/F(n) sin(#

for ¢ and p as defined in section 16 and
0,0+ t|F ()|, o+ t) = Z (707)

which leads to the same diverging series’s as discussed in section 16. So these states are no
suitable semiclassical states in the sense that they should reproduce the classical value which is
here F(n), however they are stable in the sense that they lead to the same expectation value for
all times ¢.

21.1.3 Klauder Coherent States

In section 17 we reviewed the construction of Klauder coherent states introduced in [33, 42] and
displayed in the definition in eq. (602). Klauder et al. demand stability as a defining property
for their coherent states and temporal stability is defined in the sense that for a coherent state
with a classical label ¢ we have

e~ 0y = |6(t)), (708)

where i = 1.
Under time evolution the states |J,~) evolve as e *#!|.J v) = |.J,y + wt) and are therefore stable
according to his definition of stability. They satisfy the action identity for all times ¢, i.e.

(J,y + wt|H|J, v + wt) = wJ (709)
which comes from a comparison of the classical and “quantum” mechanical action integral. In
this sense the expectation value of H in the Klauder coherent states reproduces by definition the
classical value for all times ¢t € RT.

21.1.4 Complexifier Coherent States

In the definition of stability as displayed in [31] and section 18, the coherent state o) := |d.(¢,)),
with fixed tp € RT and h = 1, will be a stable coherent state, if the equality

o—iH (t—to) o) = eiﬁ(t)|¢z(t)> (710)

holds for all ¢ € RT and z(t) follows the classical motion of z(to) on the phase space which
guarantees that this is still a coherent state, where exp(i3(t)) is a phase factor with a real valued
function A(t).
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21 STABILITY OF SEMICLASSICAL STATES

21.2 Meaning of Stability

In section 21.1 we mentioned different definitions for the stability of states we have found in
the literature [31, 33, 37, 40, 42]. Were the one in eq. (710) seems to be the most general one.
These definitions of stability are all demands on the behaviour of the states under evolution with
respect to a parameter ¢ which in physics is usually the time. We see that the expectation values
of certain operators in the defined states reproduce the classical values for all times ¢t. Often
this property is also taken as the defining property for stability: one says that a semziclassical
state is stable if the expectation value of a certain operator in this state reproduces the classical
value (up to small corrections) for all values of the parameter ¢. There might be small corrections
in the sense of and according to the definition of a semiclassical state as explained in section 14.1.

A priory it is not clear that e_iH(t_tU)|¢0> with i = 1 gives again rise to a coherent or at
least approximately coherent state at all. In the best case one can split the resulting time-
evolved state in a coherent and comparatively small non-coherent part but neither is it clear
that the state can be split into different parts nor that the non-coherent part is small. In the
algebraic construction a coherent state is obtained by application of the exponential of linear
combinations of representations of algebra generators G; to a cyclic vector Q2 (stays an element
of the Hilbert space if one acts with a group element on it) which usually generates the elements
of a group. The 6; are constants € C or complex valued functions which might label the classical
phase space with ¢ € Z, where 7 is an arbitrary index set. Then the coherent state is given by

[¢o) = e ). (711)

Now we can look at the time evolution of these states and check whether it is carried over to the
“label” ¢ and so move it to the algebra to end up in a similar case as for the stability condition
in eq. (710). Therefore, we consider

efif{t|¢o> _ efif[t

) (712)
e tHt >, 0:Gi +iHt ,—iHt ),

where we set tg = 0 for simplicity and used the unitarity of the time-evolution operator e+iflto—iHt

1. We can try to use the Baker-Campell-Hausdorff formula [159, 160, 161, 162] which states
that

~ —iHt ~ +iH S (7“5)” T~
alt) = e Higet = 5 Ll (713)
with {ﬁ , g} © = ¢ and H g [ 1)} to write down an expression for the evolved

0:;G;

state. In case that weset § = e and apply the Baker-Campell-Hausdorff formula displayed
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in eq. (713) together with the operator (matrix) exponential we obtain

() = i (—il.f)” [ﬁ,g}} . i (—if)n [g,eZi(h@i} o (714)

n=0 /=0
(n)
4
[e’e] FALD [e%e} 1 )
R ()

To calculate this expression we need to know the commutators [ﬁ , G’l} . Alternatively, we have
g(t) — —iI:It EL 97;@7; +th (715)
iHt (Z 0:c ) et iHt iHt +‘Ht
=¢ Z /) Z ne Z 0:Gi

£=0
0o
=0

¢ times

,th (Za G ) ]]_ . (Z gzéz> e+th
<eiﬁt Z Qiéieﬂ-m) o <emt Z eiéie+iﬁt>
1 Z h K3 ’
<e—iﬁt Z eiéie-;-im) _ e(eﬂm > 0iéie+th) 5 6:8(1)

N‘,_;

Il
M 1M I
| =

|-

N‘._\

~
I

0

and for the power we could again use eq. (713) to rewrite

3 0Glt) = S 0,6 = “:f)" [H >0
% % % (n)

Both options show us that it is very important to calculate the commutators of the Hamiltonian
operator H with the algebra elements and consider them as new algebra elements to get the
dynamical input. Here we refer to Dothan who showed in [53] that if one considers only the
evolved kinematical position and momentum operators as displayed in eq. (648) in section 20.1.1,
then the algebra will always be isomorphic to the Weyl-Heisenberg algebra. However, this is only
the kinematical input and not the dynamical one which comes in by adding the commutators of
[H, >, Hiéi)é](n) to the algebra.

Next we compare the stability criterion with the evolved coherent state from the algebraic
construction that is

o0

(716)

n=0

—iH —iM 0;Gi(t) ,—iH '
e Ht|¢0> — o tHE2, GLGZ|Q> — 2 0iGi(t) Ht|Q> = e B(t)|¢z(t)>7 (717)
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where we further assume that |¢o) = |¢.(4,)) for a fixed time o € R.
Suppose that we have an instable system, that is

X1 0:Gi() =it )y eiﬁ(t)|¢z(t)>, (718)

Can we stabelize the states somehow? Or define approximately stable coherent states? Naively
one could think about multiplying the cyclic vector (vacuum state) Q by an exponential to
the power of a function which exactly annihilates the terms coming from the application of
e2i 0iGi() e—iHt 4 () causing the instability or more generally by something like the inverse
function of the function causing the instability. Here again the question arises what are the
parts of G; which cause the instability and can we split H into parts that leave ¢ stable or not.
Furthermore would this so modified state still describe the correct dynamics of the system?

Let our starting point be a set of generators Gii = 0,1,2... and we set Go = H and we
know the commutators [G;, G;] for 7,7 > 0. We saw that especially to consider the dynamics of
the given physical problem we need to calculate the commutators [H, Gy] for k € Nj.

We collect some possible cases:

1. Special case [fI , ék] =0 and G} is not explicitly time-dependent, that is Gy, is a constant
of motion.

2. [G’l, G’k] = cgké'j with structure constants cgk, i.e. Lie algebra.
3. [Gy,Gi] = F(G;) a function of generators F(G;).

4. [Gy,Gx] = f).(phase space variables)G; with structure functions f7, (phase space variables),
i.e. Lie algebroid.

Another important aspect which needs to be taken into account is the finiteness or infiniteness
of the number of generators, i.e.is the algebra closed or not. Let us examine the commutator
(G4, Gi] = F(G;), then F(G;) might be an element of the algebra we already know, i.e. F(G;) =
G;orit might be a new element which we can add to the algebra and calculate all commutators
with all the other elements which might generate more and more elements. This process can stop
at some point or go on infinitely often. Consequently, the algebra is not closed and infinitely
large. Notice that for finitely many degrees of freedom as discussed in [53] or section 20 it should
be possible to find a representation of the generators in which the algebra is closed.
Now we evaluate our cases from above:

1. In many cases we know the eigenvalue equation for the non-time dependent Hamiltonian
operator H|Q) = x(.)|Q) for x(.) being a real valued function maybe depending on the
eigenvalues of some other generators of the algebra. The stability condition becomes

X 0:Gi () g —ifit |y — omin( I3, 0:Gi(0) |y (719)
We define 8(t) := —k(.)t + §(¢) with a real valued function §(¢) and identify
o2 0:iGi(t) Q) = eié(t)|¢z(t)>- (720)
Clearly if, [ H, G’k] =0 and G, is not explicitly time-dependent, then we are left with
X 0:Gi (1) o —ifit| )y — 5, 0:Gip—ifit |y (721)
— min()t T 0:G Q)
O
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which is by definition a coherent state.

2. In case of a Lie algebra [G;,Gy] = ¢/, G; = > cirjGj and Gy := H , we can use the
Baker-Campell-Hausdorff formula in eq. (713) to calculate the exponent

(e_mt zi:eiéieJrth) _ g (—::)n g, ; 0,G;

(722)

(n)
We have

H Z QG
0506 =Y [n6] =YY tends
A P P

H Z oiéi_ = lH, [H Z@ié‘i
- =3 bucon EGO, G| = > %: B coincortCie.

i,k i,k

=> 0,G; (723)
©

What we see is that we always obtain a linear combination of generators in case of a Lie
algebra. Keep in mind that in general the sums possibly do not converge. Assume that

after IV iteration steps all commutators vanish, i.e. {f[,zl GZG’Z-]( : =0forn >N €N.

We obtain a polynomial in the generators in the time-parameter ¢ of degree N which is
related to the discussion in [53] but without an explicit construction be given there

<H290+H> o e [H Ze-@-] (724)
— n! e

n=0 (n)

N . \n n—1 R
= Z 0;G; + Z (_:j) Z Z Oicoik, H Cokjkj 41 G,
i n=1 : j=1

i ki,..kn

with the action

N (—it)™

ezieiéi(t)e—iﬁt|ﬂ>:e n=0 "l [Hvzieiéi](n)e—th|Q> (725)

_ 67im(.)tezg:0 2D 0:Gil ., [}

— it D S G T SR (A E0:6 )

~ _ian n—1 ~
. 3L 0:G+ N % > > Oicoiry I corjk;iqGin
—ir(.)t P k. k j= NIt
= e e v R1sehn J=

|€2).

As we have seen above the “zero order” part e~ %()te2: %G applied to |Q) is stable. The
rest of the sum is an exponentiated polynomial in —it times a complex linear combination
of the Generators. One can of course replace ¢ by a small time interval At and recalculate
the states, then they would approximately be stable.

Cases 3. and 4. might be handeled in a similar way depending on the exact form of the functional

dependence of F(G;) or the phase space function f;, (phase space variables).
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21.3 Expectation Values

Before we go on with the stability discussion, we want to discuss the calculation of expectation
values of the generators (G; in the group coherent states given by

(b0l Gildo) = (e Cl e

). (726)

According to the construction principle for group coherent states, we assume that e2-: 0:Gi g a
unitary operator. So we want that

With this the expectation value becomes

(90|Gixlg0) = (Qe™ Q) = (Qle” D GiGe X 0G|g) (728)
) 1 R R
=(Q ) — 7291@3,@,6 |©2).
m=0 i (m)
Again we use the Baker-Campell-Hausdorff formula from eq. (713) which yields
S 06| =G (720)

- (0)

6.6 Gl =YY biciuGl,
L ¢ 41 i 4
06| - [z 0 | 0.6 G
L ¢ 12 1 i

. etc. from this we deduce that

(60|Go) = mZ m, Z Z [16, [T coe .Gl (730)

=Y 0,6, Z Cirkty Cint0,Gt

1,12

¥m Loyee s lm P=1 r=1
where we set £y := k. We define
Mo, ¢, = 0i,Cior, 10, (731)
using this the expectation value becomes
(60| Grldo) = Z Mege, - - My, 10, Ge,, 1) (732)
A

— Q) eXp(—ng)édQ} = (e )" (Q1Gy|0),

since the matrix M contains only complex numbers, maybe complex valued functions 6; and
structure constants we can pull the matrix exponential out of the expectation value.

Instead of trying to find a stable coherent state for a given algebra or calculable algebra, one
can also change the point of view and ask: given a certain stable coherent or semiclassical state for
a physical system, how can we change the physical system described by the Hamiltonian operator
such that the state is still a stable coherent or semiclassical state for the changed system?
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21 STABILITY OF SEMICLASSICAL STATES

21.4 Known Stability Results

Several authors, beginning with Glauber [56], and followed for example by [57, 58, 59, 60] dis-
cussed what form the Hamiltonian is allowed to have or more specific what elements it is allowed
to contain to leave a given coherent state coherent, i.e. stable. Earlier works mainly concern gen-
eralizations of the harmonic oscillator with the result that the most general Hamiltonian operator
that preserves the coherent states of the N-dimensional harmonic oscillator |a) = |aq, ..., anN)
is

N
wer(B)abar + Y (Fe(t)ar + Fy (t)a]) + £(t) (733)
k=1

for a complex valued function F'(t) and real valued functions w(t) and £(t) which all might de-
pend on a time parameter ¢t € RT. Also if H = G(a) is a function of a it will preserve |a), where
we left out possible multi-indices for more than one dimension. In the context of the complexifier
construction for coherent states Zipfel gave in [31] a more general proof that Hamiltonian opera-
tors which only depend on annihilation operators, where the concept of annihilation operator in
the context of the construction of the complexifier coherent states is used, leave the complexifier
coherent states stable, see section 18. They tried to circumvent the problem of instability in
[31] by changing to new phase space functions on the classical level using the Hamilton-Jacobi
equations, i.e.canonical transformations which then might become only annihilation operators
in the generalized sense explained in their article. However, this transformation in general works
only locally.

In [61] they show that the most general Hamiltonian operator H that preserves a coherent
state |@g) € M, where M is a homogeneous space, is an element of the extension of the Lie algebra
g of G by the algebra a = s/g. Here s is the algebra associated with the group of automorphisms
of M, G = Aut(M), that is H € s. One can realize G = Aut(M) by the adjoint representation
Ad(G). According to [61] the following properties of Lie groups give us the guidelines how to
find s, for the definitions of the group properties see section 19:

e If G is semisimple — s coincides with g up to identity automorphisms, since G = G x D,
where D is a discrete group and Ad(G) 2 G = H € g = G is the dynamical group.

o If G is solvable — s = a @ g, where g is a maximal solvable ideal and a is a Lie algebra
that preserves |Q) and |¢:) := U(t,t0)|do) = Ad(s)U(gs)|f?) (except a phase factor) for
g € G and s € G is a coherent state, if both G and h are invariant subgroups of G.

o If G is compact — |Q) can be chosen to be the highest weight vector of the irreducible
representation U(g).

In order to preserve the coherence of the initial state the time-evolution operators are required
to be in one-to-one correspondence with the elements of G.

21.4.1 Breaking the Coherence

From the knowledge of the form of the most general Hamiltonian that preserves the coherence,
the questions arises what happens in case one adds terms or more general a function to the
Hamiltonian which breaks the coherence. For this purpose they consider in [61] the coherence
breaking part to be a time-dependent function W (t) of compact support and assumed that W (t)
is a small perturbation in comparison to the coherence preserving Hamiltonian H. We learned
from [61] that the Hamiltonian preserves the coherence if it is an element of s, i.e. H € 5. As
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22 PHYSICAL COHERENT STATES FOR CONSTRAINED SYSTEMS

shown in [61] and displayed in appendix I the coherence breaking functions are elements of the
algebra

u=J ewys, (734)

2<p<k

where k is a integer greater or equal to 2 and &(®) is the universal enveloping algebra of order p of
the algebra g corresponding to the Lie group G. In a visual way the universal enveloping algebra
is the algebra build by all possible combinations and powers of the elements of the algebra g.
Consequently, the algebra 4l is the universal enveloping algebra without the elements belonging
to s.

On an abstract level the proof in [61] and displayed in appendix I explains how to find co-
herent states for every system covered by the proof. However, the proof does not give a practical
implementation of those states. The course of the proof gives a hint that one should watch out
for variables which are functions of the original variables the system is described in, such that
the algebra in these new variables is isomorphic to the algebra of the original system. This is in
accordance with considerations about preserving simplectic structures when searching for new
variables to describe a physical system. Hence, we are encouraged to look for canonical trans-
formations.

In the two upcoming sections we will finally combine our gained knowledge about the con-
struction of semiclassical or coherent states. The inverse Thiemann identity in section 15 and
the Kumei method in section 20.2.2 brought us to the idea to search for a possibility to rescale
the time coordinate such that includes the square root in some way such that we can define
an effective Hamiltonian. Our considerations about phase states in section 16, the algebraic
construction in section 19, the spectrum generating algebras 20 and especially what leaves a co-
herent states coherent in section 21 brought us to the point that even for the square root or more
general fractional Hamiltonians we should be able to use the original or an isomorphic algebra,
which in case of our toy model is just the Weyl-Heisenberg algebra, to construct semiclassical
states.

22 Physical Coherent States for Constrained Systems

Large parts of this section are contained in the article [71]. There exists already preliminary work
on the construction of coherent states for constrained systems in the literature, like for instance
in [64, 163] where physical coherent states for constrained systems were constructed. In [163]
the physical coherent states are deduced from the inclusion of constraints into the framework
of quantum mechanical path integrals which results in projecting a state from the kinematical
Hilbert space into a state in the physical Hilbert space. The article concludes with the application
of this method to time reparametrization invariant systems, which for example occur in quantum
gravity. The method in [64] starts from known kinematical harmonic oscillator coherent states
and projects them with the help of group averaging to the physical Hilbert space. If it is assumed
that the coherent states are peaked on the classical constraint surface, the results in [67] show
that physical coherent states as well as their inner product can be obtained. For an application in
cosmology to Bianchi I spacetimes, see [164]. The work in [64] considers constraints with an either
linear or quadratic dependence on the elementary phase space variables only. In this section we
want to follow closely the methods introduced in [64] but now apply them to constraints that
involve fractional powers of the elementary phase space variables.
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22.1 Euler Rescaling as a Canonical Transformations on the Extended
Phase Space

Large parts of this section are contained in the article [71]. In order to deal with a constrained
system with a fractional power of a Hamiltonian, for which not necessarily semiclassical pertur-
bation theory explained in part IV can be applied, we work in the extended phase space. As
discussed in [114] coherent states for a constrained system will in general have some restriction on
their label in order to ensure that their labels are consistent with the constraints of the system.
Here we want to combine this idea with the one of semiclassical perturbation theory and use a
canonical transformation, the so-called dual Euler rescaling, to obtain, as in case of semiclassi-
cal perturbation theory, a substitution for our fractional power Hamiltonian in terms of integer
powers that has the required properties as far as the semiclassical limit is considered. We will
restrict our discussion to fractional powers of the harmonic oscillator Hamiltonian here. How-
ever, the strategy can be carried over to more complicated systems, if the constraint associated
with temporal diffeomorphisms (for General Relativity this is the Hamiltonian constraint), can
be written in deparametrized? form at the classical level and the set of coherent states that one
wants to use for the computations have good semiclassical properties as far as integer powers of
the Hamiltonian are considered. We will discuss this aspect in more detail in our conclusions in
section 24. To explain how the Euler rescaling can be useful in this context, let us consider the
following set up: we examine a Hamiltonian that is given by some fractional power of the har-
monic oscillator in one dimension formulated on the phase space T*@Q with elementary variables

(¢,p). We denote the Hamiltonian as H}. where y is a rational number p = = with v,w € N

and Hy, is the Hamiltonian of the harmonic oscillator that is given by Hy, = % + %‘%q?. In
order to map this dynamical system into a constrained system with a deparametrized constraint
we work in the extended phase space T*M in which the temporal coordinate is also treated as
a canonical variable with coordinates (t,p¢, q,p). The constraint of the system in the extended

phase space has the form

C=k(p:+HL), {ept=1 {t,p}=1, (735)

where k is some arbitrary real and non-zero number and all remaining Poisson brackets vanish.
Let us briefly comment on the units of the involved quantities. From the constraint C' we can read
off that [p;] = [energy]* = J#. Furthermore we have [¢] = [length] = m, [p] = [forcextime] = N's
and [t] = J #Tls. Here deparametrization means that the constraint can be written linearly
in the temporal momentum and the remaining part of the constraint does not include ¢. In
the extended phase space as shown for instance in [165], we can write down a set of first order
Hamilton’s equation with respect to an evolution parameter that we denote by s

dq(s) dp(s) " @ B B dp(s)
ds ds kP, Hio}, ds tcy ="k, ds

= k{q(s), H{..}, ={p:,C} =0. (736)
Now what we are interested in a constrained system is the dynamics of the observables, which
are phase space functions in the so-called reduced phase space. The reduced phase space can
be obtained by a symplectic reduction with respect to C' and can be coordinatized by the corre-
sponding elementary observables associated with ¢, p. These observables are quantities that are
required to commute with the constraint C'. From now on let us consider the choice £k = 1. In
this case the the physical Hamiltonian, which generates the evolution of the observables, is then

2Deparametrization in this context means that the constraint can be written as C = pr + h, where pr denotes
the momentum of the configuration variable playing the role of the clock of the system and h involves only the
remaining phase space variables but not the one from the clock degrees of freedom.
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given by the function H{! evaluated at the observables of ¢ and p. Let us denote the observables
of ¢,p by O, and O, then the classical Hamilton’s equation in the reduced phase space read:

Do 10, 1,001, 12D — 10, 10,0, (737)

where we denoted the evolution parameter in the reduced phase space by 7 to match with our
later notation at the end of section 22.3. We realize that for the choice £ = 1 and under the
identification O, — ¢, O, — p and 7 — s the Hamilton’s equations in eq. (736) and eq. (737)
agree for this subset of variables. In this sense we can cast any classical Hamiltonian system with
a given Hamiltonian H into a constrained system with constraint C' = p; + H in the extended
phase space that is written linearly in the temporal momentum. Looking at the equations of
motion in eq. (736) with £ = 1, we realize that the outer derivative of H\ involved the first order
equations for = uH{fo {q, Hypo} and likewise for can be absorbed into a redefinition of the
temporal coordlnate and with respect to the transformed time the Hamiltonian is just linear in
the harmonic oscillator Hamiltonian Hy,. In the extended phase space this can be formulated
as a canonical transformation of the form

Pr = |pi|#sgn(p), T = Sgn(pt)uifp

ol Q=gq, P=p. (738)
DPe| ™

The variables (T, P;) have the units [Pr] = J and [T] = s. This transformation often denoted as
Euler rescaling was discussed in a more general context for instance in [165]. Note that in our
case this is rather a kind of dual Euler rescaling, since here the new temporal momentum Py is
a function of p; only, whereas the new temporal coordinate T is a function of ¢, p;. In contrast to
the Euler rescaling in [165] the new temporal variable T is a function of ¢ only and Pr a function
of t, p;. Furthermore in [165] the transformation to ¢ involves an integral. Assuming that p; # 0,

“Lsgn(p;) and obtain

we can multiply the entire constraint C' by |p; g

_ L . N
C = |pi|¥ + |pe|# 'sgn(p:) HY |Pt|“ — HynoHy Msgn(Hpo)HY = |pe|* — Hho, (739)

where we used the weak ~ equivalence of quantities on the constraint surface C' = 0 and that
sgn(Huo) = 1 since Hyo > 0. In this sense the new constraint C' implies p; = —H}’fo on the
constraint surface which requires p, < 0 and thus —p, = |p;| = H{!, leading to \ptﬁ ~ Hy,. An
important property of the above defined canonical transformation is that p;, and thus also any
function of it, is a constant of motion which on the reduced phase space can be identified with
the energy of the physical system. As a consequence, when we use the rewritten and equivalent
version of the constraint in eq. (739) in the next section to construct coherent states in constrained
systems, we have to take this into account and consider that not Hy, is the energy of our original
system that we start from but H}\ and thus Hyo = \pt\ﬁ = (E(S))%, where E(®) denotes the
energy of the system and can be determined once the phase space variables are given. To keep
track of the original definition of the energy of the system before the dual Euler rescaling has
been applied goes in the same direction as the idea of a kind of reference metric suggested by
Klauder in [166] in order to be able to have a consistent interpretation of the dynamical operator
even if a transformation of the phase space variables has been applied.

If we want to work with the constraint C' in eq. (739), then it will look like that we have not
gained much, since we just moved the fractional power from the Hamiltonian to the momentum
pt. However, as shown in [63] using Kummer functions fractional powers of the momentum
operator can be well approximated by the standard harmonic oscillator coherent states and we
will use those results here to obtain appropriate coherent states on the kinematical Hilbert space
which approximate the quantum constraint well semiclassically.

194



22 PHYSICAL COHERENT STATES FOR CONSTRAINED SYSTEMS

Now given the constraint in the form we wanted, we can proceed in two directions. Either
we consider Dirac quantization and solve the constraint in the quantum theory or we derive the
reduced phase at the classical level and apply reduced phase space quantization. At this stage
both are equally justified. In the context of coherent states this carries over to the situation
that when applying Dirac quantization those coherent states are usually constructed on the
kinematical Hilbert space. However, in order to actual compute relevant semiclassical expectation
values one would like to use physical coherent states that encode some information about the
constraints in the system. As mentioned at the beginning of this section a strategy to obtain
physical coherent states from a given set of kinematical coherent states was presented in [64] and
applied to a couple of examples there. We will summarize this strategy in the next section and
apply it in section 22.3 to fractional Hamiltonians combined with the dual Euler rescaling just
discussed, where this technique is still based on using the standard harmonic oscillator coherent
states. At the end of the section 22.3 we will also show that in this case reduced phase space
quantization and Dirac quantization will yield to the same set of physical coherent states.

22.2 Introduction to the Construction of Physical Constrained Coher-
ent States

In [64] physical coherent states for constrained systems were constructed from given kinematical
coherent states via group averaging. To be able to define kinematical coherent states, systems
with D degrees of freedom with linear phase spaces I' = R?” were considered. For these phase
spaces each phase space point v can be described by a canonical coordinate basis (g;,p;) with
it =1,2,...,D. The linear phase space I' serves as the kinematical phase space which can be
quantized in a standard fashion using Fock quantization leading to the kinematical Hilbert space
Hyin- In order to quantize the linear phase space I' one defines the dimensionless holomorphic
coordinates, similar to the case of the harmonic oscillator,

qi Aip;
-

= + :
NIRRT

where we introduced the scale £; with dimension of length and there is no summation over i here.
For a specific point « in I' with coordinates (¢?, p{) one sets

(740)

;= qzo &pg

TV V2R

When we go over to the quantum theory the z; become the well known boson annihilation
operators a; with adjoint creation operators dj and they satisfy the commutation relations

+i (741)

[di, d;] = ]Aléij. The kinematical normalized coherent states are then given by

i

D (cial—aa; _ —lal - ()"
@) = X ol —mia) gy — Q) |e EUWW (742)

with |a|? := |a1]? + ... + |ap|*

Now we explain how the constraint C or the constraint operator C’, gets involved and how
the physical coherent states are obtained via group averaging from the kinematical ones. In [64]
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22 PHYSICAL COHERENT STATES FOR CONSTRAINED SYSTEMS

they consider two cases. In the first case the kernel of the constraint operator is a subspace of
the kinematical Hilbert space Hyi,. Therefore, it is assumed that Cis self-adjoint and zero is a
discrete point in its spectrum. Then the physical states are just a projection from the kinemati-
cal space Hiin to the physical subspace Hpny. Under the condition that the 1-parameter group
U()\) = ¢~iXC generated by C on Hyin provides a representation of U(1), this projection is given
by the integral

A
|wPhY) — 1 / dANU(N)| W) (743)
0

for any |¥) € Hyin and A such that ¢~AC = 1. Due to the circumstance that the physical
coherent states are still elements of Hy;, by construction, their scalar product can be calculated
as

A
(TP |QPYY) = (PU|PD) = (PU|®) = / e, (744)
0

where P indicates the projection to the physical subspace. This is equivalent to a group averaging
over U(1). As one can check, the resulting states are physical states in the sense that they satisfy
C |UPhY) = 0. The group averaging procedure in eq.(744) can also be carried over to cases
where the constraint operator has no pure point spectrum, then Hppy is not a subspace of Hyin
as discussed in [64]. In this second case one can still apply the group averaging projector on
kinematical states which then involves an integral over the non-compact group R and becomes

|EPhyy — %/d)\ U\ D). (745)
R

The resulting physical states are not normalizable with respect to the inner product in Hy;, but
can be understood as elements of the topological dual of a dense subspace of Hy;, denoted by S
on which elements of §* act as distributions. The physical inner product is then defined as

(TPhy | pphy) — / dX (70| ), (746)

with the corresponding norm given by

1 N
lo = & [ ane ) (747)
R

where the dense subset S is chosen such that UPY is a well defined distribution on S, the norm
of the physical states is finite and only vanishing if and only if UP" vanishes. For the toy model
considered in this section we will need the second case, since the constraint operator has a con-
tinuous spectrum.

For the physical expectation value of an operator O we introduce the notation

<\I;phy|(7)|\pphy>

2 phy
(© [EEHE

(748)
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Since the standard harmonic oscillator is of this type, we are interested in quadratic con-
straints in the sense introduced in [64], where quadratic constraints of the following form were
analyzed

C(gi,pi) = Sijqaq; + KSijpip; + Aijaip; — A =0, (749)

here §;; is a symmetric matrix, A;; is an anti-symmetric matrix, K is a constant with dimension

[€2/(Action)] 2, A is a real constant and from now on we sum over double indices. The motivation
for working with quadratic constraints in [64] was to formulate a toy model for gravity where the
constraint needs to be zero in the classical theory. A quadratic constraint can be reformulated
in terms of the holomorphic coordinates from eq. (740) which yields

C(qi,pi) = KijZizj — A =0 (750)

with a Hermitian matrix x;; and we set ¢; = ¢ for all 7. As a further simplification it is assumed
that the original canonical coordinates are well adapted to the constraint C, such that ;,
reduces to a diagonal matrix and we define x; := k;;. Then the quantum constraint operator in
natural ordering of &' and @ becomes

C = Kj’ij — Al (751)

and n; = &;dj is the jth number operator, where there is no summation over j in the definition

of 7. The action of the operator U()\) = ¢="*C on the kinematical coherent states |U,) in
eq. (742) can be calculated to be

eNN,) = MWL) (752)

with aj(A\) = e~ a; and shows that again we obtain a coherent state whose peak compared to
|¥,) is moved along the gauge orbit a(\) generated by the constraint function C on the classical
phase space T'.

Now we want to apply the group averaging technique for quadratic constraints. In order to
do so we need to ensure that U (M\) provides a representation of a group on Hyi,. According
to [64] the operator U(\) provides a representation of U(1) if and only if for its action on the
kinematical states we can find a real number A such that

e = TR = (753)

for all 4. For the kind of quadratic constraints in eq. (750) and in case that U()) provides a
representation of U(1), the physical Hilbert space Hpny, which is the kernel of the constraint
operator C’, is also a subspace of Hyi, and we can apply the corresponding group averaging.
As a consequence of the condition in eq. (753) all ratios x;/A and k;/k; have rational values.
However, we want all k; as well as A to be integers which is achieved by multiplication of C' by
a constant and we chose A = 27. Furthermore eq. (751) tells us that in order for C to have a
non-trivial kernel x; and A need to satisfy the condition

kini—A=0 (754)
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for some choice of integers nq,...,np. Additionally, for physical coherent states there is also a
restrictions of the labels of the physical constrained coherent states, since at the physical level
these classical labels are assumed to be consistent with the classical constraints. In the next
section we want to apply these techniques to the fractional power constraint that we obtained
after applying the dual Euler rescaling. For this purpose we have to generalize the analysis of
the quadratic constraints from [64].

22.3 Physical Coherent States for Constraints with Fractional Hamil-
tonians

Large parts of this section are contained in the article [71]. Now we want to apply the techniques
introduced in [64] and shortly summarized in section 22.2 to our fractional powers p of the
harmonic oscillator Hamiltonian which we shortly refer to as fractional Hamiltonians. Instead
of considering the fractional Hamiltonians directly, we go over to the extended phase space as
described in section 22.1 and consider a constraint of the form

C=p +H" =0, (755)

where p; is the canonical conjugate momentum to a new time variable ¢ and a constant of motion
with respect to the fractional Hamiltonian in consideration. For fixed phase space coordinates ¢, p
the temporal momentum p; corresponds to the negative energy of the system, that is p, = —F(®)
with F(®) > 0. Notice that for u = 1 this reduces to the case for the harmonic oscillator.
Because of the general fractional power p of the harmonic oscillator Hamiltonian the constraint
in general might be difficult to handle. Therefore, we transform the constraint using the dual
Euler rescaling to obtain an equivalent constraint as displayed in eq. (739) in section 22.1 which
reads

1

n—hwoZz =0 (756)

~ 1
C= |Pt v — Hyo = |pt

2
1 P 1
po— (2 + Qmwng) = |pt

2hmuwg
Hi1®@Hs = La(R,dq) ® La(R, dp, ), where we use for both Hilbert spaces the standard Schrodinger
representation, i.e.for the first one the occupation number representation and for the second
one the momentum representation. The kinematical inner product for two kinematical states

[T) = |11) @ |1h2) and |U’) = |¢1) ® |h) has the following form

(W9 ) kin = (W1 [9]) 3, (V2 | 9h) 2, - (757)

The constraint operator is then just given by

for z = /"5:%q + iy/5—2—p € C. The kinematical Hilbert space of this model is Hiin =

A ~ N 1\ . ~
C= ]17-[1 ® |ﬁt|%]17{2 — Two (de + 2) ]17{1 ® 17—12' (758)

As a first step we define kinematical coherent states whose expectation value of C reproduces
to lowest order in A the classical constraint. These kinematical coherent states can be obtained
from a tensor product of the standard harmonic oscillator coherent states as follows

|\Pa,(t0,p?)> = |\Ijoz> & ‘\Ijto,pg>v (759)
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where a := /752 qo + iy / mpo and (t°,p?) are classical labels associated with the extended
phase space. The explicit form of these states is given by

_la? a”
[Wo) =€ 2 nz::o %|n> (760)
and
_ (Pt‘l’?)z i 40
(W0 p0) :/dpt‘l’tO,p?(Pt)|Pt> :/dptcto,p&ﬁ 22 e P py) (761)

R R

with o carrying units [o] = s7! such that the arguments of all exponentials are dimensionless.
If we define a similar dimensionless label a; also for the temporal phase space coordinates, then

2u .
o will enter as oy := ﬁ(zg)u <(h;g "t + 7Pt ). The coherent state [¥,) is already normalized
042

) (p3)
45040 ———t0 . .
and we choose Cho 0, = enPil e 202 guch that also |\I/t0,p?> is normalized and thus

(m 2 ho)H

|Wq 0,p9)) as well. The semiclassical expectation value of the constraint operator C can be
computed as

A a1 L
Wy 10 9 C W 10 p0)) = —(Wa| hwp(ata + ) 1) + (yo ol [Be] [Wro o) (762)

1
W

1 .
= —h(,do(aa + 5) -|— <\Ijt0’pg‘ |pt \Ilto,pg>'

Using the techniques presented in [63], we can express the second semiclassical expectation value
in terms of Kummer functions and obtain

1
R 2 2 9 ptl 0\2
~ _ Do mwygs  hwo I( 2 ) " 1 (r?)
<\I/a7(to,pg)‘ C “I’a7(to7p? > = —% - T - 7 + 7 ((hd)/ )H 1Fq 7/1’ PEE (ho‘)Q'“ )
(763)

here 1Fy(a, b, z) with z € C denotes the Kummer function of the first kind also called the confluent
hypergeometric function of the first kind. For more details on Kummer functions and particularly
on how their Fourier transform can be used to obtain the above semiclassical expectation value
we refer the reader to the work in [63]. As far as the semiclassical computations are concerned
we are interested the sector where A is small compared to one, which allows us to express the
semiclassical expectation value as an expansion in (fractional) powers of /. The classical limit
can then be obtained in the limit where we send i — 0. Consequently, in the case of the Kummer
function we can use its asymptotic behaviour for large arguments which is well known. As shown
in [63], the relevant asymptotic expansion for the semiclassical expectation value is given by

L 1
<\Ilt07p?| |De| ¥ ‘\Ilto,p?> ~ |pf| Z

n=0

(g ) (B ) ((ﬁo)”‘)”, (764)

where (a),, denotes the Pochhammer symbols also called raising factorials with (a)g =1, (a); = a
and (a), =ala+1)---(a+n—1). Given these asymptotics of the Kummer function we obtain
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for the semilcassical expectation value of C

(o 0050) C [V, 00 50)) (765)
1 1

N_ﬁ_ mw qo _M_;'_Ipoli 1— ;( _ﬁ) (h0)2“ (54;1)

2m 2 2 4 @)

L1-4) (ho )2+

0 0+ p w 4

= PRI — Hio + B> — [pf)F 2 offit#
| t| ho | 4 (p?)2 ( )

’I’TL(JJO qO

where used Hy, = p S+ . Hence, in the semiclassical limit A — 0 we recover the classical

constraint C'

W — Hyo=C. (766)

%Er%)<\lja,(t0,p?)‘ c ‘\Ija,(to,p?)> = |p?

The point that we obtain in the limit & — 0 the correct classical expression confirms the theorem
in [45] based on the Hamburger momentum problem by explicit computations in our toy model?.
Due to the fact that using the techniques introduced in [63], we can also explicitly compute
the higher than leading order terms. In this sense our results extend those in [45] concerning
the formalism for non-polynomial operators. Note that for the special case that y = —n with
n € N we have £ = 2n and then the first argument of the Kummer function is —n and in
this case it can be expressed in terms of Hermite polynomials yielding for instance the expected
semiclassical expectation value for p? for the choice of n = 1. The rather unusual powers of
h involving p are due to the fact that in our case the unit of p; is [p] = J#, whereas for the

spatial coordinates one uses the characteristic length of the harmonic oscillator ¢ := % to

introduce dimensionless quantities and ¢? is linearly in h. For odd integers we have that p}
can also become negative but then even at the classical level due to the fact that Hy, > 0 the
1

constraint p;' — Hy, &~ 0 has no solutions and that is why we work with |p;| here. Note that
this is similar to the situation for the reference matter models where on usually also restricts
to certain parts of the full phase space by restricting the sign of the clock momentum, see for
instance the discussion in [1, 23, 26, 63, 130, 167, 168].

The discussion so far was completely at the kinematical level, therefore we will apply the
group averaging procedure to obtain physical coherent states along the lines of [64]. In our case
the group averaging operator is given by

1

L3y ®|pe| # 1 —hwo(@T&-&-%)ﬂHl@ﬂHg)

U()\):e_h“’“( — Pt 3in) @ omRs I e (767)

where we used that p; commutes with fIho, rewrote flho in terms of the number operator n =
ata and rescaled the constraint by hwg in order to obtain a dimensionless quantity. Now we

A ia
calculate the action of the unitary operator involved in the group averaging U(\) = e~ o “ on

3Note that there exist classical labels of the coherent states, for which the corresponding semiclassical expec-
tation values might not satisfy the assumptions of the theorem.
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the kinematical coherent state W, (4, »0y leading to

T, o) = €N ‘*Z fln o sl g, ) (768)

/ dpt Z ez)\(n—i-

e 2 % m n
o / dpy Z e_ﬁ e _hwo(’”r%)) e W0 p0 (pe)In) @ |pe),
R n=0

> Xe EWO |pt q/tomo (pt) \pt>

V!

where Wio 0 (pt) denotes, as before, the standard coherent state in the momentum representation.
Next we apply the group averaging to obtain physical coherent states which in our case will not
be elements of Hyi, but distribution on a dense subset S C Hyin, following closely the formalism
n [64]. In addition we introduce a projection operator P,,«¢ that projects on the negative
part of the spectrum of p; to ensure that the classical condition p, = —H{;, which requires
pe < 0 is also fulfilled at the quantum level. This projection operator can be implemented via
P,, <0 = 1y, ® 0(—p;), where 6 denotes the usual Heaviside function that vanishes if p, > 0.
Then we obtain the physical constrained coherent states as follows

= pt<0/d)\U W0 40) /dAPMOU( W0 40) (769)

_\a|2

e H —hwo(n ¢
= K /d/\/dptnz% 9 pt ﬁwo (Ipt‘ huwo ( +3 ))T\Pto (pt)|n> ® |pt>

R
27‘1’67# d > 0 5 \ptﬁ 1.\ a” v
=g [ oG — s ) o entpled o1
9 _lal? o0
e’ p—1 iy
- K / dpt;mjo:lj’(en) 5(pt+€n)\/a\pt0,p?(pt)‘n> ®|pt>7

where we interchanged the order of the integration over A\ with the summation and integration
over py, used the definition of the Fourier transform of the delta function and defined €, :=
hwo(n + %), n € Ny in the last step. Here K is a real constant whose value can be chosen such
that the resulting physical coherent states are normalized as done in eq. (772) below. Because
the spectrum of p; is the entire real line we have that even if we project to its negative part,
that spec(|f)t|i) N spec(Huo) # 0 and thus one obtains a non-trivial distribution after group
averaging. Similarly to the example of the linear constraint in [64], where also a distributional
physical coherent state is obtained, the result of the group averaging can be understood as
the restriction of the kinematical coherent state to the constraint surface with an additional
modification in the measure. The physical inner product can be explicitly computed and reads

1 ~ A
<\Ijz}71(yt0»p1)| \ijht’o 0)> = ? /d)\ <Ppt<0U()‘)\pa,(t0,pg) |\PB,(t’07p’?)> (770)

2 phwy _ lel241812 e (@B)" 1=
= TG 2 ZTEg 1\Pt0,p?(7ez)\1]t’0,p/?(7€g)'

n=0
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2m phwoe™ laf? |oz|2 _
P, 12 = ](/HA M) = 2T }j Wy~ (771)

27mﬁwoe_|o“ a2
_ 2o T 00 ot g e
n=0 ’
2me=lal® ||

Cripy——
K Hon)
n=0

oo

here we used that for the absolute value we have |W;0 0 (— P =W, 0 o(€#)]? and in the last
line we defined ¢y, = hwopel ™ Wy _o0(ek)[*. That the norm is finite is ensured by the fact
that already T is converging and due to the absolute value of the Gaussian evaluated at e
for large values of n the sum involved in the norm is even stronger decreasing. We can obtain

normalized physical coherent states by choosing K = 27 and using the states

I,phy | ph(y 0)>
| a,(to,p$)> = phy (772)
) H t0, 0)||
—'% fdpt Zo huwopel ™ 6(pr + GM)\QF‘I’tO p0(Pe)n) @ |pe)

ome—lal? S |ae|2m
Tom > Cnp nl
n=
Then we have

2n D{dpt O(pr + )| W0 po[* (pr)

o

S phy S phy — el Y ptlex

<\Ija7(tovp(t)) ‘ \Ijo‘v(t07p(t))> =€ hCUO/JzEn n' Hlpphy ||2
n=0 (t0 ZDO)

(773)

S} 2n
—|a? la
€ EO Crnspupt
n=
= = 1.
|ou|2n
Cn;p n!
n=0

e—lal?
In case we compute the expectation value of the constraint C with respect to the non-normalized

physical coherent states \\Ilp (1o, 0)> setting K = 2w, we obtain

|a‘2n

n!

1 o 1 1
oG —e'}j%u< (o + 3+ (@) 2 <0 my

Next we compute the expectation value of the Dirac observable Hyo in the physical coherent
states and we end up with

al2n S al2n
<\Ilph};0 0 |Hho |\IJ K 0)> Z Cp: #hWO(n + )l 7‘“ hCU0|Oé|2 nzo Cn+1;y| T‘LI h(»UO
— = — +—. (775)

|or|2m |ar|2m 2
Z Cnsp Y. Cnp
n=0 n=0

1804 phy 2
tO 0)

As in [64, 163] we assume that the coherent states are peaked on the constraint surface. If we

(s)

further use that |p)| = E;”, where Eés) denotes the energy of the original system we started
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with and the 0-label was introduced here because the energy is determined by qq, po, then we
will have fiwo|a|? = |p?]# = (E{)# yielding to

. S} \a|2"
h; h; Ly
<\IJZ7(};0’1)9) ‘Hho |\IJZ,(yt0,pg)> ()01 ngo Cn+1;p n! hUJ()
pPhy 2 = (B )r SRR (776)
] a,(t°7p?)|| > Cn;u‘arll!
n=0

Although the zero point energy comes out exactly, in the case of the expectation value related to
the classical energy (E(()S))ﬁ this is not like that. Here the corresponding contribution involves two
sums one from the norm and a second one from the expectation value where the latter involves the
coefficient ¢y, with a shifted index by one. This carries over to a shift in €/, ; = (hwo (n + %))“
and to the absolute value of the Gaussian, thus we get

3\
ety = on (1 (0 3) ) ooyt )P (777

with

2 2~z (eh 1 +p0))?
W)to,—p? (671—1-1)' = ‘Ct07p?,h| e (reyt it TR (778)
The sum of the squared norm in the denominator involves the same expression but with n and
not n+1in ¢p41,,. The label p(t) is the classical label of the coherent states associated with the
temporal momentum. As discussed, on the classical constraint surface we can identify sgn(p?)p?

with the classical energy being equal to Eés), that is the u-th fractional power of the energy of
the classical harmonic oscillator. Due to the & in the denominator in the Gaussian it is narrowly

peaked around the value of the classical energy Eés). Hence, the peak of the Gaussian with

its fractional argument will be located at E(gs). Because the classical energy is assumed to be

large compared to the eigenvalues fwo(n + 1) a reasonable choice for |pf| = E(()s) is a value
that corresponds to large n in €. Consequently, the peak and hence the main contribution of
this Gaussian with fractional argument will be at large values for n. Furthermore the % in
each summand has the additional effect that the summands are further decreasing strongly with
increasing n. Therefore, in the sum in the numerator we can replace cpy1;, by ¢y, and the
corrections due to this replacement are very tiny. The shift in eﬁﬁ involved in ¢p41;, will be
of minor order compared to the effects coming from the Gaussian and inverse factorial. If the
absolute value of the Gaussian were absent, then to find a justification why large values of n will
be most dominant would be difficult. So we realize that this is a specific feature of the physical
coherent states. Assuming that we choose reasonable values for the classical energy that are
sufficiently large compared to the energy eigenvalues of the harmonic oscillator Hamiltonian we
obtain

h 2 h
(90 G0 o) [Hno W G0 ) (g2 | Fiw
phy 2 = (o )» + 2 (779)
19 o) |

Note that in [164] a similar strategy was considered. There the physical inner product still
involves integrals and therefore variables were introduced that encode the deviation from the
value around which the Gaussians in the coherent states are peaked. The resulting semiclassical
expectation values were than written as an expansion consisting of a classical momentum variable
and the width of the Gaussian. Despite that this seems to be more elaborate than in our case in
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the sense that they also include corrections around the classical value, the techniques they use
cannot directly be carried over to our case, since we have no integrals involving Gaussians for
the expectation value with respect to physical states left. Furthermore these corrections arise
because functions in the integrand are Taylor expanded. More close to our case is the work
done in [64] where among others semiclassical expectation values of generic observables being
quadratic in annihilation and creation operators for constraints involving the number operator
were discussed leading to a similar situation as in our case with two sums one from the norm
in the denominator and the second one from the expectation values in the numerator. They
considered the asymptotic values for these observables and assumed that one of the classical
labels «; is very large and tends to infinity. Given this, they could show that these two sums will
drastically simplify, if they consider the dominant contributions yielding to the correct classical
values of the quantum observables under these assumptions.

Considering now the result in eq. (779) we can solve this for the classical energy leading to an
expression that involves fractional powers of the semiclassical expectation value of the harmonic
oscillator Hamiltonian, namely

s 2 hw a
Eg>:<<\pphy ) | o |U21Y )>—°) : (780)

a,(t0,p? a,(t0,p? 9

We realize that in the limit 7z — 0 the u-th power of the expectation value of H,,, with respect to
the normalized physical coherent states |\Ifzh(yt0 p0)> agrees with the classical energy E(()s). If we had
b "Wt

worked with the normal ordered Hamiltonian : Hy, :, as for instance done in [64], the h corrections
due to the zero point energy would have even been absent. The reason why shifting the fractional
power from the Hamiltonian to the temporal momentum works well here. The fractional power
gets reintroduced in the final result by requiring that for physical coherent states their labels are
peaked on the constraint surface which is a physically reasonable assumption and in this sense
carries the fractional power of the operators over to the classical labels of the coherent states
where they can be handled in a simpler manner. Let us compare the situation at the physical
and kinematical level in this aspect. For this purpose we consider the Dirac observable |pt|%t
which at the physical level coincides with the harmonic oscillator Hamiltonian. In the two cases
we obtain for the semiclassical expectation values

o0
2 o™
< phy ) ||ﬁt|i |\I/phy )> hw0|a| TLE:O Cnt1ip an!

[e] [0 5 hw hw
(10, (00 _ + =0 & hwplaf? + 2 (781)
h 4
\I/p y 2 | ‘2n 2 2
|| O"(tovpg)H Z Cnip anl
n=0
for large n and
141
_ L ) oy 2 11 ()
(W0, el [War00.00)) = =7 ((Ror)™) 2 4y 202 (o)) (782)

Thus, even if we assume that the coherent state is peaked on the classical constraint surface,
where we can use that [p?] = ES” = (hwpla|?)* and consider the expansion of the Kummer
function for large arguments shown in eq. (765), we can observe that we obtain for the kinematical
expectation values A corrections to E(()S) that are not caused by the zero point energy of the
harmonic oscillator but due to the in general fractional power associated with the temporal
momentum. The underlying reason for this is that in the case of the physical coherent states due

to the involved delta function the inner product is modified and hence the in general fractional
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powers of p; need no longer to be integrated against the Gaussian of the coherent state which
lead exactly to Kummer’s function involved above in the kinematical case.

One can ask the question how the situation on the labels and the form of the states might
change in case we apply reduced phase space quantization instead of Dirac quantization. As
pointed out in [64] often the physical inner product can be identified with the inner product on
the reduced phase space and we will discuss the situation for this model here. If we perform
a reduced phase space quantization, we can identify the phase space variable ¢ with our clock.
Since the constraint C' = p, + H{! is in deparametrized form, we can construct Dirac observables
for q,p by choosing a gauge fixing condition G = t — 7 and use the power series expansion
introduced in [17, 19, 169]. In this simple model the power series can be written in closed form
and we obtain for the Dirac observables

0, =3 T hty i 0y =3 C T iy, )
n=0 n=0

where {f, g} ) denotes the iterated Poisson bracket with { f, g} ) = fand {f, g}n) = {{f, 9} (n-1). 9}
with

n —1\2n n p n —1\2n, 2n
{q7H}{fo}(2n+1) = (_1) (/J’H}l:o )2 +1W§ +1m7w0a {an}lfo}(Qn) = (_1) (NH}{fo )2 w(Q) q,
{p, Hli Yonary = (1) (uHL > g™ mwog,  {a, Hi ey = (=)™ (HL ) wf"p,

(784)

Reinserting this back into the observables in eq. (783) the closed form of these observables is
given by

Oy (7) = sin(uHfy,  wo(t = 7))q + cos(uHly ‘wo(t =) ——,
0
Op(1) = sin(,qu‘:o_lwo(t —7))p — cos(qul‘O_lwo(t — T))mwoq. (785)

The algebra of these observables satisfies the standard canonical Poisson algebra, that is {O,, O, } =
1 and all remaining ones vanish. Given this explicit form of the observables we can explicitly
show that indeed the physical Hpyys = H}r (Og, Op) generates their evolution. We have

OZlS'T) = —pH  wo cos(nHL Y wo(t — 7))g + pHLE  wo sin(uH{ two(t — T))miwo,
= uHj, O’;ff) = aHﬁL"ggZ’ ) (0, (0,,0,) (786)
and
dOde(T) = —pH"  wo cos(uH  wo(t — 7))p — pHE Ywo sin(uH{ two(t — 7))mwog.

OH[! (Og4,0,)

-1 2
= —pH TmwiO, = —
ho 0~q 6Oq

= {Op»Hffo(Oq’ Op)} (787)
The physical Hamiltonian is Hpyys = HY: (Og, Op) can be quantized using the standard Schrodinger
representation and hence the reduced phase space is just ’HS@S = Ly(R,dOy), where Oq acts by
multiplication and O, as a derivative operator. The quantization of the Hamiltonian allows to
formulate the corresponding Heisenberg equations for O, and O,, with the Hamiltonian operator

fI}’fO. Going over to the Schrodinger picture, one obtains a standard Schrodinger-like equations
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22 PHYSICAL COHERENT STATES FOR CONSTRAINED SYSTEMS

with f[{l‘o as the involved Hamiltonian operator. Physical coherent states on the reduced physical
Hilbert space can be constructed as

_10al2 o= O7 . [ : 1
[To.)=e 2 W‘n> with O, = Thoqo + zWOPO' (788)
n=0 :

With respect to the inner product of H;‘ildys these physical coherent states are normalized as one
can easily see. The physical coherent states obtained via group averaging can be isometrically

embedded into H;ﬁl‘;s using the map

|n) = |n) = \/Cryp|n) with ¢py = hwo/;eﬁ_lhllto’,pg (eM)?, K :=2n, (789)

where we assumed, as mentioned above, that the constant Cyo 0, was chosen such that the
coherent states Wy, , in Lo(R,dp,) were normalized. Using these rescaled states [72) in the
reduced inner product yields the same result like for the physical coherent states in the physical
inner product. Because in the reduced phase space any function involving the variables (¢, p;)
can be expressed as a function of Og4, O, only the expectation values for Dirac observables with
respect to physical coherent states using group averaging and reduced phase space quantization
agree under the identification go — Og,, po —+ Op,, compare also section 5.

Finally, let us briefly summarize the results obtained in this section. We used an Euler
rescaling to rewrite the deparametrized constraint in the form that it involves the Hamiltonian
linearly and the temporal momentum with some in general fractional power. We showed that
using Kummer’s confluent hypergeoemtric function the standard coherent states yield a good
semiclassical approximation of the quantum constraint operator at the kinematical level. Then
we applied group averaging to construct physical coherent states that are assumed to be peaked
on the classical constraint surface. The latter allows to relate the absolute values of the labels of
the coherent states to the energy of the system represented by the temporal momentum at the
classical level. In this sense the coherent states intrinsically encode some dynamical properties via
their labels and are beside the group averaging adapted to the constraint under consideration.
Note that using coherent states that are peaked on the constraint surface was also crucial in
[64] in order to obtain good semiclassical results for the operators corresponding to the classical
Dirac observables. In our example discussed so far the coherent states are perfectly adapted
to the Hamiltonian Hy,. As a consequence the relation between the classical energy Eés) and
the semiclassical expectation value in (779) and (780) is very simple. For more complicated
Hamiltonians one obtains a more complicated function of the coherent states labels « in which

one then also replaces fiwg|a? by (E(()s))i. However, in order for the semiclassical states to be

reasonable in lowest order in A, we expect to obtain (E(()g))% plus possible further additional
terms which then come with higher orders in 2 and can be interpreted as small corrections to
the classical value. In order to test whether the semiclassical limit is correct, which corresponds

to the limit 2 — 0, this method here can be useful but to work with the possible corrections
involved could become problematic because the final step involves solving for E((,s) which requires
that the inverse function of the right hand side of (780) exists.

If we want to encode that the coherent states are peaked on the constraint surface directly
into their labels, we can achieve this by implementing the corresponding restriction on the labels

a. In our case we have hwgla|? = (Eés))t%. Hence, we can label the coherent states with
O
o= %ew. Then following the computations done above, we also end up with the results in

(779) and (780). Although the states are adapted to the fractional power p of the Hamiltonian
by construction the label involves the inverse power i which requires to solve for E(()s). In the
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22 PHYSICAL COHERENT STATES FOR CONSTRAINED SYSTEMS

next section we want to consider the aspect that the labels of the coherent states carry some
dynamical information from a different perspective and show that one can use coherent states for
which the semiclassical expectation values involve directly the uth power of the classical energy
and not the inverse power %

In order to discuss temporal stability we use the notion of Klauder [33, 42]. For this one starts
with a given Hamiltonian in the classical theory H and considers the corresponding operator H
and some given set of coherent states |a;J), where § symbolizes all possible further labels next
to the classical label «. One calls the states temporally stable under the evolution generated by
H if

"7 10 (0);6) = " la(t); 6) (790)
where «(t) is a solution of di‘lgt) = {a, H} and we allow a physical irrelevant phase factor e
Thus temporal stability means here that the evolution of the state can (up to an irrelevant phase
factor) be carried over to the classical labels of the coherent states. The standard example where
this is given is the harmonic oscillator Hamiltonian fIho and the standard harmonic oscillator

coherent states |o). In this case we have e~ %ot |q(0)) = e~ <0t |o(£)).

i0(t)

As far as the dynamical stability under the harmonic oscillator Hamiltonian is concerned, we
want to analyze the action of the evolution operator corresponding to the harmonic oscillator
Hamiltonian on the coherent states |\I'ph( o0, 0)> Using the fact that |n) are eigenstates of the

Hamiltonian operator Hy, = hwo(ata + L ]l) w1th eigenvalues E,, = fiwy(n + 1), we obtain for

the non-normalized physical coherent states [¥P2 ) in eq. (769)

a(0),(t%,p9)
— Hhot ® ]lH2|\I/(J/(O) t(] )> (791)
20 oo
i 2re” "z
= e il @ 15, K Zﬁwou (en)" " 8(ps + €lt) \}) Wio o (Pe) ) ® [pe)
n=0
Ia(O)l [e's) 2
wot 2 —a(0)"
— it P DL CO +e¢i)(e\/ﬁ|())‘1’t0,p2(1’t)|”> @ lp)
n!
_jwot h
= e 2 |\Ille)*}i,w0ta(0),(to,pt)>

We see that up to a physically irrelevant phase factor the action of the Hamiltonian operator
causes an additional rotation of the labels of the coherent states, which agrees with the classical
evolution of the labels o under the evolution with respect to Hyo. Hence, the physical coherent
states \\I'ph (1o, 0)) are temporally stable in the sense of Klauder as far as H,, as an effective

substitute Hamiltonian operator for I;T} is concerned However, the states |\I/ )> are not

(0),(t%,p?
temporally stable under the evolution generated by H{! , since

e~ il ®11H2|\I/ph (792)

0) (to 0)>

— n 7%(hwg(n+%))“f

Vn!

e

a|2
[0
Z hwop(en )16 (py + €) o po (pt)|n) @ [pe)

1 h
7&69@” pi]) (t0, 0)>

where we used ¢ in order to emphasize that the dimension of ¢ in the evolution operator of Hyo
and f in the evolution operator of H{f are different as has been discussed in detail in section
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23 COHERENT STATES FOR FRACTIONAL POISSON DISTRIBUTIONS

22.1, which ensures that the argument of the exponential is dimensionless. The inequality in the

last step was used because for the states the classical evolution to consider is % ={a, H}! }.

23 Coherent States for Fractional Poisson Distributions

Large parts of this section are contained in the article [71]. In section 22 we discussed how to apply
the formalism developed in [64, 163] and combine it with the Euler rescaling in the context of an
extended phase space to obtain coherent states which are, in the sense discussed above, adapted
to square root Hamiltonians or more general fractional Hamiltonians. In this section we want to
address the question of appropriate coherent states for fractional Hamiltonians from a different
angle. As we saw in the last section 22 the physical coherent states differ from the kinematical
ones by a restriction on their label set that is determined by the form of the constraint under
consideration. Following this route here, we want to incorporate already into the construction of
the coherent states that they should be well suited for fractional powers of the Hamiltonian. For
this purpose we can restrict our discussion to the case of reduced phase space quantization and
hence do not consider the degrees of freedom corresponding to ¢, p; in the extended phase space
here, since we have already shown in the last section that we obtain similar results for Dirac and
reduced quantization for the example of fractional powers out of the harmonic oscillator that we
consider here. In this case we quantize the algebra of Dirac observables shown in eq. (783) in the
standard Schrodinger representation and their dynamics in the Heisenberg picture is generated
by f[{fo, the operator corresponding to the physical Hamiltonian of the Dirac observables.

There exist already preliminary work in the literature in the framework of so-called fractional
Poisson distributions [65, 66], where in [66] generalized coherent states were constructed based on
functions denoted as Mittag-Leffler functions which will be defined below in eq. (793). The
work in [66] analyzes in detail the properties of these coherent states and presents a proof for their
resolution of identity as well as temporal stability and we will briefly review the introduction of
these states in section 23.1. As we will show in section 23.2 the proof presented in [66] is based
on an incorrect assumption as far as the orthogonality of the angular part of the coherent states
is considered. By generalizing the measure involved in the resolution of identity along the lines
introduced in [170] we can correct this and introduce a slightly different set of coherent states
that satisfies a resolution of identity. Furthermore the set of coherent states introduced here, has
the property that the states are still eigenstates of the annihilation operator which is is not the
case for the coherent states in [66].

23.1 Coherent States based on the Fractional Poisson Distribution

Before we introduce the generalized set of coherent states we briefly review the main results
from [65, 66] because part of them can be seen as the motivation for introducing the generalized
harmonic oscillator coherent states in this work. One of the main ideas in this construction is
to obtain states that are no longer build from a Poisson distribution, like the standard harmonic
oscillator coherent states but a more general probability distribution associated with the Mittag-
Leffler function. This function can be understood as a generalization of the exponential function
usually involved in the Poisson distribution. There exist several generalizations of the original
Mittag-Leffler function which are encoded in additional parameters the function depends on.
The original Mittag-Leffler function just depends on one parameter p > 0 and is given by

k

T(un+1)’ (793)

z€C, zw E,(2) ::Z
k=0
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23 COHERENT STATES FOR FRACTIONAL POISSON DISTRIBUTIONS

where I' denotes the standard Gamma function with I'(z + 1) = 2I'(z) and E, is an entire
function. It can be understood as a kind of stretched exponential due to the Gamma function
in the denominator. In the special case of p = 1 we have I'(n + 1) = n! and then the Mittag-
Leffler function F,, becomes the usual exponential function. In this work we are interested in
the parameter range 0 < p < 1. The coherent states introduced in [66] are of the form

o = 30 EEE (B0 plgp) ), <<t (794)
n=0 :

where we introduced the label ML to emphasize that the states involve the Mittag-Leffler function

and we introduced ¢ = /750 q0 + iy / gpmopo, where B (~pls|*) denotes the n-th derivative
of E,, given by

n

N d
E) (—pls) = - Bu(z)

= b (795)

z=—pls|?H

For the choice of 1 = 1 they reduce to the standard harmonic oscillator coherent states with the
identification ¢ = «

1
2

o e = 3 (B ) ) = 3 () (796)
n=0 :

n!
n=0
oo
—1|al? a”
=ty )
— vn!

As shown in [66] the generalized coherent states in eq.(794) are normalized. Furthermore in
[66] it is claimed that these coherent states satisfy a resolution of identity. However, the proof
presented in [66] involves a mistake and we will discuss below how such mistake can be avoided
by modifying the measure involved in the resolution of identity. This will then provide the basis
for introducing a generalization of the harmonic oscillator coherent states that are better adapted
to operators involving fractional powers.

As a further property in [66] it is discussed that these coherent states are stable under
the dynamics of the harmonic oscillator Hamiltonian. However, here one has to differentiate
depending on the notion of stability in consideration because temporal stability in the sense
of Klauder [33], will only be given, if the action of the dynamical evolution operator (up to
a complex phase) carries over to the labels ¢ of the coherent states, meaning that the labels
follow exactly the classical time evolution. Although, the action of the evolution operator on the
coherent states defined in [66] just causes a shift in the labels and hence maps again to another
coherent state which means stability in the general sense discussed in section 21, this shift does
not agree with the time evolution of the labels in the classical theory. We will discuss this issue
in more detail below when we analyze the stability properties in detail.

Now the reason why nevertheless these states are interesting in the context of fractional
Hamiltonians is that in these cases the expectation value of the number operator 7 = afa is a
fractional power of |¢|2 = |a|?, where the last equality is obtained by comparison of

pls|**

Tt 1)’ (797)

ML (s pl ata |s; v, =

with the expectation value (a|a'a |a) = |a|? for the standard coherent states which will again be
recovered, if we set ;4 = 1 in the general case. These properties look already interesting as far as
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23 COHERENT STATES FOR FRACTIONAL POISSON DISTRIBUTIONS

fractional operators are considered, however due to the factor coming from the Gamma function,
the semiclassical limit might be stretched as well and hence deviates from the correct expression
by this factor. Moreover, a further differences of |¢; )y, compared to the standard coherent
states |a) is that the generalized states for p # 1 are no longer eigenstates of the annihilation
operator a. The reason for this is that the n-th derivative of the Mittag-Leffler function Eﬁn)
depends on the order of n and thus cannot just be pulled in front of the summation, as it
is the case for the standard exponential, whose derivative for all orders of n involves again
the exponential function only up to possible additional factors coming from inner derivative
contributions. Furthermore, since |¢; u)Mmr, are no eigenstates of @, these states are less suitable
for other operators than the number operator which have more generic dependencies on @ and at
such as for instance a polynomial one. Note that there exists a generalized annihilation operator
of the form

nEy Y (—pls|)
B (—pls|2m)

agln) = Vg(nsp)ln — 1) with  g(n;p) = (798)

for which |¢; u)mr is an eigenstate with eigenvalue /uc#. For the choice = 1 the operator G,
becomes the standard annihilation operator because g(n;1) = /n. Also only for this choice the
algebra of a(,), dZu) and the identity operator satisfy the standard commutation relations, in
general it is more complicated and given by

(n+ DE (—pls*) nEﬁnl)(—ulclz“)> In) (799)

[d(ﬂ)’dT Jim) = < n n
" Bl B sl

and even depends on the state |n). Here we used that &Iu)|n> =+gn+1L;p)n+1).

Given this, in the next section we want to discuss a different set of generalized coherent states
which are also normalized, satisfy a resolution of identity but in addition are also eigenstates of
the annihilation operator @ with in general eigenvalues of fractional powers of a. These states
are different from the ones described in [66], since they do not involve the general Mittag-Leffler
function E,, but the Mittag-Lefller function F; only which agrees with the exponential function.
They can be understood as standard coherent states of the harmonic oscillator but with labels
that have been adopted to the fractional Hamiltonian under consideration. The reason why we
want to construct these states in the case of fractional powers of the Hamiltonian is that given
these states we can consider the standard harmonic oscillator Hamiltonian as a kind of effective
Hamiltonian for the computation of the semiclassical expectation values. This is the case because
the coherent states are constructed in a way that they encode the properties of the the fractional
operator.

23.2 Generalized Coherent States for Fractional Hamiltonians
The generalized coherent states that will be discussed in this section are given by

i =3 e e > O (B lal) ) (300)

for 0 < p < 1 and we used that Ey(z) = e*. We trivially rewrote |o; p) in the last step only
to make the relation to the states |¢; u)mr in eq. (794) more transparent. Likewise to the states
in eq. (794) these states depend on an additional parameter p but their explicit dependence is
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23 COHERENT STATES FOR FRACTIONAL POISSON DISTRIBUTIONS

different. Moreover, we keep the exponential function in the definition and do not consider the
Mittag-Leffler function here. The latter ensures that these states are still eigenstates of the usual
annihilation operator. If we compare the corresponding probability distributions corresponding
to the states |¢; p)mr from section 23.1 and |o; p), we will obtain

GML(, Y . . o (plsP)™ d"
P (n) = [{nls pae [ = 20 Eu(2) g (801)
and
QY .— el (el gee _ (o) an
Pi(n) = |(nla; | = —— e =) e (802)

where we as above in eq. (800) rewrote Pg*(n) in the last step only to show their exact relation
to P;(n). As shown in [66] the probability distribution Pj;(n) has the mean value

pls|**

mean = 3 nEMH ) = gy

n=0

(803)

Considering the action of the annihilation and creation operator as
any = vnln—1), a'ln) =vn+1jn+1) (804)

one can show that this is equal to [66]

oo 24

_ 1219 N

o= nPi(n)= Tlu+1) (s ulatas; p) (805)
n=0

which is the relevant form for our physical applications. If we perform the same computations
for P¢*(n) and the states |a; u), we will end up with

o = Y 0Pl (n) = o = (a; plalala; p). (806)
n=0

Despite that the final results in eq. (805) and eq. (806) look similar, the way one obtains them
is different. In the first case the states |¢; uymr, are no eigenstates of @ but if one computes the
summation in eq. (805) one has to combine the sum over n with the sum over k involved in the
derivatives of the Mittag-Leffler function and uses the binomial theorem. The latter absorbs one
of the sums and the second runs over the power index of the binomial theorem. However, the
arguments inside the bracket in the binomial theorem are just identical up to a sign so that the
only non-vanishing contributions comes from the case where the power index is equal to zero,
see [65, 66] for more details. The combination of the two sums is only possible at the level of
expectation values because when we consider the action on an individual coherent state the sum
over k is still inside a square root and thus cannot be combined with the outer sum over n.

On the other hand for P¢(n) we can use that |a; u) is an eigenstate of a, which can be easily
shown by

(a)+!

I n) (807)

1 2p s (Oé”)n 1 2u >
leG M> = 6_5‘04 Z Tx/mn — 1> = e_fla‘ Z
n

n=1 : n=0

= at|a; p).
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Hence the eigenvalue is just given by a*. Let us check that the states |a;u) satisfy all three
requirements: (i) normalization, (ii) satisfy a resolution of identity and (iii) are eigenstates of
the annihilation operator @, where the last one was already shown above.

The normalization can easily be shown by

= e S (P e o
1) {a; | oy ) = P%(n) = el oL = elal®elel™ — g 808
H nl
n=0 :

n=0

In order that these states qualify as coherent states the continuity in the parameter a needs
to be given, see [171]. This is trivially satisfied here because « is the usual coherent states label
used for the harmonic oscillator coherent states. The usual overcompleteness relation for the
harmonic oscillator coherent states generalizes to

1 *
(s | Bs p) = exp(=35 (laf* + B[ = 2(a”B)")),
that will yield the usual expression if we set p = 1.
As far as (ii) the resolution of identity is considered for the conventional harmonic oscillator

coherent states we have

/d2a|a><a|WH(|a|2):ﬂ, with Wu(|a|2):% (809)
C

where d?a = d(R(a)d(S(e)). This can be proven by transforming o = /T2 qg + i / m%
to polar coordinates yielding a = pe’® with p := |a| with 0 < p < 00, 0 < ¢ < 27 and using
that {e"?},cy is an orthonormal basis in Ly ([0, 27], %) For the coherent states |a; u)yr, in
[66] as well as the ones |o; ) introduced in our work, we work with a fractional label a* and
hence we have a* = ptei™?®. Thus, for u # 1 {€™?}, ey is no longer an orthonormal basis
of Ly([0, 27], %) However, this seems to be have overseen in the proof presented in [66] which
therefore cannot be performed in the way presented in [66] and yields to the incorrect conclusion
that these states satisfy a resolution of identity. As we will show this issue can be circumvented by
generalizing the measure that is involved in the resolution of identity along the lines introduced
in [170] and for instance applied in [172] and will use this strategy to prove that the states |a; u)
satisfy a resolution of identity. For this purpose, as suggested in [170], we extend the polar
coordinates to their covering space with the domains 0 < p < co and —oo < ¢ < 0o and consider
a measure v(p, ¢) defined by

o I
1
[t Fio.0) = Jim 5 [ oW [ aoF(p.0) (810)
-r
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where WM(pQ) is a still to be determined positive weight function. This yields

/ du(ll, §; 1) o )
oo T

1
= hm 2—/ dla| W, (o )/d¢|a\7¢;u><|a|,¢;/¢\
T

I o)

; 1 0o i#(n_7n)¢pp(77,+7n)+l g 9
= lim T/d(ﬁ/dp Z e We Wu(p )[n){m|
I

'—oo 2T - n'vm!
0 n,m=0

00 r

pu(n+m)+l 2 i(n—m
=l o Z / dp e Wale?) [ do e ) .
n,m

where in the last step we interchanged the order of summation and integration. Now we can

use that {e?*®} g is an orthonormal basis in La(Rponr, #Bohr) Where the inner product of this

Hilbert space reads (f , g) = Flim % ffr dof(¢)g(¢). Performing the integration over the angle
—00

¢ we obtain

2Mn+1

[ atial. i) s e ] = Z/dp e W (%) In

where in the last step we used the variable substitution x = p?. Now we apply a further change
1
of variables and introduce y = z* with dy = px*~'dx = pyy ™ »dz. This results in

oo
oo

1
1 1 —
[ datos s uWiaf) = gzg/dyy L))

C =

Now we choose the weight function to be

2y
1
py

Weu(y) =

which is positive, i.e. W, (p?) > 0, then we end up with

(i) [ av(lal, ) as ) il = Zi [avwrenyn (811)
n= 0
—Z POt Dyl = 3 o] =
n=0

and this proves the resolution of identity for the states |a; u). For the special choice of p =1
their weight function reduces to Wu(pz) = 2 which is exactly the weight function one obtains for
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the standard harmonic oscillator coherent states in case one performs a similar generalization of
the measure for the angular part as we did above.

Given the states («; | labeled by p, let us discuss how we can use them as semiclassical
states for operators involving fractional powers. We turn back to our example where the physical

Hamiltonian on the reduced phase is given by H}. . Now in the quantum theory we consider as

m

an integer power substitute for the Hamiltonian operator H'} the operator

107
7 —1 7] | oAt A ﬂ
Hyo = (hwo)“ Hy, = (h,wo)l a'a—+ 5 . (812)

Considering the generalized coherent states above for the semiclassical expectation value we
obtain

= L1
(o | Ho | 1) = (ai; | (oo )" <aTa+ 2) |o; o)

= (oo + L
o (h‘;‘))#. (813)

From the last line we immediately see that up to the zero point energy that vanishes in the
h — 0 limit the expectation value of the substitute operator, which only involves integer powers
of Hyo, yields the correct classical limit in the zeroth order of h. Following this route for different
fractional powers of the harmonic oscillator Hamiltonian, we can always use f[ho as a substitute
operator for I;Tffo supposed that we multiply H,, with the appropriate fractional powers of hwg
for dimensional reasons. For the fluctuations we obtain with

= TR R 1 1
(s 1 |(Hno)? o ) = {ous o |(hawo)™* (@' + 6T + 7 s ) = (o)™ (o + 2] + 3)
(814)

the expected result

(AH)? = (hwo)™ | = (huwo)“ Bl (815)

These fluctuations come with a non-vanishing fractional power of /& and are thus small compared
to Ey and vanish in the A — 0 limit.

If we use the coherent states introduced by Laskin for the same expectation values, as shown
in [65], we will end up with

7 ISk 1 uEY (hwg )"
51 e 5 s = () (0 + 5) = gy +

(816)

showing that even in the lowest order of & we do not obtain the expected classical limit if p # 1.
For the fluctuations following [65] we use that

pEY pBy N\ ([ VAl(u+1) (hewo)™
Tu+1) (F(ﬂ + 1)) (22“‘1F(u + §)> T
(817)

ML (S 1| (Ho)? [$3 ) mr = 2(Fiewo )
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and this leads to

e o BEY pEY \?( VAl(p+1)
(AHwo) ML = (hwo) P<Mf1)+<r<uf1)) (22H1F(u+§) 1), (818)

where the label ¢, ML should emphasize that these are the fluctuations associated with the
coherent states based on the Mittag-Leffler functions. We find that these fluctuations have a
more complicated structure than in the case of the generalized coherent states introduced in this
work but also merge into the fluctuations of the standard harmonic oscillator coherent states if
we choose 1 =1 and use F(%) = @ However, for 1 # 1 the fluctuations involve a contribution
with zero power of i and therefore whether these fluctuations are small is not entirely determined
by & but for the second term crucially depends on the value of Fy being the only free parameter
involved in the second term. This is a property which as far as the semiclassical properties of the
coherent states |; 1) m1, are concerned can become problematic if we aim at keeping fluctuations
small in general.

We have already seen that the semiclassical states introduced in [66] based on the fractional
Poisson distribution presented in [65] for u # 1 do not satisfy a resolution of identity, nor are
they eigenstates of the annihilation operator. As the discussion above show they also do not yield
the correct semiclassical limit for the Hamiltonian operator under consideration and further the
size of the corresponding fluctuations can become large depending on the values of the classical
labels of the coherent states. This leads to the conclusion that we would not consider these states
as an appropriate set of semiclassical states for the operators of fractional power considered in
this work. For the later purpose the generalized coherent states introduced here offer better
functionality.

In [66] the temporal stability of the states |¢; p)mr, is analyzed and therefore we will briefly
comment on this point also for the coherent states constructed in this section. For the discussion
of the temporal stability here we use again the notion of Klauder [33, 42] and displayed in
eq. (790). The evolution of the states |a; ) in eq. (800) with respect to the harmonic oscillator
yields

e~ ot (0); ) = e~ IO 3 W\/%VL

n=0

oo —_
—L1a(0)|?* —iwet Z ((e
= e 2 e 2%0
n=0

e_%E"t\m

Vn!

= e 50NG(t); ) with  @(t) == e~

iwgt

= «a(0).

Again we have that up to a physically irrelevant phase factor the action of the Hamiltonian
operator causes just a rotation of the labels of the coherent states. In the standard case y =1,
that is for states |a;1) = |a), this change in the labels exactly corresponds to the classical
equation of motion generated from the corresponding classical Hamiltonian. However, likewise
to the states introduced in [66] for any other choice of p the change in the labels is not in
accordance with the classical equation of motion 9~ = {a*, Hy,} with corresponding solution
a(t) = e #otqH(0) and hence in the sense of Klauder [33, 42] one concludes that these states are
not temporally stable under the evolution of the harmonic oscillator Hamiltonian. As we have
discussed before in the physical Hilbert space a natural evolution operator is IEI}*:O, the fractional
harmonic oscillator Hamiltonian. These states are not temporally stable under the evolution
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generated by ﬂffo as we see by calculating

e = (hwo(n+3))"t

n) (819)

3
|
o
2

# eW]a(t); p),

again we used £ in order to emphasize that the dimension of ¢ in the evolution operator of Hyo
and ¢ in the evolution operator of HY! are different, compare section 22.1. This ensures that the
argument of the exponential is dimensionless. The inequality in the last step was used because

for the states, which are labeled by a*, the classical evolution reads d;“; = {a" H] }.

24 Conclusions

We started this part with section 14 where we stated our basic motivations and problems for the
consideration of semiclassical states and we explained how coherent and semiclassical states can
be defined. We considered the fundamental inspiring system of all coherent states construction
principles: the harmonic oscillator. Next we discussed different ways to construct coherent or
semiclassical states, where our main focus was on our toy model of a square root of a harmonic
oscillator Hamiltonian, shortly denoted as square root Hamiltonian or a general fractional power
thereof, shortly denoted as fractional Hamiltonian. As a result we found some ways to handle the
square root Hamiltonian operator. Depending on the exact construction method, the resulting
states satisfy, according to the definitions in section 14.1, more or less properties of semiclassical
states but never all off them. Many of the constructions are based on the knowledge of the
(energy) spectrum of the underlying Hamiltonian operator, like in sections 16 and 17. In our
toy model approach this is easy because the underlying Hamiltonian operator is the harmonic
oscillator Hamiltonian operator. However, in general this makes it difficult to transfer the results
to the physical Hamiltonian operators in the Loop or Algebraic Quantum Gravity framework,
since there the spectrum of the operator beneath the square root or beneath a fractional power
is usually unknown. We tried to find some workarounds of that, in which one modifies the
square root or fractional Hamiltonians at the classical level, compare sections 15 and 22, such
that the fractional powers do not occur at the quantum level. These workarounds have the
advantage that a knowledge of the spectrum of the underlying Hamiltonian operator is obsolete
to construct semiclassical states, however one has to check whether the modified system still
preserves properties of the original physical system in consideration. Our considerations about
spectrum generating algebras and the stability of semiclassical states in section 20 and section
21, especially the definitions of the spectrum generating algebras (SGAs) in section 20.1 and
the coherence breaking in in section 21.4.1, led us to the conclusion that for the square root
or fractional Hamiltonian operator we should look for an algebra which is isomorphic to the
Weyl-Heisenberg algebra or might consider the Weyl-Heisenberg algebra itself as a SGA for the
square root or fractional Hamiltonian operator.

In section 15 we introduced a method we denote as the inverse Thiemann identity which uses
the properties of the Poisson bracket to rewrite the square root at the classical level which leads
to a harmonic oscillator Hamiltonian with a modified frequency. Afterwards when we went over
to the quantum theory, we did this in a “semiclassical fashion” in the sense that we considered the
classical energy of the square root Hamiltonian occurring in the modified frequency. We end up
with an effective Hamiltonian which can be factorized in new annihilation and creation operators.
The observation that these new annihilation and creation operators can also be obtained from a
Bogoliubov transformation, brought us to the point that the eigenstates of the new annihilation
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and creation operators are given by squeezed states. However, by calculating the expectation
value of the effective Hamiltonian in the squeezed state we came to the result that the squeezed
states are not well-adapted to the effective Hamiltonian in a semiclassical sense, since they do
not reproduce the classical value of the harmonic oscillator with modified frequency. What we
took from this is that it seems a promising approach to avoid the square root at the classical
level but we had to find a different way to go over to the quantum theory what was done in
section 22.

An algebraically motivated approach was explored in section 16 by having a look at one
possible generalizations of the Weyl-Heisenberg algebra with new annihilation ¢~ and creation
operators . The new annihilation and creation operators can then be decomposed into the
square root of the Hamiltonian operator expressed in terms of the number operator times the so-
called phase operator or its adjoint operator. Eigenstates of this phase operator are the so-called
phase states in [40] which are temporally stable states in the sense discussed there and displayed
in section 16 . We were interested whether these states might serve as semiclassical states for
the square root Hamiltonian, since the definitions of &~ and a* originally contains a square
root of an Hamiltonian operator, however the Hamiltonian operators themselves considered in
[40] do not contain a square root. We saw that using the original definitions of 4~ and a* in
case of our square root Hamiltonian led to contradictions, therefore we modified these definitions
slightly by removing the square root of the Hamiltonian operator in the definitions of ¢~ and
at to adapt to our square root Hamiltonian problem. This does not influence the definition of
the phase operator and phase states themselves. The result of this was that the states are stable
in the sense displayed in section 16 under the action of the square root Hamiltonian operator.
However, they do neither reproduce the classical value of the Hamiltonian nor of the position
or the momentum operator expressed in @~ and @* when one calculates the expectation value
of these operators in the phase states. Each of the expectation values even contains a diverging
series. The only operator the phase states are by construction semiclassical states for is the phase
operator. For these reasons they are not suitable for our purpose of finding semiclassical states
for the square root Hamiltonian operator.

The starting point of section 17 are action-angle variables, the formulation of physical systems
with discrete, nondegenerate energy spectra in these variables and the assumption that the
classical action in these variables coincides with something Klauder calls the “quantum action”,
see [33], which leads to the so-called action identity. Klauder et al. define a set of stable coherent
states in the sense discussed in [33, 42] which satisfy this action identify, that is reassemble the
classical value of the Hamiltonian in action-angle variables. We modified these states for our
consideration of the square root Hamiltonian. On the first sight the result looks promising but
there are several assumptions one has to make: first that the problem can be formulated in action-
angle variables, second the convergence of a certain series which guarantees the normalization of
the Klauder coherent states and third the existence of an n-th momentum of a given distribution.
These are all things which might be not so easily to show and depend on the physical system in
consideration.

In this part we considered the construction of complexifier coherent states in section 18
only from a theoretical point of view, since this method cannot be applied to our square root
Hamiltonian problem. The complexifier coherent states are by construction adapted to integer
powers of position and momentum operators and polynomials of them. Complexifier coherent
states were applied in part IV in the context of semiclassical perturbation theory. Despite that
the considerations about the stability of complexifier coherent states led to a common definition
of stability for semiclassical states which we applied in section 21.

Section 19 introduces the algebraic construction method for semiclassical states and collects
mathematical definitions about Lie groups and Lie algebras. The algebraic construction is based
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on the knowledge of the so-called spectrum generating algebra of a physical system. However,
an algebra does not need to be a Lie algebra for the algebraic construction of coherent states.

Motivated by this, we investigated how to define spectrum generating algebras and how they
can be obtained in section 20. We found that Lie algebras are preferable candidates for spectrum
generating algebras due to their mathematical properties. Moreover, in section 20 we explored
procedures which allow us to find some generators of a spectrum generating algebra but probably
not all of them and each of these procedures can only be applied to a limited set of physical
systems.

In section 21.1 we collected and compared the stability definitions for semiclassical states
we have encountered so far. We observed that the one given in [31] is the most general one,
however depending on which demands we have regarding the transformation of the labels of the
semiclassical states with respect to the reproduction of the classical evolution, as it is investigated
in section 22 and section 23, not always the suitable one. Nevertheless, we took the stability
definition from [31] and combined it with the algebraic construction principle for coherent states
for different types of algebras in section 21.2. In case of a Lie algebra, we found a closed formula
for the temporally evolved states in section 21.2 and the expectation value of a generator of the
spectrum generating Lie algebra in consideration in these states in section 21.3. To make section
21 round, we shortly collected some known results about stable systems in section 21.4 and
especially about what kind of algebraic elements or more physically expressed terms appearing
in an Hamiltonian operator cause the breaking of coherence in section 21.4.1.

Large parts of the conclusions for section 22 and section 23 are contained in the article [71].
The approach we analyzed in section 22 took as a starting point a constraint in deparametrized
form C = p;+ H{ on an extended phase space with a corresponding physical Hamiltonian of the
form H{'. Then we considered a canonical transformation on the extended phase space in the
variables (¢, p;) as a kind of a so-called Euler rescaling which we introduced in section 22.1 that
allowed us to rewrite the constraint in a form where a fractional power is no longer attached to
Hy, but only to the temporal momentum p;. This has the advantage that we could then show
that the standard kinematical harmonic oscillator coherent states yield a good semiclassical
approximation of the constraint operator by means of the technique of Kummer’s functions
introduced in [63]. Afterwards in section 22.3 we applied a group averaging procedure following
[64] for the constraint with fractional temporal momentum and obtained the resulting physical
coherent states and the physical inner product for this toy model. If we, as in [64, 163], require
that the physical coherent states are peaked on the classical constraint surface, we can relate
the semiclassical expectation value of Hyo with respect to physical coherent states to fractional
powers of the classical energy involved in the classical constraint. Interestingly, compared to
the standard harmonic oscillator coherent states, it is exactly the modification of the states that
results from the group averaging procedure which leads to this property. For the case that an
inverse function exists, which is the case in our simple toy model, we can relate fractional powers
of this semiclassical expectation value to the classical energy, something that also happens in
semiclassical perturbation theory. On the one hand this shows that the so obtained physical
coherent states have by construction some restriction on their labels which encodes dynamical
properties of the system. However, on the other hand following this route in the final step an
inverse function needs to be applied in order to get how the classical energy is related to the
semiclassical expectation value of the Hamiltonian Hy,. The existence of this inverse function
can become an issue if the /i corrections of the linear power of the operator under consideration
depend in a complicated way on the classical labels of the coherent states. A way out of this
can be to change the set of coherent states and choose a set for which the A corrections take
a simpler form and then this strategy of computing semiclassical expectation values can still
be applied. Furthermore we discuss in section 22.3 also how the results of the group averaging
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procedure and a reduced phase space quantization of the same model are related and show that
we obtain equivalent results in both cases. Our results presented in this work extend the results
of [64, 163] in the sense that there only linear or quadratic powers of the elementary operators
were analyzed and here we considered fractional powers. We were able to extend their techniques
to fractional powers by first shifting the fractional power from the Hamiltonian to the temporal
momentum and second using the results in [63] that rely on the usage of Kummer’s functions. At
the end of section 23.2 we discuss the stability of the coherent states for fractional Hamiltonians
constructed in this section.

In the approach in section 23.2 inspired by the coherent states based on a fractional Pois-
son distribution introduced in [66] we analyzed the question whether the labels of the coher-
ent states can be adapted to Hamiltonians with fractional power. Although, the states in [66]
yield fractional powers of the classical energy for the appropriately rescaled harmonic oscillator
Hamiltonian a disadvantage of these states is that they are no longer eigenstates of the standard
annihilation operator and they do not satisfy a resolution of identity as originally claimed in
[66]. We showed how the proof can be modified and adapted to our generalized coherent states
constructed in section 23.2. In contrast to the states in [66] the coherent states constructed in
this article are still eigenstates of the standard annihilation operator. The reason why this is
no longer the case for the Laskin states is that the exponential function usually involved in the
standard harmonic oscillator coherent states is replaced by the so-called Mittag-Lefler function.
Nevertheless, we can find a generalized annihilation operator which has the coherent state in
[66] as an eigenstate. However, the algebra of these annihilation and creation operators does
not reassemble the standard commutation relations and even depends on the number eigenstate.
Moreover, in the semiclassical limit, that is the zeroth order of &, the semiclassical expectation
value yield not the expected classical result. This was one of the motivations for us to look
for the generalized coherent states in section 23.2 which are still eigenstates of the annihilation
operator but with an eigenvalue that involves fractional powers of the coherent states labels
such as o* in our case. Since by construction the fractional power is already involved in the
eigenvalues and the labels and hence the construction of the coherent states, we then used the
usual harmonic oscillator Hamiltonian as a kind of effective operator to substitute the fractional
power Hamiltonian. As shown in section 23.2 these states are in addition normalized and also
satisfy a resolution of identity and the effective semiclassical computations yield good semiclassi-
cal properties. In contrast to the states in [66] they have the required classical limit. In addition
we discuss the fluctuations of the states presented in 23.2 and the one from [66]. It turns out
that due to the Mittag-Leffler function involved in the latter their fluctuations have a more
complicated structure. Problematic here is that these fluctuations also involve a term that is
zeroth order in A, which is not the case for the generalized states in 23.1. As a consequence, the
magnitude of these fluctuations is not mainly determined by A but depends on the value of the
classical energy FEy. Only in the specific case where the fractional label p is set to p = 1 this
problematic term vanishes as expected because for u = 1 these states agree with the standard
harmonic oscillator coherent states. At the end of section 23.2 we discuss the temporal stability
of the coherent states considered in section 23.2.

Finally, let us comment on the question whether the two approaches discussed in section 22.3
and 23.2 can be generalized to more complicated situation than the toy model considered in
this work. For the group averaging approach as long as we restrict to deparametrized models
even for more complex Hamiltonian operators the constraints will be linearly in the temporal
momentum, so the group averaging in the Hilbert space associated with the temporal degrees
of freedom will have a similar effect. For instance in this work we considered coherent states
based on the harmonic oscillator which can be also viewed as bosonic coherent states. There
exist an extension to constrained fermionic systems introduced in [173]. We expect that for
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fermionic systems for which the dependence of the original Hamiltonian (without the fractional
power) on the fermionic degrees of freedom is simple enough, the techniques of section 22.3 can
be also carried over to those systems. However, in general the coherent states of the remaining
degrees of freedom might not be so well adapted to the Hamiltonian as considered here and
then the relation to the classical energy might no longer be so easily obtained. Nevertheless,
any suitable coherent states should have the property that in lowest order of % one obtains the
classical energy plus small corrections and thus as far as only a few corrections next to the
leading order are considered this can be applicable tool. For more general applications it will
depend on the specific form of the Hamiltonian. For instance the quantum mechanical analogue
of the Hamiltonian one considers in deparametrized models of General Relativity are of the
form H = (f1(q)p" f2(§))"*, where i, po are fractional powers and fi, fo are polynomial or
exponential functions respectively. For the outer fractional power us the techniques presented
in section 22.3 and 23.2 can be applicable in case the set of coherent states that one uses also
approximates the function inside the outer fractional power, that is f1(§)p** f2(4), semiclassically
sufficiently well. For the inner fractional power p; the strategy in section 22.3 is not applicable.
Here techniques like semiclassical perturbation theory [4], the usage of Kummer’s functions [63]
or a choice of a different set of coherent states better adapted to the fractional operator than
the standard harmonic oscillator ones along the lines of the discussion in section 23.2 will be
preferred. As far as our second approach in section 23.2 is considered that works with coherent
states involving fractional labels further more complicated applications need to be considered
in order to understand their utility in full detail. We expect that these states can be useful
for observables that are constructed from fractional powers of « and its complex conjugate as
analyzed in this work. If we consider instead observables that involve fractional powers of ¢ and
p instead we guess that the method of using Kummer’s functions in [63] are favoured. For more
insights and a better understanding this needs to be investigated in future applications.
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Part VI
Summary and Outlook

Part I presented the motivation for this work and part II gave an elaborate review on the state of
the art of the canonical formulation of Loop Quantum Gravity (LQG). In this thesis we included
our detailed conclusions concerning our research results at the end of part III, part IV and part
V. Despite that we want to present a short overall summary and references to the conclusions
of each part as well as an outlook for future research work at the very end of the thesis here.

In part IIT we examined reduced phase space quantization in contrast to Dirac quantiza-
tion for four Klein-Gordon scalar fields in the context of LQG, respectively Algebraic Quantum
Gravity (AQG), and as an alternative to the model discussed in [1] where one scalar field was
used as reference matter for the Hamiltonian constraint, whereas the diffeomorphism constraints
were handled using Dirac quantization, as explained in part II. The result shows that a naive
extension of the Einstein-Hilbert action by the action of four Klein-Gordon scalar fields is not
quantizable applying reduced phase space quantization and standard LQG techniques while for
using Dirac quantization and standard LQG techniques it is. However, a further modification of
the model by adding three more degrees of freedom additional to the four Klein-Gordon scalar
fields makes it a quantizable model using reduced phase space quantization in the standard
LQG or AQG framework. An interesting question for future work is to investigate whereas the
different quantization procedures for the diffeomorphism constraints using reduced phase space
quantization with additional scalar fields in this work and using Dirac quantization in [1] lead
to different physical properties. This could be for instance analyzed in a simpler setting of
spherically symmetric models where the diffeomorphism constraints simplify but still contribute.
Moreover, one can further investigate the question for which kind of additional fields a reduced
phase space quantization in the standard LQG framework is possible and how it is related to the
corresponding quantum theory obtained via Dirac quantization. The detailed discussion can be
found in the conclusions in section 10.

In part IV we tried to extend semiclassical perturbation theory within LQG or AQG to
the class of physical Hamiltonian operators resulting from reduced phase space quantization.
While in principle an extension is possible, we had to make two assumptions: first that the
Hamiltonian operator is a self-adjoint operator which can usually be achieved by construction
and second that the fluctuations of the approximation of the square of the Hamiltonian density
in complexifier coherent states are sufficiently small. Both assumptions have to be checked for
each physical Hamiltonian operator, respectively Hamiltonian density. This is not a simple task,
since the spectra of the physical Hamiltonian operators as well as the expectation values of its
Hamiltonian density in complexifier coherent states are usually unknown and therefore open to
future research. Apart from that the expressions we obtain are getting technically quite involved
and might require numerical tools to handle them. The detailed discussion can be found in the
conclusions in section 13.

In part V we therefore explored an alternative perspective to perform a semiclassical analysis
for the physical Hamiltonian operators by constructing new semiclassical states which are better
adapted to the functional form of the physical Hamiltonian containing an outer square root. For
this purpose as a first step towards this direction we work with a simple quantum mechanical
toy model which is a fractional power out of the harmonic oscillator Hamiltonian (operator).
We tried several approaches, for example: rewrite the outer square root on the classical level,
consider the underlying algebra of the operator, work with canonical transformations of the
coordinates, extend the phase space. Sometimes we also work with combinations of these ideas
which actually leads us to a method to handle our toy model and also looks promising to be
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applicable to physical Hamiltonians which contain an outer square root. A future work is to
actually apply this methods to different kinds of physical Hamiltonians containing an outer
square root. The detailed discussion can be found in the conclusions in section 24 .
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B OBSERVABLE CONSTRUCTION FORMULA

A  Functional and Lie Derivative

Let us recall the definitions of the functional and the Lie derivative, see for example [9, 80].

Variation or Functional Derivative A.1. Let ¢ belong to some manifold ® of fields of certain
type on a D dimensional manifold M (for example tensor fields with certain boundary conditions)
and let ¢ € Ty(P) be a tangential vector at ¢ € @, known as variation. A functional G : & — C
on ® is said to be functionally differentiable at ¢ € © if there exists a continuous linear
functional (DG)y on Ty(®) such that

d
G164 X56] |xco = (DG)gl56] (520)
Usually T, (®) is a space of test functions (smooth functions of compact support or rapid
decrease, ...etc.). In these cases (DG), can be written as a distribution
(DG)4f56] = [ 4°Y (DG)o(Y) 0301V ), (s21)
M

where e means here the contraction with tensor or bundle indices. In physics it is common to
call (DG), the functional derivative of G at ¢(Y) and to use the notation

el
DG)y(Y) = —————. 822
(DG = 50 (522)
Lie Derivative A.2. Let M be a smooth manifold, p be a point in M, v be a smooth vector field
on M andt be a smooth tensor field on M. Furthermore, let ¢} be a one-parameter family of a
active diffeomorphisms generated by v (flow of v). Then the Lie derivative £,t of any tensor

field t along v is defined as

(£01) (7) = = (3 1) () Ir=o (323)

with the pull-back denoted by * which means ((¢3)"t) (p) =t (¢4 (p))-

B Observable Construction Formula

Large parts of this section have been published in [130]. If g is a scalar on phase space, e.g. some
function g : x — R we claim

{Ks1,9(2)} oy = [B1-BL" 051 ;- 9] (2) (824)
with v; - g(z) = @?ga(a:). In order to proof the claim it is of advantage to use that the vector
fields mutually commute, that is [v;,v;] = 0 for all j,k. Using that spatial derivatives of oy

vanish we get 0 = 9.(6}) = d.(¢}¢?,) from which we can derive the useful identity

Ohe = —P5Pach (825)
The commutator of two vector fields yields
[Uja Uk] = 90?50290?0,090%817 - (p%(p?,aab‘ (826)
=PI PL P ac i — Pl a0
= @ 0 — P’ 4O
=0.
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We will proof the claim in eq. (824) by induction. For this purpose it is of advantage to express
{Kp,, 3 (7)} in terms of the vector fields v;. We have

{Kp,, 95 ()} = —p ()9 (@) { K, , 0y (2)} (827)

= ()P (@) / &y B () (e (), o' (2)}

X

= ()t (a) / By B ) {me() + he(y), b ()}

= ()P (a) / By B () {me(y), by ()

= —oi(2)@} (@) [BY] o()
= —of[v; - BY-

Here we used in the fourth line that h; is independent of the reference field momenta 7;. Now
we can prove the claim by induction. For n =1 we get

{Ks,,9(x)} ) = [Bi9]9.0](x) = Biv; - (). (828)
Suppose that the claim in eq. (824) is correct up to order n, then
{Kﬂl ) g(x)}(’f”rl) = 6{1 "'ﬁln{KﬁH y Ugy Vg, g(x)} (829)
= 5{1 SN (Ujl"'vjn {KB1’9($)} + Z ,Ujl"'vjé—l{Kﬁl’ @?g}aavjz+1 Vg, g(l‘))
=1
_ pi1 Jn (. C Qint1, . N ) ) Cpint1, ) o
= BB (v v, BT g, - g() th...vﬂ_lvﬂﬁl Vjpir Vjogr Vi - 9(T)
=1
_ ph Jn (.  pint1, . . ) . o pdnd1, o .
= BB (00, B 0 - 9() Zvjl"'vﬂl—lv]l/gl Vjosy-Vjn Vs * 9(@)
=1

j j J J J
= B{l "'61n (Ujl U5, 61n+1vjn+1 : g(x) - (Ujl Vg Banrl - Banrl’Ujl "'an)vjn+1 ! g('r))
= BB g Vg 9().

In the third line we used equation (827), in the fourth line that the vector fields mutually commute
and in the fifth line the Leibniz rule.
Hence the spatially diffeomorphism invariant quantity for g is given by

oo _1)n _ ' _ _
Og%w}(a) =g+ z_:l ( n!) [071 — @71] [07" - @J"]vjl...vjn -g. (830)
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We have vjapk = ap‘jcpf“a = 5;?. Using the abbreviation ﬁ{ =07 — 7 we evaluate the action of vy,

on the spatially diffeomorphism invariant quantity Oél)(a)

Ok Oy 1,y (0) = v 9+”k2 R T (831)

(="
nl

B ...B{"vkvjl U, Y

[0k B1] BT BT gy vy - g F

v g+ [vkﬁj —g+ Z 5“ B ([vkﬂf]vjvjl...vjn - g+ VRV, .0, 'g>

vk - g+ [v(o? —(57 v - g—i—z
= [vpo? v, g—l—z
35

LB ([v ol — ] ]vjvjl...vjn - g+ Upvj, .0 ~g)

ﬁjn I:'UkO' :IU]’UJI V5, "9

ﬂ]”[vka]v]vjl W, g.

We realize that for constant 7 (z) the expression vy - O; gwj}( ) vanishes meaning that Og (07} (o)

does not depend on x at all as expected for a spatially diffeomorphism invariant quantity. Conse-
quently we have the freedom to choose any x in the expression for Og, {’ }(1)(0). A convenient
choice for which Og%w}(a) extremely simplifies is to choose x, such that ¢’(z,) = o7, since
then only the n = 0 term in the whole summation survives. This requires that 7 is invertible
for j = 1,2,3 which is true because in order that ¢’/ qualifies as a good reference field we have
to assume that ¢’ are diffeomorphisms. For a scalar g on x we therefore obtain the following
explicit integral representation for the spatially diffeomorphism invariant expression

oW (o) = / & | det(dg? /0,)|8(7 (), 07)g(x). (832)

g.{¥7}

C Comparison Reduced Model with Gauge Fixed Model

Large parts of this section have been published in [130]. In this section we want to compare
the reduced generalized four scalar field model with its associated gauge fixed model. In case
that we start on the partially reduced phase space with respect to the second class constraints
(77, A7), then the four gauge fixing conditions associated with the Hamiltonian and spatial
diffeomorphism constraints read

G'=71"—y" GI=0 -l (833)

Similar to the Brown-Kuchai dust model in [26] we assume that 70 = 79(¢) does not depend on
the spatial coordinates and we assume ¢’ to depend on the spatial coordinates only. Considering
this and the form of the Hamiltonian and spatially diffeomorphism constraint on the partially
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reduced phase space the stability requirement for the gauge fixing conditions yields

dGgo or’®  nm
i —_— ~ O = — — — —n°% 0
W o Jg P

aGv — ;
(ii) — ~ 0= —n\/quapfcgofd —np,. (834)
The lapse function and shift vector induced by this kind of choice for the gauge fixing are given
by

-1

or° h 0 i P
nox | s ) P ey |
ot N RS ; J d

ar° 21 (W? Vi quSD?CSD?d)
nt A~ - = , (835)

ot 3 —
—h —¢b, _Zl (w;ﬁ/ﬁ chw?cw?d)
J:

where we used that mg ~ —h. At the observable level these weak equalities simplify to

On,{wow'} = _(Q;:TQij) = N(Qap)

Ons fo0,p0) = (Qk WO ) Zf Q\/Qiigk = N*(Q,P) (836)

with

3
hQjk, P7*) = —2,/QCe° +2,/QY " |/QiiCE°CE™, (837)
jk ; J J

Let us denote the corresponding quantities in the gauge fixed theory by no(q,p), nk(q,p) and
h(gq,p) respectively whose explicit form is given by

. _ V4
0(¢,p) ( »)
1

3
Z\/Wﬁéf

ng (g, p)

3
h(g,p) = | =215 +2/7 Y (/@50 (838)
j=1

This result is also consistent with the condition following from equation (350) for the gauge fixing
chosen above. Given this we obtain for the dynamics of a function f that does not depend on
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the clock degrees of freedom in the gauge fixed theory:

d (6>df

dr ot dt G7=0,c=c,=0,n=ng,nk=nf

_ (f’at> [ (mtan s )

= [a ( )

t ng (g, p){f, i (y)}

GJ—O,c—ck_O>

3
o S VAV S F ) )

GJ=0,c=ci=

~ h(g.p) GI=0c=er=0  h(q,p)

{f.—2vac" (y)}

%
o
w0
<
[\)
=
=
=

G7=0,c=c

3
70+{f,22\/6\/@(11)53’-“02“(1/)}‘6_0 _ 0)
= = =0,c=c=

3
- [ {f,—mcgm(w}+{f722¢a@55c%9°<y>})

3
- /d3y | 2vaeE )+ 3 Ak )

1 geo > jj 8€0 geo
= [Pug (e )+ 32}
3
= /d3y {f>\l—2\/§cge°(y)+ZQ\/§\/qjjc;“”fe°C§‘-e°(y)}

- / &y h(q.p) ()}
= {f,H"} (839)

with gauge fixed Hamiltonian
HOY = /d?’y h(g, ) (y)-

We realize that the dynamics of the observables and the dynamics of the gauge fixed theory are
identical.

D Calculations Generalized Model Four K.-G. Scalar Fields

D.1 Constraint Stability Analysis

In the following we need to perform the constraint analysis in order to check whether the primary
constraints are stable under time evolution with respect to Hprimary Or not. The non-vanishing
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Poisson brackets on the phase space are given by
{gea(@), 0" ()} = K0.50)8 . y), (840)
{n(2),p(y)} = 5(3 (=,y),
{n(@), po(y)} = 536, y),
{¢° (@), m0(y)} = 6Pz y),
{¢/ (2), mi(y)} = 5J5‘3)(w v),
{My;(x), T (y)} = s, y).
The primary constraints are given by
Zi=D, Zq i =Dpa, Pji=m;— \/QMjkcpﬁ, OV .= AW, tot0 .= 8e0 4 c‘/’o7 ciot 1= 8% 4 ¢¥

and

1 1
KB = 7 (qacqbd — 2Qaqud) abped — /gR®),

= %\[ { .t ¢’ b:|
K8 = —2qqcDypp",
cf = Wosﬁ?a + Wj@{a‘
We need to calculate the Poisson brackets
z={z, Hprimary} ={p, primary} (841)
2q = {Za, Hprimary } = {Pa, Hprimary }»
AV = {AY Hpvimary } = {11, Hprimary }
b; = {®, Hyrimary } = {75 — VaAM;rpl, Horimanry }-

D.1.1 Secondary Constraint 2

I. Calculate

z= {Z, Hprimary} = {P, Hprimary} = /dgx {P, hprimary} (842)

n . n
ST+ 5 VaAMi g™ 9l +

= /d3x {p,vz+ 1Pz + qu)j + uiinj + nctot0 4 pbetet 4 2

X

L Jdz{p,vz} = [[dzv{p,p} =0
X

2. [d3z{p,vtz} = fXde v {p,pp} =0
X

X
=0

= — [d3z ) \JgMy, (% — n@k) {p, £} = — [Pz p? JGMy £ 0k 6, )
X X
= —p? /qM;1, 2% where we used that {p, 2} = L5C)z,y).
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3. [Pz {p,p/®;} = [z p/ {p, 7~ JaMrpl} = [da (Pj {p,7;} —p7JaMi{p, 5 (9" — net,
X H/_/
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4. [Bx{p, pij A7} = [P pi{p, 17} =0
X X

5. fd3x {p, nctot0} = fdgx (cgeo + C‘”O) {p,n} = —ct°t0
X X SN——
5@ (a,y)

6. [d3z{p,nlci*} =0
X

7. [Pz {p, folm;} = [dPa{p, 5 (&7 —npl) m;} =0
X X

8. [dz {p, 5/AMijq™ @' u )} = [P 5 /aMiq '@, {pn) = =5 /AMia" e,

X X SN——

—6®)(a,y)

9. [dPz{p, 5} ®;} = [dx <{p, 201} + @i {p, Z‘Dj})

X X

= [Pzl {p, § (75 — VaMjken)} = — 50075

X

In summary we obtain

z= {Pa Hprimary} (843)

1 1 ;51
= =P VaMjey, — 0 — S aMiq L, — e

D.1.2 Secondary Constraint Z,
II. Calculate

Za = {Za; Hprimary} = {pa, Hprimary} = /dsl‘ {pa, hprimary} (844)
X
= /d% {(Pas vz + V02 + 7 @ + pig A7 + nct0 4 bt + 5¥nT + 5\/§Mz‘jq6d90fc907d +5en®s}

X

1. [d32{pa,vz} = fXd3£C v{Ppa;p} =0
X

2. [d*z{pa, v’ 2} = [ d* 1" {pa, pp} = 0
X

3. fd?’x {pavqu)j} = fXd?’m pj{pa’ Tk — \/ank(pﬁ}
X

= d%(ﬂ' w3} P AMi{pa, £ (F — b )z d%(pj Ik Lk, {pain? )
{ P {pas 5} PP JiMii{pa, & (2 = n®% )} ){ VaMir @l {pan’}
=0 — 5553 (z,y)

= — [z pl JqMji5 0,0, y) = —p? /M6,
X

4. [dPx {pa, pij A7} = [dPx pij{pa, 119} =0
X X
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5. [d3z {ps,nc**0} = [d32 {pa,n (Cgeo + C“’O)} =0
X X

6. [d3x {pg,nbcfot} = —ctot
X

7. fd x{pa, 5o} = fd e {pas 53 (W @jb) i}

:7fd3 290,177% {pa,n} *Qw,aﬂj
X ——

—6503)(z,y)

8. [d*z {p., %\/E]Miqud@fc¢?d} =0
X

0. e i §el®,) = [ ({pa, ni 1D, 4 o (P ’;@j})

(o @1}, + 20h {pa, (5 — \/anw’;)})

- Jae (s

X

s (5o 2,600.0) — St @M {ons o)

X

[a? ( @1, @02, y) — w%ﬁ%w’iﬁ“%@)

X

= 2<p @ 2<pnfMjk<p ", where we used that M;, = M;,; and

(o) = s (¢7 = n*¢, )} = =1, {pan’} = 163,0a,y)
N—_——
055G (z,y)

In summary we obtain

. R 1, 1.
Za = {pa,Hprimary} - pijjk 50 ,a Elt §¢?a7rj + icp?aq)j - 5@%\/&Mjksﬁf€a. (845)

D.1.3 Secondary Constraint A#
II1. Calculate
{A” Hprlmary} - {H’L prlmary} - /dgm {HZ prlmary} (846)
X

= /d333 {Hij, vz 4+ 10z + pF Oy 4 pie AR + netot0 + nbcfft +
X
1. [d3z{l1¥, vz} = [dPzv{lIY p} =0
X X

n n
?Pﬁm + EﬁMkeqab%’kasO by + 5 tﬂn@k}

2. [di {1,102} = [dPa {17, py} =0
X X

3. [Bx{l1Y, p*®,} = [d3z pF {119, 71 — /qGMreply }

X X

= [d3z (pk {11, 7} —pk /gt {117, My} ) fd3xp VL 01876C x,y)
X —— ———
=0 —6,63 8@ ,y)

= [d3z p'\ /g3, 032, y) = p'\/Gpl,, where we used that My = Mgy,
X
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4. fd3£L' {Hij, ,ukgAke} = fd337 MkZ{Hijv er} =0
X X

5. fdgx {Hij, nCtOt’O} = fdsl' {Hij7 n (cgeo + c¢0>} =0
X X

6. fd3x {11, nbctOt = fd3:c n?{I1% a4t =0
X X

7. [Pz {119, 2ok} =0
X

8. [d3x {IIV, 2 /GM,q™ k(p = [d3z q* kﬁp % My}
){ { 2\/> b} f 2\/> Pa ,b {

~51,63 53)(z,y)

=— [d%z %\/gqab(pfagofbd@)(x, y) = —%\/@qabgofago{b, where we used that My, = Myy.
X

9. [ {119, Bk} = [de Bk {119, my — \/GMieth}
X X

= Jate (h {19, m) ~ Aokl (07 M) ) = [ vk et1010 o)

=0 —58,63 8@ (,y)

= dex q%np%g@%é(?’)(x, y) = \/Q%Qpngoﬁl, where we used that My, = My..
X

In summary we obtain
AY = {11V, Hpsimary} = p'v/300 + 5 f (wnwn — 40l b) (847)

D.1.4 Secondary Constraint ®;
IV. Calculate

(i’j ={®;(x), Hprimary (y) } = /d3y {® (@), hprimary (y) } (848)

= /d3y {@(z), {VZ + 102 4 PPy + ke A+ ncto0 4 bt 4 D 4 2 fMMqabsﬂkM b+ wkq)k ()}

X

1 [Py {®;, vz} = [dy{m; — JaMjipl, vz}
X

2

= ){dgy vimj = aMjip,, p} = fd3y< {%P} —vy/aMji{5; <</>” - nb%ﬂfb) ,p})

= = [@yvyaMy; (5 —n'gh,) {4,p} = fdgy v\/AM;i 57,0z, y)
X
= v\/qGM;; 1!, where we used that {i,p} = —266)z,y).

2. [d3y{®;, 102} = [dBy{r; — VaMjieh, oz}
X X

= [Py {m; — JaMjipi, pv}y = [Py (Vb {mj,op} =1\ AM;i{ L (¢ — npl,) 7Pb}>
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=[Syt qMyio', {n® pp} = [dPy vt /aMyi=eh 6 x, y)
RISUCRN)
= V'VGMji el

3. fdgy{@g pk@k}—fdgyp’“{@ D}
*fdf’yp’“{[ me%J( ), [®k] ()}
= f 3y p*(){[r; — VaMyih ] (x), [m — aMreoh] ()}
= f&y (740 ) 10}~ [V i63] ()]
—_———

=0

= ") (@), [VaMeepl] W)} + 0" (W) {[VaMjie, ] (@), [VaMrep,] (y)})

I
?*%X%

>~
3=

=0
y) [Vadi] (2){e; (@), m(y)} — [ VaMie] (y){m(2). 00 (y)})
Y) [mvaMi] (@){(¢" = n¢) (@), me(y)}

Py (=p
*y (=p
VA ()i, (¢ = nty) )}

P () [5vaMii] () (010w, y) —n®(2) 52 0@, ) 6}

|
Sy
o
w

<

+

PV () (2050, 5) = () 600 1)) )
(7400 130 (0) 20690 = [ M) () 55500,
= % (= o) [vanMa] (o >£6<3><x )= [0 1AM ()0 e) )
naMp] + [P intaMyn] , = p* [0t VaMyr] , + 208 [0t /aM;u]
4. [By{®;, preA*} = [Py pre{m; — /qMjilh,, TIF}
X X
= [d®y (MM {WJ,HM}—uke\/éw%{MjuHM}) = —fd?’yukéxfwﬁ%%(?’)(fc y)
X =0
= — [Py pjin/aeh 0w, y) = —pji/aeh,
X

5. [d3y {®;, ncto0} = [d3y {m; — /GM;iph,, nco0}
X X
= dey ({,/Tj’nctot,O} _ {\/EMJ_M:‘”nCtot,o})
X

= Ja%y <{7rj,ncge°}+{m,nc¢°} {aMjih mesee} {ﬂMjiw27ncwo})
X
=0 =0 =0

=— fd3y{[\fMij;] (), n(y)cE(y)}
——fd3 (Ml ] (2){\/q(x), n(y)c2(y)}

232
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= — Ja%y ([Myip}] () 225 [qactva — 3aavdea] (4) (0 (W) (/@) p*(0)} + {VA(@) 9™ (W)} (9)) )

=~ [ & ([Migh] (@) 2205 [qactha — Saavted] (1) 5/A(@) (0 (9)a* (@) + ¢ (@) (y)) 0Pz, ) )

= _% Jlgoiz Qabpab - %qc,bpab (Sg +chp0d _ %chpcd 53
~~ ~—

=3 =3
= gMjigoﬁanbp“b, where we used that ¢*® = ¢** and M;j; = M;; are symmetric.

For the calculation under 5. we needed to calculate the Poisson bracket of /g and p*. We
know that &g = qq®®0qap, see for example [9]. From this follows

11 11 1
6 = —— = —-— abda = — ab5 ab- 849
Va 2\@&1 2\/@qq qab 2\/FJq ab (849)

For the Poisson bracket of /g and p® this means

(Va.p™} = %\/ach{ch,pab} _ %\/andné&éZﬁ(g)(%y) _ gﬁch% (8208 + 820 6@z, y)
(850)
= SV (" d) 0¥a,) = 5 A y),
since ¢* = ¢"® is symmetric.
6. [dPy{®; n’ci™} = [Py {m; — aMjipl, nci?'} = [Py {m; — JaMjipy, n® (5 + cf)}
X X X

= [y | {mi,n"cE° + ¢} —{/aMjiph, n" e} — {\/qMji},, n"cf}
X _/_/

=0 =0
= — [Py {[aMi;e}] (x), [n"c&°](y)}
X
= Mjip, (—\/qubc (n*Gacl , + /@271 aclGy + /39" n“qacl“’}b)
= Mjioh (—/24" 1% qac — /39°°1 " Gacp + /397 1 qacly, + /00" 00T,
, 7 f
= Mj;l, (—\/?m?bqacqbc + VA" Qacd + /A" Gacd’ TGy, + /30" Gacg”’ F’}b)
= —\/qM;;0in 00 + \/GM,jiph n qac Dyg®
= ﬁMjiW:L (_n?a + nGQaCqubC)z
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where we used that

(W)t} = (Vi) | - 200, D™ | (1)) (s51)
= 2 n"00c] (V). D" ()}

K

= 2 0" 0ue] V), 00" (0) + T () + T ()

= 2 0] V), 7 W)} — = [T ) ()3(), 2 (0)
2 g5 ) a) 1 ()

% 5| @) 1] 0 a0 000} = 2 | 50" ) (10T 5] ) (o))
V™ ) 1) ) a0, ()
= [V 0] () 8005 58 0) — % (V™) 0 100D ) w5 5,00
- L VA @) [T ) w00, 30,0 )
= — [Vaq"] (@) [n*qac] (v) 58b5(3)(x y) — [Vaa™] () [n"qaclS] (y) 6z, y)
— [Vag" (@) [nquelp] (v) 6, ).

. fd?’y{@j,%wiim} =;</’d3y{7rj — VaMjigh,, 5enmi}

= [d% ( [57e] W{mi(@), 00 ()} — [5en] () [VaMji] (x) {%(I)mk(y)})

— [305] W) [3vaM] (@)5; (569w, y) - n (@) 326 a. 1))
nom] (y) 520, y) + [3¢4] () [2n0 VaMie] (@) 520z, y) )

nom) (W) 520w, y) — [365] () [En®VaM] (@) 52269, )
X
= [gn'm] , = [5en] o [an"vaMir]
8. [y {®;, 2\ /aMreg® ", o4} = fdgy {mj — VaM;ioh, B /aMreq ok, 04}

[ (3] (), (i) (1) — [ (VT gt b iy

!
!
= [y (= [3m)] 5 (50w, p) = n2(9) 52209z, )
I
J

=0
= [ &y [ny/aq® Miegh, | (n){m;(2), 0%(y)} = = [y [ny/ag® Myeph,] ()85 528, )

X
= [n\fq“kajgok } where we used that ¢ = ¢*® is symmetric.

9. fd‘3y{<1>j Sen®rt = fd3 ([5en] W{2i(@), @)} + [5Pe] W{®;(2), ¢ (v)})
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w\:

= [zen] [FnvaM] +2 [5en] , [an VaM]+ [ Py [50] W7 — VaMiien] (2), 25 (y)}
= [5en] [in*vaMi] , +2 [5en] , [0 VaM] + [y [52n°] (1) 550w, )
I

X
= [2g0n “\/(ijk] +2 [ngn] [1n“\/§Mjk} - [%q)jn“} .+ Where we used the results
from the calculation in 3 above.

In summary we obtain

1 . 1 1
by =AMt + VM 4 o [ Lttt ot [ Levan] s

— 1jiN/aPh + *Mﬂ%qabpab + VMl (—n% + n®qacDog"™)

1, n 1, o
L] ), ] oo,
n a n 1., n_ .
+[54] [n" ﬂMﬂc] 2[5l {n” \/ank} - [zem] -
D.2 Summary
We summarize:
~77lk M Zitot,Oil M ab 1 71 853
i= =P ViMip, — ¢ 5 VaMijaq 0o, swr], (853)
1 w1 1
Za = _pk\/nglﬁw,ea - sz ' + 730?1171—]' + 790?(1(1)]' - ispiLﬂMje(p,Za?
Aij i i, i ab i
AT =p \/?1<p%+5\/?1(<ﬁnson—q ”wawb)

. 1 . . 1
o, = I/\/gMjiESD:L + I/b\/&MjiﬁSD?b + pk [nna\/ank:| + 2pfca [nna\/ank}

,a

7 n 7 a 7 a a c
— 1ji/aer + 5 MjiPndarp P+ VaMjipl (—n% + n®qacDyg™)

1 a a
+ Ln 79} + [n\/aq ijkgof“a]’b

,a

] [Brrvaasa] + [2t] [Brrvansa] - (o]

,a

E Calculations Simplest Generalization Four K.-G. Scalar
Fields

Large parts of this section have been published in [130].

E.1 Constraint Stability Analysis

In the following we need to perform the constraint analysis in order to check whether the primary
constraints are stable under time evolution with respect to Hy imary or not. The non-vanishing
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Poisson brackets on the phase space are given by

{gea(@), p™ (y)} = 6656, y), (854)
{n(z),p(y)} = 5(3( Y),
{n*(z),po(y)} = 650z, ),
{£°(x), m0(y)} = 6z, ),
{& (), m(y)} = 61.0%, y),
{M;;(z), TI* ()} = 6%6)(a, ).

We need to calculate the Poisson brackets or respectively secondary constrainst

z= {Z Hprlmary} {pa prlmary} (855)
Zq = {Zm Hprimary} = {pa7 primary},
AJJ = {Ajja Hprimary} = {H]J, Hprimary}~

E.1.1 Secondary Constraint 2
I. Calculate

z= {Z Hprlmary} {pa prlmary} (856)
/ddx {p, hprimary } = /d?’x {p,vz + vz + Z u]JA” + net + nbcgm}
X X J=1

1. [d3z{p,vz} = [Bzv{p,p} =0
X X

2. [dBx{p, vz} = [Bzvt{p,p} =0
X X

3 B 3 ..
8. [dPa{p, 30 pjsA} = [Pz 3 py{p, 117} =0
X j=1 X Jj=1
4. [Pz {p,nc*'} = [d3z {p,n (& + ¢?)}
X

X

= [d3z (cgeo {p,n} +c* {p,n} ) = — [Pz 6Bz, y) = —ctot

X N—— N——" X
—5Oay)  —6O(ay)

5. fd% {p,nbcot} = fdga: {p,n (g + )} = fd3xnb{p, TP b} =0
In summary we obtain
z= {pa prlmary} CtOt- (857)

E.1.2 Secondary Constraint z,

II. Calculate
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Z(l - {Za; prlmary} - {pa? prlmary} (858)

/dSJT {pa7 prlmary} /dgﬂf {pa, vz + V 2y + Z /’(’j]AJJ + nctOt 4 nbctot
Jj=1

1. [d32{pa,vz} = [Pz v{p.,p} =0
X X
2. [z {ps, P2} = [Pz v*{ps,pp} =0
X X
5 3 B 3 3 .
3. [dPx{pa, 30 piN7} = [Px 3 pji{pe, T} =0
X j=1 X j=1
4. [Pz {ps,nc*} = [Pz {ps,n (B +c?)} =0
X X

5. [d3z {ps,nc*®} = [d3z {pa,n® (§°° + ¢)}
X

X
= [dx <C§e° {pa,n"} +cf {pa,n"} ) = — [Pz 6Oz, y) = —c*
X N—— N—— X
—08506)(w,y) =358 ay)

In summary we obtain

- {pa; prlmary} - _C(tht- (859)
E.1.3 Secondary Constraint A%/
III. Calculate
Ajj = {Ajjy Hprimary} = {Hjj rimary} (860)

/d3x {1197, hprimary } = /d3x {T9 vz + Wz + pF®y + Z Lk AFE 4+ netot 4 nbciOt}

X X k=1

1. [d32 {119, vz} = [dPzv{ll¥,p} =0
X X

2. [ {TI, vPn} = [da {0, p} =0
X X

.. 3 B 3 ..
3. [Px {7, 37 A} = [dP 3 pur {07, TTFF} = 0
X k=1 X k=1

4. [z {197 nct°t} = [d3z {1197, n (8% + ¢¥)} = [d3z (n {1199 ¢8°°} n {1197, c“"})
X X X —

=0
3

R a M-1)kko o
Pan{l¥, 505 +3vadudh + ¥ (A + L aMigh )}

/
X
~ Ja? ( > (1, (01 1Y 3 L gk b (115, MM}>
X k=1 N ——’
~8,6()(z,y)
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— 35 OO (1, Mic) 0} el 50
—6,6G)(w,y)

3 N NS e R L ab i g
& (n > WL 56, y) — n /g b@?awfb5(3)(m,y))
n

k=1

M1 (MY s o
{‘ S %\/c’zq“%?awﬁ,} 5@z, y)
M= (MY ab i
|:( ) (2\/5 ) it %\/Z]q b‘Pﬂ;‘P{b}

5. [da {IV,n’ej"} = [dPan® (I, ¢ + mogly, + 32wy} = 0
X X J=

In the calculation above we used that
S S(M NP My; = (MY ks My,
multiplication with (M 1) from the right side gives
BM YRS = — (MM (M)
= Mié — _(M—l)ik(M—l)jé(SMkj
In summary we obtain

M=1Vid (M -1V o
(M) M) mymy — V" e, | =: . (861)

Vi

Ajj = {Hjijprimary} = g

E.2 Summary Secondary Constraints

The constraint stability analysis of the primary constraints z, z, and A7/ leads to

z= {p7 Hprimary} = _ctot’ (862)
Zq = {paa Hprimary} = _CZOt,

. - n (M*l)jj(Mfl)jjﬂ,W, ob i

W) = {109, Ha} = [T it

We realize that we obtain three more secondary constraints that we denote by ¢’/ which are
given by

i {(Ml)jk(Ml)ﬂﬂkﬂ
2 Va
tot

In order to ensure that the primary constraints z, z, and A%/ are stable we require c**, c
c?7 to be secondary constraints.

- \/Eq“bwfasafb] : (863)

and

E.3 Constraint Stability Analysis - Tertiary Constraints

Now given the set of secondary constraints {c*°t,ct°t, ¢/} we need to compute whether these
constraints are stable with respect to Hprimary Or whether tertiary constraints occur. For writing
comfort we define M := (M 1% := 13 and I,J =0,1,2,3.
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E.3.1 Tertiary Constraint ¢'°!(n)

I. Calculate
We define the smeared constraint ¢*°*(n) := [d3zn(z)c***(z) and calculate

{CtOt() Hprimary } (864)

/d3 /d3y{n W} + /d3 /d3y{n 9 (2), 11 ()20 ()}
4 /d3x /d?»y{n(x)cwt(x)vZukk@m“(y)}

+/d3x /dgy {n(x)c(z), ctoy( }+/d3 /dgy {n(z)c (z), 0" (y)ei™ ()}

For the single terms we get the expressions:
L fd3x fd3y {n(x)c""(z),v(y)z(y)}
= fdgl“ de z)es(z),v(y)p(y)} + {n(x)e? (z),v(y)p(y)})

= Jda [ty ( eE(a) ) p)} +v(0)e” (@) fole). i) )
o 5®(,y) 5®(a,y)
= [z [Py v(y)ctt(z)dC) 2, y) = [Pz ()t (z) = c°t(v)

2. [d3z [d3y {n(z)ctY(x), v*(y)zp(y)}

= [z [d®y ({n(z)c=*° (@), V" (y)pu(y)} + {n(x)c? (@), v (y)po(y)})

X X

— [ [y ( Y (@) {n(e), po(y)} +v(y)e* () {n(a:),pb(y)}) ~0
X X T T
3. [dPx [dPy {n(x)c" " (), prr (y) T (y) }
= @ oy (fuloe Zukk )} +n(e)e (o), X )T ) )

=0

3 3 -
w2 a M Yign; a Pg
= [d®z [d3y 2 mayn@){] 575 + 3V %95, + > (7( 2+ 1 /g ijﬂP?a%) (), IT¥ (y) }
j=

X X

= O [ 5 pslynta ([’;j;g]<x>{<M-1>J‘f<x>,Hkk<y>,}+[Mq%?aso?b} () (M (o). 10 )

k=17=1

555()(a,y)

= Jd [y > 5 malun(a) [ 253 (00 () (Mae(a), ()

k=1j=1

555G (a,y)

+ [da [y z i3 (0)n(2) [ 51/20 00, | (20, )

X X j=1
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== [ 35 male)nla) [FH OO @ [P S @ [Haree)] @)

k=1j=1 X

s I ,
n [(MHYFT M NYiirm; ab,j
= J &% 3 () [_5 [( S - bﬂ“(p?bﬂ(m)
=

X

Since the fourth and the fifth term are rather lenghty, we display them here separately divided
again into subterms.

4. [Pz [Py {n(z)ct(z),n' (y)c* (y)}

— fdi’z(x dey {n(x)cgeo( ) (y) tot }—i—de:L' dey {TL ) (:C)m’(y)ct"t(y)}
= [d®z [d3y {n(z)cE(x),n/ (y)cE( }+fd31‘ fd3y {n(z)esee(x),n'(y)c?(y) }
(z)

+7d3x7d3y{n x)e? (), n (y)c&(y }+fd3xfd3y{n z)c?(x),n(y)e? (y)}

4.1. [d3z [Py {n(x)cs*(x),n/ (y)cE(y)} = {c°(n), & (n)} = & (¢! [ndn’ — n’dn])

4.2. [d3z [d3y {n(z)cE (), n' (y)c? (y)}

= &% [y (o) (5[5 (Gactba — Saangea) pp — ARD | (@),

3 —1 JJﬂ_ P
| (U e Maelel) | )

= [d3z [Byn(z)n(y) [%ﬁ (Gacqva — %Qab(kd)} (z)

3 3 ])\;71 JJ 3
(|2 oz | @, 50 + | £ 1neled] 00 @ o). vae o))
= fd% fdgy n(z)n’(y) {% (Qacqbd 2qachd)] (x)

1M e

1)2”’”7”] ) (p7(@) [3 507 )+ p(@) |3 La| )

MJJ@:]eSDf:| ) (0°°(x) [5v/aa°a! ] (y) +p°4(z) [5v/aa*q ] ()

<

|
lﬁrk‘—|f_—|><
e
[

0
+ Jio %MJJ@,JEW} ) (@) [Vaaeea’] () + p*(2) [Vag**q”] (v) )5(3)(x’y)
= [d3znn’ {% (qacqba — %ququ)}

1 JJTr P
Z (M~ ) J J:| (pachd+pcdqab) [Z MJJ\fqefw e@f] ( ch +pcdqab)
J=0

3
|:Z 1MJJ\/>§06§0 f:| ( abqecqfd+pcd eaqu)>

J=0

3 (M~ Y g yms a ef ab
f \/a Z 2\/5( (*Qabp ) Z MJqu @e@f (*Qabp )
X
+ 2

(12

N

J=0

{Z 2Mos/aeee, f] (QPef—qabp“bqef)>
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= —nn'L ( [Z (M 1)”’””] abp™® — [Z sMy/aqt ol f} qabp™
4 LZ_:O QMJJ\/@P,eQO’f]p >
= *fd%nn'ﬁc”q(szab + [dPznn' S Wi {Z M@ty }
4.3. fdgxxfdgy {n(z)c?(x), n’(y)Xcgeo(y)}
X X
= fdgiﬂnn'\lfc‘pqabp *fd?’mn'% {23: sMr\/qe: e@f]
X J=0

We used that:

(0™ (@) (a), \}a@)}
= pot(2) (4 (a), \}aw)} + {(p(2), \}aw)}pcd(x)
~ () H}qgh] ) (7 (2), 401 )} + 77 (2) [—i}qgh} () (), 0010}

11

~x <pab<z> [;;aq} )+ () |57z >) 59z, 9)

qh] )6®(z, )

(™ (x)p™ (2), Valy)a’ ()}

= p® @) {p™(x), Va(y)a” ()} + p*(x){p"* (x), va(y)q™ ()}
p*(x)q* () {p*(2), \f(y)}+P0d(f€)qef(y){]9ab($)a\/5 )}

P (@) vaw){p™ (=), ¢ ()} + (=) Va){p™ (=), 4% (v)}

p(0) |5V | )0 @) ) + @) |5V )0 @) ()
p* (@) [Vag“a™] {p™ (@), qen (1)} — p°(2) [Vag™“a’™] () {p** (), gon(y)}

= o) | Va0 | 05O, 0) = i) |3 6

85,5000 (2) [3a*0a™] ()5, ) + 88,3800 (2) [V 9™ (0)6Oz, )

= () | gvataet | )+ 00 |3V | ) 690

+ 5 (p" (@) [Vaga™] (v) + p°*(2) [Vaa*a’"] (v)) 6P, y)

(y
(y

+||

44. [d3z [y {n(z)c? (), (y)c ()}

= [d3z [d3y {n(z) {i (% Q\fqabMJJSOaSOb)]( )

X X J=0
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> (L gt el) | )
— (3. (a3 / 2 (=17 20 e I I
J &z [dPyn(z)n’(y) JX::O s | (@) | X 3vaa* M| (y){ms(@)ms(2), 0l (v) el

X X 1=0

_ [ [y n(@n () [z ) [i ;\/aqabMJJ} (@) 1 ()71 (). o7, (2) 0 ()}

X X J=0

= 4 [d fd3y[ g 1>”](x) [n'ié\/ﬁquMu} (W) ()9 (9)0] 5226w, y)

X X

44 [de [dBy { Z (M= >] (v) |n z MqabMy}( V()¢ (2)67 52563 x, y)

X X

3 _
= fd?’a: Zo [ni(M \1/)6”7”} [n’\/ch“bMJJ@il]b—fd‘gsc ;0 [nlg(M j/)q;”m} [n\/‘jqabMJJ@iz],b

JJﬂ'J abM
7\fq 1IP%
nn'y —n' n7b> q“b Z 7rJ<p7Ja = [d3x (nnfb — n’n,b) qtc?
J=0 X
! ndn’ —n'dn])

We used that:

{rr()mr(y), 0% () (2)} = 2 () {mr(y), o7 ()7 ()}

- 0
TE dm ()t (@) T (), e ()} = —dmr(y) el ()6] @5(3)(967 Y)
We see that the terms 4.2. and 4.3. cancel each other so that in the end we are left with

4. [z [Py {n(z)c*(x),n' (y)c**" (y)}
= B®° ((f1 [ndn' — n’dn]) + & (q*1 [ndn/ —n' dn]) = chot ((f1 [ndn’ — n’dn])

5. Jd xfd3y{n (z)ct (), n"(y)cp™ () }

= fd3$ dey{n ()5 (), n"® (y)ey™( }+fd366 fd3y{n (@)= (z), n"* (y)ef ()}

+fd3x fd3y {n(z)e?(z),n" (y)cg™( }Jrfd?’m fd3y {n(z)e?(z),n(y)cf (v)}

X X

5.1. [dPx [dPy{n(z)es(2), n"(y)cf™ (y)} = {5(n), (i) } = —c&*°(L7m)

5.2. [z [d3y{n(z)c=(x), n" (y)cf (y)} =0

In the following calculation we are going to define

3

3
f[F,M](.%') — % Z(M—I)JJWJWJ’ kab[(p,M](x) = % Z MJJ(p:{l(pr. (865)
J=0 J=0

3

Notice that ¢? = (M-i- 1294 M 97 ):i+\/z]qabk b
= 2./q JJI¥,a¥b Va ab-
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5.3. [d3x [dPy {n(z)c? (z), ' (y)cE* (y)}

- J%a [y {nto) [ 30 (ST 1 b aat el )| .3 7 (v}
= [ [y {[nf Jg + Vad k| @), b (£50)])
= £ 1 [0y 7)) (L) J0H o))

X

=

+3Jd wfd3y (ks (2) [(£300) o) VAN (2), 2 (9)
=1 xde 5L f] (@) [(£00) cal () a0n (), 2 (9}
+5Jd xfd3 (ke (2) [(£509) o0 V()8 (2), 2 (9)
=/ mfd?’ [0 nf| @) [(£70).d) )5,z )
+

J&

X

o (encs)

z [Py [ag*9q" nkap) () [(£5:Q) og) (1) {ggn (x), p°(y)}

Jd
Ja
@
Jd l‘fd3 [kas) () [(£59)cql (v) (Va(@){a™ (@), ()} + ¢ (2){V/a(x), p° () })
@z
Jd&?
}d?’l‘ f Py [3v297" " nkay] (@) [(£319) o) () {agn (), P (y)}

K

(4535).J @)

s
"o [ (Va9 ko) @) [(£20). ) 0)57, 580 )
fd3 (3 Va0 g™ nkas) (2) [(£30),4) ()35, 5559, )

i

ot (20 J o

51 [ag*q" nka] [(£i9) ) + [ P2 [5/39°q " kav) [(£59)..d]
X

3(E

313

s
g
N

d
d
d

S
~
/N
&
31
Sl

| )+ fd k) [(£00),a] (3 A0 0™ ~ VA" a™) (2)
: (z) + [d®z [nkqs) (£ﬁf\/§qab) (z)
54. [d wfd3y {n(x)c?(x),n"*(y)eg (y)}

= [ fdy {n )[g (S22 4 hya Mool | @) | 3 mich | )

d

fa
/
!
!

3
—
—~
j3n)
31
S

g

1
K
1
3

_ [d% faty nz ar 1>”]< >[n§w} () (s (@) (). 1 ()

+ [ [y | 5 Haean| @) [0 5 o] e mw)
3 CANJJ 3

gonge [R5 o o

+ [ [@y [0 3 3| (@) [0 35 o) @26 5 e
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3 —1yJJT
= =2 [d% @ty 3 [n P (@) (] (5) 5200 e, y)
X X J=0
3
+2[ds dey S [n3vacMaspl) (@) 1] () 5209w, y)
J=0

= 2fd3 {nw} [n,beJ] — 2fd3

P v > [n3vaa Mgz , [n’bsﬁ‘]b}

J=0

3
= J&z ol (Lamy) (2) +2 [&*a ]0[chdeoﬂ['swwdb}

e et (%)
X s
= Jd 2 (£ f) @) + fd% nGa (L), (2),
X X

where we used that 7; is a tensor density of weight one and gpfa is a covariant vector field
of weight 0. For a tensor density p of weight 1 the Lie derivative along a vector field n®
is given by £Lzp = O (nbp) = (nbp) , and covariant vector field V; of weight 0 the Lie

derivative along a vector field n® is given by £7;V, = nloyV, + V;,0un® = nbVayb + V},nf’a.
Finally, we obtain for term 5.
5. [Pz [dy {n(x)c' (), n" (y)cp ()}

X X
= Jas [uf (£ )} S0 ) (6 ) 0% 2 (L) g b

)

— 8 (Lan)
= [& [nf (£22) J* S 2 (£ )+ B [nkas] (£0/G0")+ [ A3 ny /G0 (£30K) o4
X ¢ X X X
— 8 (Lzm)
:dexn(.fﬁ/ q) +f (,,waqabk ) geo(£ﬁ/n)
X X
= Jaten (n? L)+ [dan (ne A k) — 0 (£am)
X box
=— [d%z n’bn’b% [d3zn e\ /qq"kay, — 2 (£7m)
X X
=— [d3z (£amn) % — [z (£amn) /7q%kap — B0 (L7n)
X X
= = &% (£am) (L + V/Aa" kar) — E°(L7m)
X
=— [d3z (£an) ?(x) = —c?(£an) — E°(L7n) = = (L7n)
X

E.3.2 Tertiary Constraint ¢ (i)
II. Calculate
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We define the smeared constraint ¢tof( f d32 n?(x)ctt(x) and calculate

{@*(7), Hprimary } (866)

/d3 /d3y{n kot }+/d3 /d3y{n et (2), ()2 (y) }
/dB /dBy {n tot Z,ukk Akk

/d3 /day{n Aot ()} + /d3 /dSy{n (), 1 ()i () ).

L fd3f€fd3y{n (z)ctot (z), v(y)z(y)}

X

= fd‘gx J &Py {n®(@)cE™ (), v(y)p(y)} + [z [dPy {n®(2)cf (x), v(y)p(y),} =0
=0 =0

2. [ [ (" (@) @), W) )

= fd?’x Jdy {n?(z)cg (2), v (W)pe ()} + [Pz [Py {n?(z)cf (), v (v)ps(v)}
= [&z [y v (y)cg (@) {n" (). pp(y)} + [Pz [dPy P (y)es (z) {n® (2), po(y)}
— —

X X X X
528G (x,y) ICED)

— fd?’l'y )Ctot($> — Etot(ﬁ)

3. [d3x [Py {n(x)ct (x), uun(y)TTH (y)}
= [l fdby (n® ()8 (2), s ()T (9)} + [dP [Py {0 (2)ef (@), s ()T () = 0

X X X X
=0 =0

4. [dx f &Py {n?(x)ct (z),n/ (y)c* ()}
—fd?’xfd?’y{n (z)egee (), n/ (y)e*( }+fd3$fd39{” (@) (x),n' (y)e** (y)}
Zfd?’xfd?’y{na(w)cg%( ) (y)eE 0 (y }+fd3$fd3y{n (@)cg™ (@), n'(y)e? (y) }
(

b @ [dPy {n (@)e (@), m (5) 5y }+fd3xfd3y{n (2)ct (@), ' (4)c* (4)}

AL [dz [dPy{n®(z)cs (@), n' (y)e=(y)} = { (), = () } = = (L)

4.2, [d3x fd3y{n (@)cge (@), n (y)c? (y)}

- [@%s [ (£ads) | @) = [ ko) (£nv/A0™) (@)
4.3. ){d% [y {n(z)cg (z),n’' (y)cgeo( )} =0
44. [Bz [Py {n(z)c(x),n (y)c (y)}

- 5 () 0) [ (L) )
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5. [d*z [Py {n®(x)ck(x), n*(y)ci* (y)}

= [z [dPy{n®(z)c§* (@), 0" (y)ep( }+fd390 fdgy{n z)eg (x),n"(y)ey ()}
= [&z [dy {n®(2)c§* (), n" (y) ;™ ( }+fd3x fdgy{n )c§ (), n" (y)ef (y)}
+ [dPx [dy {n®(2)cf (@), 0 (y)eg™( }+fd3xfd3y{n (@)cg (z),n" (y)cf (y)}

X X X X

5.1 [dia [dby {n® (2)c8 (), 0 (y)cf (y)} = (@ (), (1)} = &0 (L)

52. [z [d3y {n(z)cE (), n" (y)cf (y)} =0

X X

5.3. [d®x [dPy{n(z)c(x),n"(y)e;™ (y)} =0

54. [d3z [dPy {n®(2)cf (x),n" (y)cf (y)}

= [d*z [d3yn®(x)n"(y){ LEiJO mcp;{z] (z), LEEO W,’b} (v)}

X X

= [d3x [d3yn®(z)n(y) é é (m(w)w,}b(y){so,{l(w),ﬂz(y)}+w;ﬁ(fv)m(y){m(w),soﬁ,(y)})

X X J=01=0
3 3

= [@z [@yn® (@ () 2 5 (rs(@)eh0)0] 5507w y) ~ ¢hl)m ()0} 55
Jaee ==

:fd3 J 0( n 7TJ] n'b¢£+n“¢:{1 [n’bﬂ"]]’b)

= [d Z (—nf‘an’bcp;éﬂ' —nn/0p’ DTda + n“n'ggajﬂg + nan’bgol Ty b)
=0

3
I;Ifdgx > ( n%n’ cpb7rJ+[n n’btp‘]} w4+ nnYet s — [ne n'bcp"] 7TJ)
X J=0 ,a

3

:fd?’a; Z( n%n't i m s +n%n/Polmy + ntn'h ey + nn/bol
J=0

Jrnan/ll;(pJ my—nd n/bwl — nan/lbygol 7y — non'by: ba7TJ>

= fd3 (n“nfﬁg@fbﬂJ n%n/bp7, 7TJ)
J=0
—fd?’ ( bp'a n’bnb)c =P (Lzi)
The addition of 4.3 and 4.4 leads to ¢?(£zn’). In summary we obtain for term 4. and 5.

4. [Pz [y {n®(z)ci (x), ' (y)c' (y)} = ¢ (Lan') + 5 (Lan') = ' (Lan').

X X

5. [ [y (n° ()i (2). " (y)el ()} = (L) + 89 (£git') = 84 (L)

X X
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F Calculation of j;;

Large parts of this section have been published in [130]. The expression for §;; reads

i) = — [ ayya ){m%> ()}

/@%r< 1 (0, ()} + {e0(@), 5 (1))
)3 . .
=—Va (Agffz) ( 23[ (1" qun) = nplap, P

) {( iy ] [n\[qab J} ) [\[M”q wb} . [n(M—l)jj%—l)ij

00 (M 5y oy M3 [ o) Mg b
S St ¥ VAP Y a u JJ a JJ |: a J:| JJ |: ab Jj ,
27’[,7'['2 (p q b) + \/EI 7_[_2 a@ b p + 71' n\/7q a + ’]T] \/a ]q 30 b a

7 J
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where we make use of the calculation of the Poisson bracktes. First we calculate

1
/ dPy{rcE(z), (y)} = / d’y [ (qacqbd 2‘]achd> Pt —/qR® +2\/§A} (),
P v

X 1 (y)}

st [y | 2 (it Gassa) | @) [FO 00w )

3 Jk M kg
kTk
l [Z i — Vg o,

V4
{p** (x)p° (),

{p** (z)p™ (), \/é(y)qef ()}

= /d3y [\1[ (qacqbd 1Qaqud>:| (z) {g(M_l)jj(M_l)jjﬂﬂj} (y)
(pa%x){pcd(x), ja@)} T @) (p™ (@), ja@)})

- [ 0| 2z (et = ja0aa) | @) [57)] 0)

(" (@)q™ () {p°“(@), vaw)} + p* (@) va){p* (=), ¢ (y)}
+p°H2) g () {p® (), vay)} + p°“(2)vVaw){p™ (x), ¢ (v)})

- /d3y [\}Z] <qacqbd— ;qachdﬂ (z) [g(M DY (M 1>”7TJ7TJ} )

(p“b(x)(—gfq ) () (=r6(.09)8@ (2, ) + p* (a )(—2\1fq )y )(—%5225?))5(3)(9672/))

- / d’y L}q (Qacqbd - ;qachd)] (z) [gwﬁw{f} (v)
( "(@)(5 fqef ¢"") () (—r6(,61)0P (2, y) + p™ () (5 fqef M) () (=8, 57))8®) ()
+p () (—v/2a° 4" ) (9) (= K80, 81y )6©) (2, y) + p° () (= /20" 4" ) (y) (= K, 5 )5(3)(95,y))

q°=q"" 1 1 1 [n —1\jj 1 b _cd d _ab
= ac abqe iM J]M 27 :| aob  Ci C a
"o | g \dectd ~ 3lardea 5 (M) Yimimi| (p* g™ + p*q®)

1 1 1 n o
_ _ _ = I R | ab_ef cd cd ef ab
+H2\/?1[\[ <QaCde 2qachd>} [Qso,ew,}(p a7 ¢+ p*q )

1 no .
N { 7 (QaCde 2QabQCd)] [5%@0,@} (" +p“q*q")

1 1 {n 1 C1vdd b
=k | = (M 1) (M ”7r-7r-] —p*qab
2i v 5 (M7 (M) | ( )
1 m . - 1
| = J _—ab _oef ab ef
+H\/5\/§[2<ﬂ?e<ﬂ,ng 5P davd” >+H\f\f{ esaf}( 2p° + p**qang®’)
L on [(MZ)(M-)mm; b b
= —Rs—> +Vag7 e’ | (0" qan) — gl o, p*
2f2[ NG ve ) 070 0) = wnla

— ksl (pPq) — R, P
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Next we calculate

iy 2 1 3 M—YHr,m 1
[vter@. ey = [ [ s gvanrest+ 3 (g zﬂMuq“bsofaso?b)] (@),

X

n 3 —1\jk -\jko o o
lg [Z ()M Y e —ﬁq“dwfcwde (y)}

“] (0), |5 vaa o] )}

n 3 —\jk( pf—1\ikg,
\/aMMqabSD,ZaSD,Zb] (SU), [2 Z (M ) (M ) u k] (y)}

e Y44 n . .
- [y | ]@),[Qﬂch} (W) {me()me (@), 2% (0) £ La ()}

—1\¢¢ n . .
) ] (@), [2vaa™] (o) 4mew)el (o) o). o (w)

3

n (Mfl)jk(Mfl)jk
9 kX::l \/E]

] (y) 40" (@)me (y) {0 (), me (y)}

3 —1\e¢ ) )
— [y |y 00D ]@) (13} ) (o)) (32 6
X Li=

[ 3 3 —1\jk —1\jk
+/d3y Z\@Mzzqab} () [nkz_:l(M 1)\/(§M D) ](y)¢fb(x)wk(y) (5,‘;6?305(3)@,3/))

. / ) [23: Vil qab(p’kb] (@) [n(Ml)jk%l)jkﬂ » (8‘205@)(9:,;;))
|

<.

MI*£0 for j=k _ (M~1)iig;

_ |:(M1)]j7l'j:| {n\/aqabﬁpfb} ) B [i \/&Mkkqabcpfcb]
’ k=1
|

] L] pctvrtnn)

,a

S
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The rather lengthy but straightforward calculation presented above shows that
1(M;;)3 y C M;;)3
Bi0) =5 g (2) + Vg P (0
ns; ' 7r

(M;;)* (Mj;)

e O (0 ant) s 9 (ag,va0es) )
nm; ,a Uy ,a

G Lemmata from the AQG III Article

We recall here two lemmata from [4], since they are used throughout the calculation for several
times .

Lemma 2.1. For each k > 0 there exists 0 < B < oo such that
Farear () = Brt™ 2 < f(t) < farin (1),
where fi(t) denotes the partial Taylor series of f(t) = (1+1)4, 0 < q < 1/4 up to order t*.

Lemma 2.3. Let B_ < B < B, be self-adjoint operators and set B := [By + B_/2], AB =
[B+ — B_/4]. Then for any states 11, 12 in the common domain of all three operators we have

(R((¥1, [B = Blva))l,  [S((W1,[B — Bly))| < (¢1, [ABJi1) + (2, [ABJ2).

H Additional Calculations Semiclassical States

H.1 Coherent States for SUSY Potentials

The method we will present here was first applied to special problems in supersymmetry, but as
for example Nieto [34] and Molski [174] showed that it proved to be useful to construct coherent
states for a special class of potentials V(q), so-called supersymmetric potentials, which have a
certain functional form we will display below. In [34] used this method to construct coherent
states for the double well potential and linear (gravitational) potential.

For convenience we will now absorb all prefactors in the new variable x so that the Schrodinger
equation in the position representation has the form

H=-90?+V(2). (867)

The statement of L34] is that in analogy to the annihilation and creation operators @ and a' one
can define A and AT for more general potentials, if V() is a so-called supersymmetric potential.
A potential is called supersymmetric if it has the form

V(x) = [W'(x)]* - W"(x) (868)

for an at least two times with respect to z differentiable function W (z). With the knowledge of
W (z) we can define A and AT in the position representation to be

A:=0, +W'(z), AT := -8, + W'(x), (869)

and rewrite H as H = ATA. The normalized ground state function is according to [34] is given
by

Yo(w) = Noexp [-W (z)] (870)
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As a generalization of the coherent states as annihilation operator eigenstates we demand
A(z)pa(r) = atpa(z)
and find the coherent states 1, to be
Ya(x) = Noexp [ax — W(z)] = p(z) exp [aziho(z), (871)

where N, = p(z)Np is a normalization (phase) factor and « € C.
Vice versa we can make an ansatz for W (x) and calculate the possible potentials which can
be handled. Consider for example the second order polynomial

W(z) = cox® + c1 + co, (872)
where ¢, € R, k € Ny are constants, which gives rise to the supersymmetric potential
V(z) = 4c3x® + 4ercox + ¢ — 2cy
or analogous higher order polynomials and their corresponding supersymmetric potentials like

W(z) = c32® + cox® + c12 + co,
V(z) = 93z + 12coc32” + (6c103 + 4¢3) 2 + dercoz + ¢ — [2¢2 + 6cza] .

We are interested in the algebra of the new A, A" and H, so we will in the following calculate
the commutators in the position representation by applying them to a test function ¢ (z),

[A, AJ(z) = [AT, AT] 4(2) = [H, H]¢(x) = 0. (873)
and
[AT, A] 9(x) (874)
= (=0p + W'(2)) (0, + W'(2)) Y(x) — (0 + W'(2)) (=0 + W'(2)) ¢ ()
= (=0, + W'(x)) (' (x) + W (2)p(x)) — (0 + W'(x)) (—¢'(x) + W' (2)1b(2))
= " () — W (@)p(x) — W (@) () + W (@) (x) + [W'(2)]* ¢(z)
+ o (x) — W (@)(a) — W (@) (z) + W @)y () — W' ()] ¥ ()
= —2W"(x)(x).

With the help of the commutators calculated above, we can further derive the commutators
[H, Al (x) = AT[A, A] () + [AT, A] Ag(z) = —2W" (2) Ad(x), (875)
[H, At y(z) = AT [A, AT] y(z) + [AT, AT] Ay(z) = 2ATW" (2)9 ().

Then we count W/ (z) as a new generator of the algebra and go on with the calculation of the
commutators to get to know more of the algebraic structure

(W (), Al () (876)
=W (2) (0 + W'(x)) 9 (2) = (0 + W' (2)) W (2)¢(2)
= W"(x) (' () + W)y (x)) = W (2)i(x) = W ()¢ (2) = W (@)W (2))(x)
= W7 ()i (x) + W ()W (@) (x) = W (2)ih(2) = W (@) (x) = W (@)W (2)¢(x)
= —W"(@)¥(x),
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since [W”(x), W'(z)] = 0 and analogous for

(W (@), A] p(@) = - WD @) (a), (877)
(W @), AT p(@) = WD @) (a),
(W @), H| (@) = (W), ATA] (@) = (AW (@) + WD (@) 4) ()

with n € Ny. For a polynomial of degree n, the n + 1 derivative and every higher derivative

is going to vanish W+l = W(n+2) — = 0. Therefore, the algebra will be closed. In our
example for n = 2, we have

W(z) = coa® + 1z +co, W'(x)=2c, W =0 n>2, (878)
therefore the commutators become
[AT, A] p(2) = —deotp(m),  [H, Al¢(x) = —desAp(x),  [H, AT] ¢(z) = des ATy ().

This method seems promising for certain types of polynomial potentials. Despite that, one needs
to check whether the so constructed states really satisfy all characteristics a coherent state should
have.

H.2 Symmetries of Differential Equations- Free Particle

We apply the method expalined in section 20.2.1 to the case of a free particle in one dimension.
The Lagrangian for the free particle with mass m # 0 is

L(t.q(t).d(1) = 5. (879)

where a dot denotes the derivative with respect to the time parameter t An ansatz for its first
integral is given by

1 . .
v = §K11q2+K1q—|—K, (880)

where K71, K7 and K are functions of ¢t and ¢(t). The equation of motion for the free particle
reads

§=0. (881)

We calculate the total time derivative of ¢ and we try to find the conditions for which it becomes
Zero:

d

|
0+ <&
at”?

1 . o 1
=3 (11,44 + K114) ¢° + §K112qq (882)

(K144 + K1¢) g+ K1
+ K,qq + K4

i=01 ) 1 )
= §K11,qq3 + <2K11,t + K1,q> ¢

+ (K1 + K g) g+ Ky,

252



H ADDITIONAL CALCULATIONS SEMICLASSICAL STATES

where a comma followed by a letter means a partial derivative with respect to the correspondig
variable. Therefore, for the third order term we obtain

1
§K117q =0= K11 = a(t) (883)
The second order terms lead to
1 1 1
§K117t + Klyq =0« Klﬁq = 7§K117t = 7§a’t (884)
1
= K| = —ia,tq + b(t)
and
1 1 .
K= *§a,ttq - ga,tq +by. (885)

We insert the results obtained so far again in the first integral condition to determine the function
K

1 d . .
0;&¢:Kuq#Kﬂ+K¢ (886)
1 R ) .
= T 50nqq = 5049 +04qg+ K G+ K.
From this we can conclude that @+ and a; have to vanish i.e. a4 = a; = 0 in oder to get rid of
the mixed terms and second order terms which is the case for a ; = const. := ¢; being a constant.
Now we are left with

bi+K,=0=K=—bq+c(t) (887)

and
Ki=—-buq+—big+cy=0 (888)
which is only satisfied for by = by = 0 and ¢; = 0 which means that b(t) = const. =: ¢z and

c(t) = const =: c3.The first integral is finally given by

1, .
p =504 + c2q + c3. (889)
Check
d 1G+c2g =0 (890)
—p=c cof =
d t<P 199 24
using the equation of motion ¢ = 0.
For the free particle we obtain
0%L dp
— ) = ——X 891
aqaq(" qé) 9 (891)
emn—4)=—aj—c
C1 (6]

>g=2, n=-2
m
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for arbitray constraints c¢q, co € R. The generator of the Problem is given by

C1 8 Co 8

X=——_-=— 892

mot mdq (892)

or we can also chose for example ¢; =0, ¢ =1 and ¢; = 1, ¢ = 0 and write down one generator
for each parameter, that is

10 10

Xi=—7—, Xo=——. 893
! m Jq 2T mot (893)
Assuming that the partial derivative applied to a smooth function can be interchanged, their
commutator vanishes

(X1, X2] = 0. (894)

We see that this is a special case of the generator for the free particle mentioned in [54], when ¢
and ¢ have constant values.

I Proof Coherence Breaking

In the upcoming we reproduce a proof given in [61] with additional explainations in order to
gain a better understanding of what happens during coherence breaking. Following [61] let W (¢)
be a time-dependent function W(t) of compact support which when added to the Hamiltonian
causes the breaking of the coherence of the, with respect to the original Hamiltonian, coherent
states. It is assumed that W (¢) is a small perturbation in comparison to the Hamiltonian H. In
[61] it is stated that the Hamiltonian preserves the coherence if it is an element of s, i.e. H € s.
Therefore, we expect that coherence breaking functions are elements of the algebra

U= |J ePys, (895)
2<p<k

where k is a integer greater or equal to 2 and &(®) is the universal enveloping algebra of order p of
the algebra g corresponding to the Lie group G. In a visual way the universal enveloping algebra
is the algebra build by all possible combinations and powers of the elements of the algebra g. The
algebra 4l is the universal enveloping algebra without the elements belonging to s. The universal
enveloping algebra is infinite dimensional.

From soliton theory it is known that the coherent states for the infinite dimensional Lie alge-
bra gl(co) are given by the so-called T-functions (set of all polynomial solutions to a hierarchy of
equations encountered in soliton theory) [61]. The evolution of the 7-functions can be described
by a succession of infinitesimal Bdcklund (contact) transformations. Bécklund transfor-
mations describe transformations between partial differential equations and their solutions. A
well known example are the Cauchy-Riemann equations for the real and imaginary part of a
holomorphic function. The real and imaginary part are both solutions of the Laplace equation
and can be obtained from each other by harmonic conjugation, which in this case is the Béack-
lund transformation. The fulfillment of the Laplace equation is a integrability criteria and tells
us that they satisfy the Cauchy-Riemann equations. Also in a more general setting Backlund
transformations are related with integrability conditions. We are interested in the question how
we can substitute an infinite dimensional Lie algebra by a finite dimensional Lie algebra. This
leads us to the framework of jet bundles.
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Definition [175]: Jet Bundle 1.0.1. A jet bundle is a construction that makes a new smooth
fibre bundle out of a given smooth fibre bundle. It makes it possible to write differential equations
on sections of a fibre bundle in an (coordinate) invariant way. Given a m-dimensional manifold
M, a fibre bundle (E, 7, M), a multi-index I = (I(1),...,1(m)) and let T'(w) denote the set of
all local sections whose domain contains p € M. We define

m . 6‘1‘ m 9 I(3)
= ;1(2), 5T 11 (W) . (896)

i=1

For two local sections o,m € T'(w) we define the r-jet to be the equivalence class under the relation

BIUPE _3\I\na
ol ' gzl Ip

(897)

with 0 < |[I| < r.

A system of non-linear partial differential equations of order s is equal to a submanifold .Z
of a s-jet bundle J(*). The submanifold .Z is also equal to the zero set of a finitely generated
ideal on functions on J() itself. If the integrability conditions of a map

B:J xR — JD (898)

comprise a system of differential equations on J*) x R, then 4 is a Bicklund transformation. We
can equip functions on J() with the infinite Lie algebra structure by the following construction.
Consider a vector field ¥ on J) defined by

Y o0 =0, (899)
Yodl-—w €W, (900)

where ® denotes the interior product, ¢ is a given contact 1-form over the smooth manifold F
and w is an arbitrary 1-form. The contact module Q%) is defined by the pull-back from J*) to
R and if ¢ > s, then Q%) is a submodule of Q). If w is an exact 1-form, that is w = df, where
f is a function on J(), then the Lie bracket is given by

[f.g] =74y (901)

for a function g on J and we set ¥ = ¥;. In this case # is an automorphism of the defined
Lie algebra structure.

Definition [176]: Contact Structure/Form 1.0.2. Given an n-dimensional smooth manifold
M, and a point p € M, a contact element of M with contact point p is an (n — 1)-dimensional
linear subspace of the tangent space to M at p.A contact structure on an odd dimensional mani-
fold M, of dimension 2k + 1, is a smooth distribution of contact elements, denoted by &, which is
generic at each point. The genericity condition is that & is non-integrable (there exist no invari-
ant, reqular foliations; i.e. ones whose leaves are embedded submanifolds of the smallest possible
dimension that are invariant under the flow). A smooth distribution of contact elements £ can
locally be given by a differential 1-form, the contact form.

Let K be a differential manifold and T(K) be its tangent bundle and we define a map
a: K — T(K). Let F(K) be the algebra of smooth functions (C°°) on K. The commutator in
eq. (901) defines the gauge algebra </ over K. The conditions on ¥} imply that ¥} is tangent to
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the fibres of a map 7 : F — K and we refer to the space of maps 7w by £. The contact 1-form ¢
induces on £ a contact 1-form 1, by

Do = jijﬁ(aOﬂ)du(p) (902)

with p € K and p(p) is a measure over K. The generators of the gauge current algebra o7 are
in this case given by

%:/wwmmmx (903)
K

where 7(p) is a bilinear map such that
[U(u Ub] = CaqbOqob, Cab € C. (904)

Now we come to the prolongations [175]. The prolongations B are composed of maps of
higher jet bundles and systems .Z*) of submanifolds induced form % and .. In a coordinate
description the prolongations Z®) are just total derivatives. If there is an integer ¢ such that
the image of ) and Z®) is a new system of partial differential equations .2’ on J**1 | then
we have a Bicklund map between the system of nonlinear partial differential equations . and
the new system of partial differential equations .¢’. In this case the Backlund maps are a
generalization of contact transformations (transformations preserving a contact structure)
and can be described by (local) diffeomorphisms of J() satisfying Z*Q1) = Q) where %* is
a map of forms and functions induced from 2. The generalization are (local) diffeomorphisms
of J®) which preserve Q). Tt is possible to identify the components of cross sections from
T(K) to K with functions on J) by a suitable choice of the basis. Let [ be isomorphic to the
gauge current algebra 7. It can be identified with a submodule of differential operators over
the algebra F'(K) of C* functions on K with compact support. The map 7 induces a new map
F(K) — F(FE) which makes it possible to identify F(K) with a subring Ry (ring = half group
with respect to multiplication, that is there exists no inverse element) of F(E). Let Ry be the
subspace of functions f € F(E), such that #;. We have the algebra

[Ro, Ro] =0 (905)
[R1, Ro] C Ro, [R1,R1] C Ry. (906)
Then the Lie subalgebra F O = Ry+ Ry of F (E) has a representation by first-differential
operators on K [177].
Next we define a filtration {[(”)} of lby R, = RiR,,_1 for n > 1. The filtered algebra
associated with R,, is F(") = Ry + ...+ R, and we have

[FW,F(’”)} c plvtm=1), (907)

{[W, [<m>] C (ntm=1), (908)

We can define a subalgebra .Z, of [ by

g,=J1. (909)
n=q
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For the finite case the expression | J; ., « q [() is in general not a subalgebra of [ (only for ¢ =1
). In particular for ¢ > 1, £, is an invariant subalgebra of £;. This allows us to define the factor
algebra

Jy=21/Lgs1, Vg>1. (910)

We denote the group obtained form the exponentiation of the algebra [ by . and its stabiliser
subgroup by .# with infinitesimal generators {&f ?_,, leaving a point p € K fixed. By Ag, Ay_s
we denote the poly indices Ay = {l1,...ls}, Ay_s = {ls21,...,1;} for t > s + 1. The algebra of
the stabiliser subgroup is then given by

[S?”,Sﬁ“"] = &, S\ — ou, Fh\ (911)

Whereit:AnUKt,mwithnZ1,t2n+17n+1§s§tandl§r§n.
The {S{\ g:l form a representation of J,. For given n > 0, let Z(™M) be the subset of all Sf\".
Similiar to the grading of the [ we have

7, 7™ c 2t > 0. (912)

However, Z(9) = & is the empty set and it is possible to set Z(") = & for all n larger than a fixed
integer k. This gives rise to the jet representation of order k of [

k k dimK
n 1 A
70 1 I, 900 =a- 0+ > > HcAngl (913)
n=1 n=1 [=1 A,
with the coefficients ci» = % € C, where L, = Y, l5. In this representation H + W

preserves a set of coherent states G, obtained from an exponentiation of J,. Only a set of co-
herent states of measure zero of the orbit of G4 belongs to the orbit of G. W
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